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Abstract

Most of the existing literature related to incentive design for multiple agents assumes that, even for
team-assigned tasks, the principal can observe an individual signal for each agent. Such assumption
is unrealistic, and some of the results that follow (such as high-powered incentive schemes) are
seldom observed in practice. I therefore study the optimal incentive scheme when a task performed
jointly among multiple agents does not yield individual signals, but only a group-aggregated signal
observable to the principal. The principal can also assign individual tasks to each agent, although
the success of such individual project is lesser valued than the team-project’s success. 1 specifically
analyse how the assumption of supermodularity between the agents’ actions for the signal function
of the joint project can affect the optimal team contract, and derive sufficient conditions that, in
addition to supermodularity, lead the principal to assign a joint project instead of individual tasks.
Finally, I explore how these results vary in a repeated setting and find that repeated interactions can

diminish the principal’s cost of implementing effort.
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Chapter 1

Introduction: Incentives and then some

People respond to incentives.

— Mankiw (1998)

Economic interactions are plagued by incentives. In their fundamental contribution to the theory
of incentives, Laffont and Martimort (2002) point out that “economics is to a large extent a matter
of incentives: incentives to work hard, to produce good quality products, to study, to invest, to save,
etc.”

Indeed, one cannot help but wonder why economic thought largely ignored the matter of incen-
tives for decades. Whilst notable economic thinkers such as Marschak (1955) and Arrow (1963)

analyse notions inherently associated to incentives (free-riding and moral hazard, respectively),

they vaguely address the problem of incentives. In fact, the former writes:

This raises the problem of incentives. Organization rules can be devised in such a way
that, if every member pursues his own goal, the goal of the organization is served. This
is exemplified in practice by bonuses to executives and ... in theory by the (idealized)
model of the laisser-faire economy. And there exist, of course, also negative incentives
(punishments). I shall have to leave the problem of incentives aside.

— Marschak (1955)

Incentives were introduced to the agenda of economists when they realized that arguably their

most significant development, General Equilibrium Theory (GE), was seemingly incapable of em-
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bedding the problem of information asymmetries, namely moral hazard and adverse selection. The
framework of GE appeared to be virtually all-powerful: it was able of dealing with notions such as
externalities, uncertainty and time; and, more importantly, it was capable of validating the funda-
mental invisible hand result under competitive markets.

Accordingly, economists and mathematicians resorted to game theoretical notions to build a the-
ory of incentives that would deal with the questions surrounding information asymmetries. These
intentions were preceded by the work of Hurwicz (1960), who insisted on relaxing the assump-
tion of competitive markets as the unique resource allocation mechanism, and rather to focus on
designing all sorts of mechanisms in response to desirable optimality properties and compatibility
with the postulated behaviour of agents. Hurwicz introduced the concept of incentive compatibil-
ity for mechanisms, and was then followed by Groves (1973), who called for incentive-compatible
mechanisms for public policy motives.

Before the development of mechanism design theory, Vickrey (1945) identified the fundamental
problem of optimal income taxation: since an individual’s income depends greatly on their effort,
some degree of inequality is needed to incentivize the efficient levels of effort required for produc-
tion. Hence “the ideal distribution of income becomes a matter of compromise between equality
and incentives.” Vickrey then formulated the social planner’s problem, a maximization of the sum
of individual utilities under incentive compatibility and budget-balancing constrains.! Vickrey did
not, however, present a solution for the problem, as he deemed it unsolvable.

Further, Mirrlees (1971), in what I consider to be one of the most prominent works in eco-
nomic thought, re-formulated Vickrey’s problem and employed the Pontryagin principle to solve it.
While not explicitly naming it, Mirrlees applied what would be known as the Revelation Principle
by framing the problem in terms of the taxpayers truthfully revealing their hidden information con-
tingent on the tax system being optimally designed. Therefore, one may point out that the Mirrlees
model formalized the principal-agent problem, in which a social planner (principal) must design
a mechanism to extract private information from the taxpayers (agents) while maximizing social
welfare.

Indeed, Mirrlees’ work provided a much needed link between the mathematician-dominated

1Of course, Vickrey’s formulation of incentive compatibility was rather distinct to that proposed by Hurwicz. Un-
knowingly to Vickrey at the time, his analysis would become fundamental for the developing of a theory of incentives.



mechanism design theory and the economics-related problem of asymmetric information.
Economists hence proceeded to formalize the Revelation Principle —now widely seen as a fun-
damental result in mechanism design— through a game-theoretic understanding of economic in-
teractions (Green and Laffont, 1977; Maskin et al., 1979; Myerson, 1979, 1982). Such result states
that any mechanism that allocates resources in a society is equivalent to an incentive-compatible
mechanism that does so while guaranteeing that agents will truthfully reveal their private informa-
tion and obey the principal’s recommended actions.

Incentives, economists found out, were fundamental to the understanding of economic interac-
tions. Therefore, economic thought should study the optimal design of incentives in its attempt to

keep up with the tall order that information asymmetries represented.

From mechanisms to contracts

Mechanism design theory suggests that economists should be concerned with designing institutions
that provide desirable incentives for economic agents. Of course, many would point out that insti-
tutions, being the “rules of the game”, are somewhat analogous to incentives. As a matter of fact,
I am at one with such view.

Furthermore, one can restrict their attention to much more specific questions. For example,
what are the optimal incentives if one were to regulate the interactions between agents within an
organization? These affairs led to more precise answers for the role of information asymmetries
in economic interactions. The theoretical framework concerned with answering such questions
then became known as contract theory, since it attempts to design optimal incentive schemes —
contracts— that ensure desirable outcomes for relatively smaller interactions when the agents face
adverse selection and/or moral hazard concerns.

Accordingly, this thesis is merely an attempt to both study the intricacies of contract theory
and also add new insights to this subject. Hence the work is essentially divided in two parts. The
first part is covered in chapter 2, and it concerns the main results that arise from the literature on
optimal contract design. Furthermore, my contribution to the contract theory literature is related to

incentive design for multiple agents, and I shall deal with such analysis in chapter 3.



In this work, I provide a thorough study on incentive design through contract theory, specifically
concerning the moral hazard problem. For chapter 2, I do a brief overview of the contract theory
framework for a principal that faces moral hazard when contracting on a single agent. I consider
both static and dynamic settings. The objective for such JEL-esque synthesis is twofold: (7) the main
results for the general framework will turn out to be useful for the further analysis in chapter 3; and
(if) it should be able to familiarize the reader with the contract-theoretical apparatus that has become
standard for the solution of the moral hazard problem, and may thus facilitate the comprehension
of my main analysis in chapter 3.

Furthermore, for the third chapter I study the contracting problem for a principal that designs
incentives for multiple agents. Besides designing an optimal incentive scheme, the principal is
concerned with choosing between assigning an individual task for each agent (mirroring the model
of chapter 2) or delegating a joint task in which the agents must cooperate to achieve a successful
collective outcome.

Of my particular interest is the role of complementarity between the agents’ actions —modeled
through a supermodular signal function— on the principal’s preference for the joint project over
individual assignments. While I observe that complementarity is not by itself sufficient to guar-
antee that the principal is inclined towards assigning the team project, my main result provides an
additional condition that, along with supermodularity, is sufficient for the preference of the joint
task. Such condition, which I label as the backpacking condition, essentially states that an agent’s
marginal effect on the likelihood of the team’s success is greater than such effect when the agent
produces an individual outcome, even if every other agent working on the task is shirking. The term
“back-packing” is thus a result of the agent’s effort being so valuable that he is able to relatively
“carry the team” towards success.

The analysis presented in chapter 3 is most closely related to the influential work of Che and Yoo
(2001), who study a multiagent moral hazard model in which the the agents’ actions are correlated,
though every agent produces an individual signal that measures their performance. Their main
result suggests that a repeated long-term relationship gives rise to “implicit incentives” that allow
the principal to extract more rent. In turn, [ assume that, when performing a joint task, the agents
produce a unique outcome dependent on their collective actions. Additionally, while the Che-Yoo

analysis presents a brief exploration of the optimal incentives for teams when the agents produce



a single joint signal, it assumes that the principal has the option of inducing an agent to produce
the team project’s outcome single-handedly. Given that such assumption appears to be extremely
unrealistic, I instead assume that the principal can assign an individual task to each agent if he were
not to delegate the joint project.

Finally, I derive the optimal incentive schemes for a repeated setting of the model, and study
how additional incentives arise from the repeated interaction between the agents when the principal
assigns a joint task. Assuming that the agents can perfectly monitor their actions, I find that the long-
term interaction makes the team project more attractive, since the principal can partially delegate

the incentive scheme’s role as a punishment mechanism to the agents themselves.



Chapter 2

Hidden Actions and the Moral Hazard

Problem

2.1 Introduction

In this chapter, I present a brief overview of the classic moral hazard problem, also known as the
hidden action model. The static framework is introduced first in order to familiarize the reader with
the general formulation and the main results of the model. This section is mainly built on the work
of Holmstrom (1979), Grossman and Hart (1983) and Laffont and Martimort (2002). Furthermore,
I replicate the results for a two-period dynamic model —repeated moral hazard— following the
work of Rogerson (1985) and Laffont and Martimort (2002).

The generic formulation of the model goes as follows. Consider two individuals who operate
in the same environment. One of these players—the principal—wishes to compensate the other
player—the agent—in exchange for a desirable action. Hereafter I may refer to the principal as her,
and to the agent as him. The agent’s action, which cannot be observed, is desirable for the principal
as it affects some outcome that provides her utility. However, the action is costly for the agent
(one might think exerting effort is unpleasant for him). Then, what action does the agent choose?
And, more importantly, how does the principal design an optimal payment scheme to incentivize
the agent to exert her most desired action? Such action is, naturally, that which maximizes the
principal’s value.

The principal meets two challenges when designing the optimal payment scheme. First, as noted

6



in the earlier question, the action’s cost for the agent makes it necessary for the principal to employ
an incentive scheme to induce the desired performance. One may think, of course, that the optimal
incentive scheme should reward the agent if he chooses the principal-preferred action. Nonetheless,
the inability of the principal to observe the agent’s effort leads her to use some other measure of
performance to design the optimal incentives: the realized outcome, which depends on the agent’s
action.

The second challenge relates to the fact that the outcome captures an imperfect measure of the
agent’s performance, as it also depends on random external factors. This leads the principal to offer
an incentive scheme that induces risk on the agent, as his “good” performance might be rewarded
with a subpar pay if the realized outcome is not as that desired by the principal. Now, if the agent is
risk-averse, the payment based on a noisy outcome leads to a trade-off between risk and incentives;
that is, a trade-off between motivating and insuring the agent.

The complete and formal formulation of the model shall deal with such issues. Particularly, the
solution for the model must prescribe an optimal incentive scheme designed by the principal that

addresses the trade-off between risk and incentives, while also maximizing her value.

2.2 Static Moral Hazard

2.2.1 Setup

There are two players: a risk-neutral principal (her) and a risk-averse agent (him). The agent pri-
vately takes an action a € A, where A C R is the set of all possible actions and it is finite (compact)
and non-empty.! The action is costly for the agent; for a given a, he incurs the cost c(a). An
action a, together with some random external factors &, determine an outcome x = x(a, ). The
principal obtains value from x, which I assume is a discrete random variable that can take on n
possible values: x; € X C R where X = {x, x5, ...,x,} is the set of all possible outcomes, and
X1 <Xx3 < ... < Xp.

Note that each a € A yields a distribution over outcomes x: for a fixed a, the distribution

over ¢ induces a distribution over x. As suggested by Mirrlees (1999) and Holmstrom (2017), it is

I'This assumption shall be used to guarantee the existence of a solution.



convenient to think that the agent chooses not an action, but the distribution over x. Let7 : A —
A(X) be a function denoting the probability of any of the n possible outcomes realizing given that
some action a was selected, such that 7(x|a) = (n(x1|a), ..., 7(x,|a)) is the distribution over x. I
may henceforth write 7;(a) instead of 7 (x;|a), for simplicity of notation. It is assumed that both
the agent and the principal know the distribution 7 (-|a) for every possible a € A.

Notice that the outcome space X, along with a distribution 7 (x|a) of the family of distributions
{n(x|a)}qeca, constitute an information structure for which the realized signal is an outcome x;.

This outcomes-as-signals interpretation will come in handy for the analysis presented in chapter 3.

AssUMPTION 2.1. Every distribution nt(a) in the family of distributions {r(a)},ca is bounded away

from zero. That is, Va € A and Vx; € X, n(x;|a) > 0.

Moreover, since the principal is risk-neutral, her utility is simply x — w. Because she obtains value
from x, the principal intents to “hire” the agent to perform a costly action by offering a contract with
duration of one period. A contract, or incentive scheme, is an n-tuple w = (w(xy), w(x2), ..., w(xy))
that prescribes an incentive contingent on the realization of each of the possible outcomes. I may
henceforth write w; instead of w(x;), and it is assumed that w; € R Vx; € X.

LetU : RxA — R be the agent’s von Neumann-Morgenstern utility. The following assumption

1s made.

AssuMPTION 2.2. The agent’s von Neumann-Morgenstern utility is separable. That is, it can be
written as U(w,a) = u(w) — c(a), where u : R — R is a continuous, strictly increasing (v’ > 0)
and strictly concave (u” < 0) function over R, and lim,,_,_, u(w) = —oo (to rule out corner
solutions); while c is a real-valued, continuous, strictly increasing (¢’ > 0) and strictly convex
(c” > 0) function over A. Also, let h = u™" denote the inverse function of u, such that h is strictly

increasing (h' > 0) and strictly convex (h” > 0).

Itis assumed that the principal knows the agent’s utility function, his action set A and the distribution
over outcomes m(a). However, as noted in the generic formulation of the problem, she cannot
observe a. Hence why the principal will offer a contract that rewards the agent according to the

observed outcome, a realization of the random variable x. Given the offered incentive scheme w,



the agent will choose an action that maximizes his expected utility. The agent chooses an action a

that satisfies:
n

a € arg max Z mi(a)[u(w;) —c(a)] 2.1)

acA

One might think of this interaction as a game with the following timing:

1. The principal offers a contract w : X — R. The incentive scheme w hence works as a
function that maps each possible realization of x into a payment. One can always think of the

contract as w = (w(xy), w(xz), ..., w(xy,)).

2. The agent accepts or rejects the contract. If he rejects, the game is over. If he accepts, then

he must privately choose an action a € A. He chooses some a that satisfies (2.1).

Since the principal must commit to the contract w, she must solve the previous game using
backwards induction. That is, she must take into account the agent’s problem and his election
of a; then, she maximizes her own payoff. Nonetheless, one can further simplify the solution
method of the game into a simple constrained maximization problem for the principal. This is done
by including the agent’s problem as a constraint in the principal’s program. Note that a second

constraint should be included, as the agent must first accept the contract before choosing his action.

DEFINITION (INCENTIVE COMPATIBILITY). Let a* € A be the desired action for the principal. A
contract w is said to satisfy incentive compatibility if the agent’s expected utility under a* is at

least as high as his expected utility for any other action:
n n
Z mi(a)u(w;) —c(a*) > Z mi(a)u(w;) —c(a) Va € A. (@)
i=1 i=1

Note that this is equivalent to the previously stated condition a* € argmax,, 2.\, mi(a) [u(w;) —

c(a)].

DEFINITION (INDIVIDUAL RATIONALITY). Let a* € A be the desired action for the principal. A

contract w is said to satisfy individual rationality if the agent’s expected utility under a* is at least



as high as his reservation utility (assumed to be zero):

n

Z mi(a)u(w;) —c(a*) > 0. (PC)

i=1

This is also called the participation constraint.

DErINITION (IMPLEMENTATION). A contract w is said to implement an action a € A if it satisfies

both incentive compatibility and individual rationality for such a.

Therefore, taking into account the previous constraints, the principal chooses an incentive scheme
w = (wy, wy, ..., w,) that solves the following constrained optimization problem (the principal’s

problem):

n

max Z mi(a™)[x; — wi] (2.2a)

W1, s wy) I

s.t. i mi(a*)u(w;) —c(a*) > iﬂi(a)u(wi) —c(a) YaeA 10
i=1 i=1

Z mi(a)u(w;) — c(a*) =0 (PC)

i=1
This program has a linear objective function and concave constraints, which may prove difficult
to solve. Nonetheless, Grossman and Hart (1983) suggest a simple solution: replace the agent’s
payment w; with the utility given by such payment, which can be obtained using the inverse utility
function £ (it can easily be seen that 2(u(w;)) = w;). Hence one substitutes w; with A(v;), where
for easiness of notation I write v; to represent the utility given by payment w;, i.e. v; = u(w;).
The modified program yields a convex objective function (since 4 is convex), and linear constraints

(since utility is given). The modified principal’s problem is thus:
min Z‘ mi(a®)Yh(v)) (2.32)

Vi, ..

s.t. Z mi(a*)yv; —c(a®) > Z mi(a)vi—c(a) VYaeA (@)
i=1 i=1
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Z mi(a*)yv; —c(a*) >0 (PC)
i=1

The principal’s program highlights the “economics” of the game: the principal chooses an
optimal incentive scheme that minimizes the cost of implementing her desired action. Such scheme
should depend on (i) the agent actually preferring to choose the action desired by the principal,
which is simply his optimization problem; and (ii) the agent’s willingness to accept the contract
given its offered incentives for each possible outcome.

Before highlighting some of the properties of the optimal contract, one may ask if a solution
even exists. Even more, what does the optimal contract actually mean? Therefore, before proving
the existence of such optimal incentive scheme, one must first define the second-best cost function
and incentive scheme for the principal. I now proceed to give a formal and intuitive definition of

these concepts.

DEFINITION (SECOND-BEST COST FUNCTION). Consider any a € A. Let Csg(a) denote the minimum

expected cost at which the principal can induce the agent to choose such a. More formally, define:

inf, .. 2 mi(a)h(v;), if 3w that implements a
Csp(a) = (2.4)

00, if A w that implements a
Then Csg : A — R U {xoo} is the second-best cost function for the principal.

Note that the second-best cost function “finds” the least costly incentive scheme that the prin-
cipal should offer the agent to implement some action a € A, although not every action will be
implementable. The second-best cost function will thus come in handy for the principal in her
optimization problem.

Indeed, the incentive design problem, as studied by Grossman and Hart (1983), consists on two
steps. First, the principal shall compute Csp(a) for each a € A. That is, she will minimize her
expected cost through Csp(-). As a second step, taking into account the value of Csg(a) for each

a € A, the principal must choose which action to implement to maximize her value . | m;(a)x; —

11



Csp(a). The second step, as Grossman-Hart point out, is not generally a convex problem, since

Csp(a) need not be convex. The following definition formalizes the previous idea.

DEFINITION (SECOND-BEST ACTION AND INCENTIVE SCHEME). A second-best optimal action a”* is one
which solves the second step of the incentive design problem. That is, a* maximizes 3., m;(a)x; —
Csg(a). A second-best optimal incentive scheme w™* = (w7, ..., w),) is one that solves the first step
of the incentive design problem, namely that which implements the second-best optimal action a*

at the least expected cost: 3. mi(a*)w; = Csp(a”).

The previous definition formalizes the notion of a solution characterization for the principal’s pro-
gram. The principal will set out to find a second-best optimal contract given the second-best action

she has chosen. Now, the existence of such solution shall be proven.

ProrosiTiON 2.1 (GROSSMAN & HART, 1983). Let Assumptions 2.1 and 2.2 hold. Then, there exists
a second-best optimal action a* € A and a second-best optimal contract w* = (w7, ..., w,) that

implements it.

Proof. The proof is made in two steps. First, I show that there exists an optimal incentive scheme
w* for some action a € A, i.e. the program (2.3) has a solution. The second step is to show the
existence of an action a* € A that solves sup,., >.i"; mi(a)x; — Csp(a).

First step. For the first step, it suffices to show that the constraint set is non-empty for an
implementable action a € A.

Let CS denote the constraint set for the principal’s problem. It is straightforward to see that
Z?:] n;(a)v; is bounded from below in CS. Since the variance of the v;’s tends to infinity while
their mean is bounded from below (from Assumption 2.1), and 4 is convex and nonlinear, it follows
from Bertsekas (1974) that unbounded sequences in CS make ', m;(a)h(v;) — co. Hence it has
to be that the constraint set CS is (artificially) bounded from above. Since CS is closed, it follows
from sequential compactness that CS is compact. The existence of v* minimum then follows from
Weierstrass’ theorem.

Second step. For the second step, one must show that the second-best cost function Csg(a)

attains a minimum. First, note that Cgp(a) is lower semicontinuous: since A is finite, then any

12



function defined on A is continuous and is thus lower semicontinous. Consider a minimizing se-

quence a, € A:

lim CSB(an) = inf CSB((I).
n—oo acA

Since A is finite and thus compact, it follows that there exists a subsequence a,, that converges to

some point a* € A. Moreover, by definition of lower semicontinuity,
lim,—«Csp(a,) 2 Csp(a).

Hence,

Csp(a”) < inf Cgp(a) < lilgninf Csg(an,).

which implies that Csg(a*) = inf,c4 Csp(a). Thus, the second-best cost function Csp(a) attains

its minimum at a* and therefore sup,,., 3.7 | 7;(a)x; — Csp(a) has a solution a* € A. [

I now turn to the solution of the model in order to highlight some of its main results and properties.

2.2.2 Binary environment: Two actions and two outcomes

First, I describe the solution for the static model in a simple two-outcome and two-action setting,
in order to clear up and highlight the main results of the game. It is thus assumed that a and x
can only take two possible values: a € {s,e}, i.e. the agent can either shirk (a = s) or exert
effort (a = e); and x € {xL, xH }, i.e. the outcome can be either low or high. The cost of effort is
normalized for simplicity; that is, c(a = s) = 0 and c(a = e) = c¢. Since the outcome can only
take on two values, the contract shall prescribe two possible compensations: w(x) and w(x%).
Let n¢ = Pr(x = x'|a = ¢) and 7* = Pr(x = x"|a = s). I further assume that 7¢ > 7%, and denote
Anr =n¢—-m° > 0.

A final and relevant assumption is made. Suppose the principal wishes to induce the agent into
choosing a = e. That is, I will solve the first step of the Grossman-Hart analysis assuming that, in

the second step, the principal would determine that inducing effort a = e is optimal.
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Complete information: First-Best Scenario

Assume the principal can perfectly observe the agents actions a. The solution for this full infor-
mation model will serve as a benchmark and will represent the first-best optimal contract that the
principal can achieve.

Since the principal can perfectly observe effort, she need not consider the incentive compatibil-
ity constraint. Intuitively, an agent’s deviation from a = e will be detected (from perfect observ-

ability) and punished through the incentive scheme w. The principal’s problem is thus:

min  7¢h(v?) + (1 — 79)h(vE) (2.5a)
L _H

Vo,V
s.t. v+ (1-nWt-c>0 (PC-FB)

Let i denote the multiplier associated to the participation constraint in a Lagrangian setting of the

problem. Using the fact that 4’(-) = u,l(_), the first-order conditions for the program are as follows.

oy ) - un =0
| (2.6)

= = —
K= 0 wh

wh) s (1=a)WOh) - u(1-7%) =0
| (2.7)

K=
1

_ 1
T = WOy

u' (wh) = u’(wH). Now, since u is strictly concave, it follows that w' = wf = w.

Therefore, the optimization problem yields the condition u = which implies that

CrLamm. When the principal has complete information (i.e. she can perfectly observe the agent’s

F

action), the agent is fully insured: the optimal first-best contract w'® will prescribe the same

incentive w independently of the realized outcome.

1

Furthermore, one can find the form of the outcome-independent payment w. Note that u = D) =
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m > (. That is, the participation constraint is binding. Then, write the PC as:

v+ (1 —nwWt—c=0 (2.8)

H

Since u(w’) = u(wf) = u(w), or equivalently vt = v = v, rewrite (2.8) as

v+ (1 -n)Vv—-c=0
— v=c (2.9)

= uwh)y=uwh) =c

Cram. Under complete information, the optimal outcome-independent incentive offered to the
agent is w = h(c). Hence the first-best optimal contract is w'® = (h(c), h(c)).
Second-Best Scenario

I assume once again that the principal cannot observe the agent’s action. Hence the principal is now

constrained by incentive compatibility. Then, the principal’s program is:

min ~ 7°h(v) + (1 — 7°)h(vh) (2.10a)
L _H
Vo,V
s, a4 (1 -n2Wwt —c > nvE + (1 - pwt (IC-SB)
v+ (1 -aWwt—c>0 (PC-SB)

Consider a Lagrangian program for the previous problem, for which A and u denote the multipliers

associated to the IC and PC, respectively. The first-order for such program yield:

Oy W ) = A(n = 7%) —un® =0
| A 2.11)

u (wh) ne

o (=) +A(n —7%) —pu(l - 7€) =0

A (2.12)
—

e TH
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LemmMma 2.1. The incentive compatibility and participation constraints are binding under the second-

best optimal contract. That is A > 0 and u > 0.

Proof. See Appendix Al.

Intuitively, the fact that IC and PC are binding in the optimum suggests that the principal attempts
to induce the agent to choose a = e whilst offering the lowest payment up the limit. This mirrors the
fact that the principal uses the second-best cost function Csg(a) to minimize the offered incentive
scheme while still implementing the desired action a.

Now, I shall employ the previous statement to identify the structure of the optimal incentive

scheme.

ProposITION 2.2. For the two-outcome and two-action model, the second-best optimal contract w*

that implements action a = e is:

w' =|h (c - neAiﬂ), h (c+ (1- ne)—)

Proof. See Appendix A2.

Furthermore, the structure of the previous optimal incentive scheme allows to compare the second-

best scenario with the full information first-best benchmark.

ProposiTion 2.3. The second-best optimal contract, w*, is inferior to the first-best optimal contract,
w’B. Equivalently, the second-best cost that implements a = e is higher than the first-best cost that

does so.

Proof. First, recall that with full information we have that w = wl = w = h(c). Hence the
expected first-best cost for the principal is E(wpgp) = h(c).

Now, under the second-best contract, the expected cost that implements action e for the principal
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is:

Csp(e) = E(w*) =n°w + (1 — n°)wt (2.13)

:neh(c+(1—n€)£)+(1—ne)h(c—neé) (2.14)

Since h is strictly convex, apply Jensen’s inequality to get:

E(w®) = 7%h (c+ (1 —ne)é) +(1=7)h (c—neAC—ﬂ) (2.15)
>h[((ﬂe(c+(1—7re)Aiﬂ)+(l—7re) (c—ﬂeAiﬂ)] (2.16)
= h(c) = E(w"®). (2.17)

Therefore, the expected cost for the principal is higher under the second-best incentive scheme than

for the first-best contract. [

COROLLARY 2.1. Whenever the high outcome is realized, x = x| the second-best optimal contract

w* offers the agent a higher payment than the first-best contract wB; however, it offers a lower

payment when for the low outcome x = x*.

Proof. Since h is increasing in c, it is straightforward to see that:
wH = b (c +(1- ne)Ai) > h(c) = B(w"®),
Vs

wk = h (c _ neAiﬂ) < h(c) = B(w"®).

Intuitively, because the agent is risk-averse, the principal “compensates” the risk borne by the agent

through an incentive that rewards the high outcome, i.e. w? > wt.

2.2.3 Full model solution

The binary model proved useful to highlight some of the main properties for the moral hazard

framework. However, Corollary 2.1. leads to a relevant question: does the second-best optimal
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contract always reward higher outcomes with higher incentives? 1 turn back to the solution for
the baseline model with a finite action space and n possible outcomes to answer this question.
Specifically, it is of my interest to show the conditions under which the optimal incentive scheme
is monotone in outcomes. Once again, let x € X = {x,xp,...,x,} and w.l.o.g. I assume that
X1 <X < ... < Xp.

Analogously to the two-action and two-outcome model in which I assumed that implementing
effort was optimal, now suppose that the principal wishes to implement some a € A. Recall that

the principal’s problem under this case is:

,,min le mi(a)h(v;) (2.182)
s.t. Z mi(a)vi —c(a) > Z mi(d)yv;—c(@a) VYaeA I0)
i=1 i=1
Z mi(a)yvi—c(a) =0 (PO
i=1

Again, let 4; and u denote the multipliers associated to the IC and PC, respectively, in a Lagrangian

setting of the problem.” The first-order condition for any interior v; yields the following equality:

! :M+Zaﬁ(1—”"(‘i)) Vi=1,..n (2.19)

The following definition will be useful for my purposes of characterizing the form of the contract.

DEFINITION (MONOTONE LIKELIHOOD RATIO PROPERTY). The family of distributions {r(x|a)}seca is
said to satisfy the monotone likelihood ratio property (MLRP) if for any pair a,a € A such that

a < a, the ratio
n(xila)

— is non-decreasing in x;.
m(xila)

The intuition for the MLRP is straightforward. Consider two distributions 7 (x|a) and 7 (x|a@) of the

family of distributions {7 (x|a)}sca, Where a,d € A, a > a. If {n(x|a)},eca satisfies the MLRP,

2Note that there is one multiplier for each @ # a. The finiteness of A allows to do this. Without loss of generality, I
work out the solution using some generic d and then present the optimality condition for every a.
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then the higher the observed value for x;, the more likely that it was drawn from distribution 7 (x|a)
rather than from 7 (x|d@). For example, consider the case in which there are two outcomes: high
and low (x and x, respectively). Recall that choosing some action a is equivalent to choosing a
distribution over outcomes 7(x|a)). By MLRP, if the principal observes a realization of the high
outcome x*/, she must think that it is more likely that the agent chose action a rather than action 4,
since a > d.

The reader may now believe that {(x|a)},c4 must satisfy MLRP to guarantee that the optimal
contract is monotonic in outcomes. As the following statement shows, an additional condition is

required for such result.

ProposiTION 24. Let a* be the second-best optimal action. Assume that the incentive compat-
ibility constraint binds for a single action a # a* (i.e. 1z > 0). If the family of distributions
{r(x|a)}aca satisfies the monotone likelihood ratio property, then the second-best optimal contract
w* = (w*(xy), ..., w"(x,)) is non-decreasing in x;. That is, the incentive scheme offered by the prin-

cipal is (weakly) increasing as the realized outcome increases: w*(x1) < w*(x3) < ... < w*(xy).

Proof. For clarity of exposition, I present a proof for the case in which |A| = 2.3

Consider the notation for the previously studied two-action case (a € {s, e}). It can be seen that

né—ns
1 L

MLRP is equivalent to the ratio being non-decreasing in i. Also, it follows from Lemma 2.1.

¢
1

that incentive compatibility binds for a = 5. One can see that the optimality condition under two

possible actions (and n possible outcomes) is:

JT.
S pl (2.20)

3For a detailed proof of the |A| > 2 case, see Grossman and Hart (1983).
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Then, apply condition (2.20) to get the following inequality:

1 1
> .
w(wy) — u(w;)

Since u is concave, it follows that w; > w;. [ |

The previous proposition, which may be seen as the main result of the model, guarantees that the
incentive scheme is monotone in outcome levels. Intuitively, the principal will reward higher out-
come realizations with higher incentives as long as her subjective probability for the realization of
an outcome x; satisfies some monotonicity criterion, namely MLRP. In other words, if the princi-
pal “believes” that higher outcomes are more likely to be drawn from higher actions, then she will

reward such outcomes with a higher payment.*

2.3 Dynamic Model: Repeated Moral Hazard

2.3.1 Setup

Consider now the case in which the interaction between the principal and the agent is repeated over
two periods, ¢ € {1,2}. All the assumptions regarding the principal and agent’s preferences are the
same. The principal will still offer the contract before the beginning of their interaction; that is,
before t = 1. Both players will be able to observe the realized outcome after the first period. Let x;
denote the outcome in ¢ = 1, and x; the outcome for ¢ = 2. For simplicity, I assume that the agent’s
discount rate is 8 = 1, i.e. he values the future and the present the same.

In this case, the incentive scheme w will prescribe n contingent payments for each possible
outcome in ¢ = 1, and n? contingent payments for ¢ = 2, since the payment in the second period is
contingent on the realization of an outcome in # = 1 and then on ¢ = 2. One therefore can say that a
dynamic contract, or dynamic incentive scheme, is an (n+n2)—tuple of the form w = (wy, wy), where
wi = (wi(x1),...,wi(x,)) is itself an n-tuple and wo = (W2 (x11), w2(x12), ..c, W(Xij), oo, W(Xnn))
is an n’- tuple. Here, x; ; denotes the history of realizations when the realizations are x; inf = 1 and

xjint=2.

“It should be noted that the assumption of 15 > 0 for a single action is crucial for the monotonicity result to hold.
This assumption is equivalent to what the literature has named the spanning condition (see Grossman and Hart, 1983).
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Since the incentives for the second period are contingent on the outcome in ¢ = 1, one might
think that the principal can design an incentive scheme that uses the second-period incentives to
reward (or punish) the agent for his first-period performance. As a matter of fact, the memory
property exhibited by the dynamic contract is the main result of the repeated moral hazard model.
I will now set out to prove such property.

In similar fashion to the static model, one can see the repeated interaction between principal

and agent as a game in which the timing goes as follows:

1. Before ¢ = 1, The principal offers a dynamic contract w : X x X> — R (I abuse of notation

to remark the fact that the contract offers n> payments for the second period).

2. Int = 1, the agent either accepts or rejects the contract. If the contract does not satisfy
individual rationality, the agent rejects and the game is over. If it does satisfy individual
rationality, he accepts and then must privately choose an action a; € A for the first period.

He chooses some a; that satisfies an intertemporal incentive compatibility constraint.

3. After t = 1 and before ¢+ = 2, both the principal and agent observe the realized outcome in

the first period, namely x;.

4. Since he has pre-commited to the contract, in # = 2 the agent must choose an action a, € A
that was “recommended” by the principal. Once again, the implemented a, must satisfy

intertemporal incentive compatibility.

As the reader might have noticed, a strong assumption is made: once the agent accepts the
contract and commits to the two-period relationship with the principal, he must exert the actions
a; and a, that the principal implemented through the scheme. One may think that there is a court
of law that enforces the contract on the agent, or some sort of sense of loyalty by the agent that
constrains him to fulfill his part of the arrangement.’

Therefore, the principal is constrained by intertemporal incentive compatibility and individual
rationality constraints. Mirroring the one-period program, the model can be reduced to a single

constrained optimization program for the principal, whose solution is the optimal contract. Let a;

SInterestingly enough, if one were to relax the assumption and impose an additional second-period incentive com-
patibility constraint on the principal, the optimal dynamic contract would yield similar results to those I shall present
here (see Lambert, 1983). Hence the assumption is simply made for the sake of easiness.
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and a; be the desired actions for the principal in the first and second periods, respectively. The
principal’s two-period problem is:

min Zl mi(ah(vi) + ]Z; 7 (a2)h(v))

(2.21a)
.t Z‘ ri(ar) [vi — c(ar)] + Zl wi(a2)[v; - c(az)]
= j=
> Z mi(ay)[vi —c(apy)] + Z mi(dx)[v; —c(dy)] Vai,areA (IC-2)
i=1 j=1
D mia)vi—clan]+ Y mj(a)v; - c(a2)] 2 0 (PC-2)
i=1 J=1

2.3.2 Solution

Let 4, and u be the multipliers for the intertemporal IC and PC, respectively, in a Lagrangian setting

of the program. The first-order conditions with respect to v; and v, are the following:

(v1) 1 mh' (vi) = Aa[mi(ar) — mi(@1)] — umi(a)) =0 (2.22)
LY PR ()
= wm@y Mt (1 m(al)) (2.23)
(v2) : mi(a)mj(az) — Aalmi(ar)nj(az) — mi(@1)mj(d2)] — pmi(ar)m;(az) =0 (224)
oy =weda 1 - ST
= W (wa(xij) w+ A, (1 ri(an); (@) (2.25)

The previous conditions for the optimal dynamic incentive scheme lead to the following statement.

ProposITION 2.5. The optimal dynamic incentive scheme w* = (w}, w}) must satisfy the following
condition:

1 1
w(wi(x) E(u’(wz(xij)) x")' (MGL)

Hence, under the optimal dynamic contract, the inverse of the agent’s marginal utility is a martin-
gale.
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Proof. See Appendix A3.

Recall that the inverse utility function % can be interpreted as the cost for the principal to implement
an action a. Therefore, the previous proposition can be interpreted as the principal smoothing out
incentives: she chooses a dynamic incentive scheme w* that equates her expected marginal costs
across periods. As I now prove, a corollary of the previous statement is that the dynamic contract

has memory, or is history-dependent.

CoroLLARY 2.2 (ROGERSON, 1985). Let w* = (w}, w}) be the optimal dynamic incentive scheme.
Suppose that w(x;) # wi(x;). Then 3 x € X such that w3(x;) # w3(x;x). That is, the optimal

dynamic incentive scheme w* = (w7}, w3) is history-dependent.

The intuition for history-dependence is simple. The contract having the memory property reflects
the fact that if an outcome plays any role determining current payments (w1), then it must necessarily

determine future payments (w»).

2.3.3 Form of the optimal dynamic contract

Notice that one can extend the two-period relation into any number of periods, such that the dynamic
contract still satisfies equation (MGL). Moreover, it is possible to infer how the contract will behave

over time by assuming the functional form of u. In particular for these purposes, of one’s interest

is the convexity/concavity of the function 4’(-) = u,l(,).

ProrosriTION 2.6. If I/ (+) = u,l(.) is convex [concave], the optimal dynamic contract w* is front-
loaded [back-loaded]. That is, the expected incentives for the agent are decreasing [increasing]
over time:

wi > E(walx;) > ... > E(wrlx),

or wi < E(wslx;) < ... <E(wr|x).

Proof. 1 prove the case in which h’(-) = u,l(,) is convex (the concave case is analogous). For the

proof, I make use of the martingale property exhibited by the inverse marginal utility, and given by
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equation (MGL):
1

1
w(wi(x;)) & (u’(Wz(Xij)) ‘ Xi)

Assume Wlw) is a convex function. Apply Jensen’s inequality to see that

(MGL)

1 1
WEW) = (u'<w>)

In particular, for w = w7 (x;;) this is

)

1 1
w (E(wa(x;;))|x;) =B (M'(Wz(xij)

Using eq. (MGL), this is:
1 1

u (E(wz(xij))|x,-) = u (wi(x;))

= (W) <u (E(wa(xij)lxi)

Since u’ is decreasing (u is concave), we get the following inequality:

wi(x;) = E[wa(x;7))|x].

One can extend the previous inequality for any two periods ¢ and 7 + 1.

2.4 Final comments

It is relevant to mention that the previous analysis does not contain any innovative results. Rather,
it provides a rigorous overview of the main results that the contract theory literature has provided
on the moral hazard problem. These results shall familiarize the reader with the solution methods
and notation employed for the literature on incentive design, and should therefore come in handy

for the analysis that follows on chapter 3.
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Chapter 3

Moral Hazard, Multiple Agents, and

Supermodular Signals

3.1 Introduction

Why are agents incentived to act as a group? From workplace-related tasks to competitive activities,
agents find themselves induced to work as a team consistently. For many scenarios, agents are
driven to perform jointly due to their fondness for some shared reward. Nevertheless, if an incentive
designer were to choose between providing individual payments or giving out shared incentives,
why would he lean towards the latter?

Naturally, one may think that joint projects are convenient for a principal whenever there exists
some sort of complementarity between the agents that constitute the team. Perhaps the synergy
exhibited by the members of the group will enlarge the likelihood of attaining the shared reward.
On the other hand, a free-riding agent in a joint task could potentially shirk, while the rest of the
team suffers from a lesser aggregated effort in their attempt to successfully achieve an assigned
task.

Indeed, some of the existing literature concerning moral hazard with multiple agents has focused
on studying the conditions for which the incentive schemes provided to the agents are distinct. The
early literature on multiagent contracts builds on results for tournaments (Lazear and Rosen, 1981;
Green and Stokey, 1983; Nalebuff and Stiglitz, 1983) to emphasize that optimal incentive schemes

should promote competition between the agents through a relative performance evaluation, provided
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that the agents within the team are assigned an individual task and their performance is positively
correlated. These analyses, however, often find that the optimal incentives are high-powered, which
is rarely seen in practice.

Further studies have drawn attention to the role of cooperation between the agents. The promi-
nent studies of Holmstrom and Milgrom (1990) and Itoh (1991, 1993) show that, by coordinating
the agents’ actions, the principal can often secure a higher payoff. In such case, the principal im-
plements an incentive scheme that rewards the agents for a “good” performance of other project
members. Such optimal contract therefore consists on shared incentives that are contingent on the
collective actions by the agents.

In this chapter, I study a moral hazard problem in which a principal faces multiple agents. The
principal can either assign an individual task, for which an individual incentive scheme is provided
for each agent, or delegate a joint project whose contract is collective (i.e. every agent receives the
same payment) and depends on a team-generated outcome. I am mainly concerned with providing
the conditions for which the principal prefers to assign the team project instead of offering to each
agent the individual incentive scheme studied in chapter 2.

Of my particular interest is the role of strategic complementarity between the agents’ actions
when they are assigned the joint task. I model such complementarity through supermodularity
of the joint outcome’s signal function, which essentially indicates that the marginal effect of an
agent’s action on the likelihood of success is higher whenever the rest of the team is putting on a
greater effort. I show that such condition is not sufficient to guarantee that the principal prefers the
joint project. Nonetheless, I prove that supermodularity of the signal function with an additional
assumption, which I call the backpacking condition, suffices to ensure that the principal assigns
the team task. Intuitively, the backpacking condition states that an agent’s marginal effect on the
likelihood of the team’s success —even when every other agent is shirking— is greater than such
effect when the agent produces an individual outcome. Hence the term “backpacking”: the agent’s
effort in a team is so valuable that he is more able to “carry the team” towards success (though the
rest of the agents are shirking) than he is able of achieving individual success.

Moreover, I derive the optimal incentive schemes for a repeated setting of the model, and study
how additional incentives arise from the repeated interaction between the agents when the princi-

pal assigns a joint task. Assuming that the agents can perfectly monitor their actions, I find that
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this long-term interaction makes the team project more attractive, since the principal can partially
delegate the incentive scheme’s role as a punishment mechanism to the agents themselves.

For the analysis, I assume risk-neutrality from both the principal and the agents. This assump-
tion makes the model differ from the one studied in the previous chapter, in which I assume that
the agent is risk-averse. While risk-aversion implies a trade-off between insurance and incentives, I
instead impose a limited liability restriction on the offered payments. This constraint limits the ex-
tent to which the principal can punish a subpar performance by the agents, and thus inducing higher
actions requires giving out a “limited liability rent”. Hence the trade-off is no longer between in-
surance and incentives, but between rent extraction and incentives. The complexities of limited
liability notwithstanding, risk-neutrality greatly simplifies the inference of the optimal incentive
schemes for both the joint and individual tasks.

This analysis is most closely related to the influential work of Che and Yoo (2001). Such paper
presents a multiagent moral hazard model in which the the agents’ actions are correlated, though
every agent produces an individual signal for their performance. Its main result suggests that a
repeated long-term relationship gives rise to “implicit incentives” that allow the principal to extract
more rent. The present paper mainly differs on the assumption of individual signals; instead, I
assume that, when performing a joint task, the agents produce a unique outcome dependent on their
collective actions. Moreover, I am mainly concerned with the role of supermodularity to ensure the
predominance of the joint task, while the Che-Yoo analysis simply derives the optimal contracts
under a static and repeated setting. Finally, while the Che-Yoo analysis presents a brief exploration
of the optimal incentives for teams when the agents produce a single joint signal, it assumes that
the principal has the option of inducing an agent to produce the team project’s outcome single-
handedly. Of course, such assumption appears to be extremely unrealistic, and I instead assume
that the principal can assign an individual task to each agent if he were not to delegate the joint
project.

This chapter is structured as follows. In Section 3.2, I provide an overview of the literature most
closely related to this work. Section 3.3 then presents the model and introduces some definitions
concerning supermodularity. Then, in Section 3.4 I show the main results of the model, and discuss
how the joint task contract defines a normal-form game. Section 3.5 analyses the optimal contracts

in a repeated setting. Finally, I offer a brief conclusion and some thoughts on possible extensions
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in section 3.6.

3.2 Related Literature

The first formal analysis for incentives in teams is due to Marschak and Radner (1972) and Groves
(1973), who study free-riding behaviour in teams and formulate a primitive structure of optimal in-
centive schemes for groups, with the goal of ensuring that the agents coordinate towards a common
objective.

Specifically for the “contractual” approach, the literature for multiagent moral hazard goes back
to Holmstrom (1982), whose non-budget-balancing result shows that there does not exist a contract
that can allocate a team’s outcome to every member of the project while implementing the optimal
effort. Moreover, Holmstrom suggests that the principal can achieve an outcome close to the full-
information benchmark through an incentive scheme that arbitrarily-severely punishes the agents if
the realized joint outcome is relatively low.

Other early contributions to this literature (Lazear and Rosen, 1981; Green and Stokey, 1983;
Nalebuff and Stiglitz, 1983) consider risk-averse agents who produce individual signals and draw
attention to the role of correlated performances for the design of an optimal incentive scheme. This
rank-order tournament literature suggests that the principal should employ relative performance
evaluation (i.e. ranking the agents by their performance relative to their peers) for the optimal
contract.

Moreover, Mookherjee (1984) studies the multiple agent moral hazard problem in a model anal-
ogous to the seminal single-agent analysis by Grossman and Hart (1983). He finds that rank-order
contracts suffer from vulnerability to collusion among agents and are prone to multiple equilibria
arising. Ma et al. (1988) further explore the issue of multiple equilibria and, assuming the agents
can monitor each other, propose a subtle yet costless mechanism that gets rid of the undesirable
equilibria.

The work by Holmstrom and Milgrom (1990) suggests that, for a principal that faces agents
who work on independent projects, a joint incentive scheme leads the agents to monitor each other.
Therefore, the principal can rely on team incentives to a certain extent. In a similar fashion, Itoh

(1991, 1993) considers agents that produce individual outcomes and shows that a collective contract
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that rewards the whole team for the success of an agent’s project can motivate the agents to “help
each other out”. Itoh’s analysis, however, relies on a rather strong assumption: an agent is motivated
to help if his marginal disutility of effort is null.

Furthermore, Fleckinger (2012) studies a model with multiple agents who produce individual
signals and argues that the interdependency between agents is threefold, as the agents are potentially
correlated through technology, information, and strategies. He then shows that incentive schemes
should exhibit an “optimal mix” of competitive and joint incentives. More recently, Halac et al.
(2021) study a complex model in which agents are ranked according to their performance, though
their incentives are contingent on team success. Interestingly enough, the principal in this model has
an additional role as an information designer, since she can induce beliefs on the agent rankings.'

The possibility of free-riding arising in the repeated interaction between multiple agents has
been mainly studied in principal-less scenarios for which incentives emerge merely due to the
agents’ strategic interactions (see Matsushima, 1989; Fudenberg et al., 1994). As mentioned pre-
viously, Che and Yoo (2001) do consider the repeated interaction between a principal and multiple
agents, and show that the long-term relationship can lure the principal into providing joint incen-
tives.

Finally, the foundations for lattice theory and supermodularity are mostly due to the seminal con-
tributions of Topkis (1978), Vives (1990), Milgrom and Roberts (1990), and Milgrom and Shannon
(1994). Further, Holmstrom and Milgrom (1994) first consider supermodularity in a contracting

problem with multiple agents, albeit their analysis strongly differs from the one here presented.

3.3 Setup

Consider a risk-neutral principal (her) who faces n risk-neutral agents, indexed by i € N, where
N = {1,...,n} is the set of all agents. Agents are assumed to be symmetric, and each agent (him)
possesses the ability to perform an action desirable by the principal. The agent i can thus privately
take an action a; € A;, where A; = [a,a] C R is a finite set with all of his possible actions. As in
the classic moral hazard model by Holmstrom (1979), each action may be interpreted as the level

of effort that i exerts in behalf of the principal, and which the principal cannot observe. Performing

ISee Fleckinger et al. (2024) for an excellent survey on the theory of incentive design for multiple agents.
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an action is costly to each agent i. Let c(a;) denote the cost for the agent as a result of performing
action a; € A;.

Define A_; = X,; A; the set of all possible combinations of actions executed by agents other
than i, and A = A; X A_; such set also including i’s action. Then a_; = (ay, ..., ai-1, i+1,- - -, an)
is an (n — 1)-sized vector which indicates the action chosen by each agent excluding i, whilst a =
(a1, ..,ay) is an action profile with the chosen action by every agent. Naturally, a_; € A_; ¢ R""!
and a € A c R". The agents’ actions, together with some external random shock, will determine
an outcome realization that is valued by the principal. As I will now explain, it is assumed that the
principal is endowed with a pair of information structures whose realizations are in fact the desired
outcomes. However, the principal can rely only on one of these signals to infer something about
the agents’ performance; that is, she has to choose which signal to condition the contract on.

The principal can observe a signal x from an information structure E, = (X, 7(-|a;)), where X
is the signal space (the set of possible realizations of x) and 7 : A; — [0, 1] is the signal function
for x. That is, 7(x|a;) states the probability of outcome x realizing given that action a; was selected.
The family of distributions {7 (|a;)}4,ca then contains a possibly different distribution 7 (-|a;) for
each of i’s actions. Note that the signal function 7 () depends exclusively on a single action. In

2 since I assume that x can be used

fact, a realization of the signal x is called an individual outcome,
exclusively as a measure of individual performance. If the principal assigns the individual task to
agent 7, then outcome x is determined by a; and some random external factor . For simplicity, I
will assume that x may only take on two possible realizations: success (s) or failure (f). Hence the
signal space is X = {f, s}.

On the other hand, the principal can also observe a signal y from the information structure
E, =(Y,0(-|a;,a-;)). Correspondingly, Y and o (-|a;, a_;) are the signal space and signal function
for y, respectively. In this case, the signal function o : A; X A_; — [0, 1] states the probability of
a realization y conditional on two elements: a; and a_;. Indeed, a realization of signal y is a joint
outcome, and it measures the performance of a task run by multiple agents. The signal y can be

employed by the principal whenever she contracts on multiple agents to jointly carry on a project.

Similarly to the individual signal, I will assume that ¥ = {F, S}, i.e. the joint outcome can either

2One can see that the individual outcome is simply the one studied in chapter 2, in which the principal designs
incentives for a single agent.
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be failure (F') or success (S).

Therefore, the principal can either draw a contract with each agent individually and assign him
the task of producing some x, or she can assign a team project run by multiple agents, for which she
employs the signal y to measure their performance. The principal’s problem is thus not only that of
designing an optimal incentive scheme, but also choosing the information structure on which she
will draw the contract.> How does the principal make such decision? As it will be seen, she designs
the optimal contract —namely, the minimum cost of providing incentives— for both the individual
and team contributions. Then, she will simply compare her benefits when implementing individual
tasks (using x) to those when running a team project (employing y).

Since the principal and the n agents are risk-neutral, their utility functions are as follows. The
principal’s expected utility is V(z, w) = E(z — w), where z could be the either x or y, depending on
the signal on which the principal draws the contract. Agent i’s von Neumann-Morgenstern utility
isU(w,a;) =w — c(a;), where c(-) is real-valued and strictly increasing in a;.

Some further assumptions are made. Naturally, both the principal and the n agents know the
signal functions 7(-|a;) and o (-|a;, a—;). The success of the joint project is strictly more valuable
to the principal than the the individual outcome’s success: S > s. The extent to which § is larger,
however, will be part of a later analysis. Moreover, consider any two actions a, a’ € A;, where a’ <
a. Definea’; = (a’,...,a’) as the n—1 vector in which every agent except for i choose a’. Itis then
assumed that 7(s|a) > n(s|a’), while o(S|a, a_;) > o(S|a’,a_;) and o (S|a,a’,) > o(S|a’,a’,).
That is, the probability of success for both tasks is greater when agent i increases his effort; for the
joint task, such property holds notwithstanding the other agents’ actions.

Finally, I assume that the individual signal functions are conditionally independent, i.e.
n(xla;,a;) = n(x|a;). Hence an agent j’s action shall not affect the probability of an outcome
realization for i’s individual task. Although this assumption was implicitly made before, it is ex-

pressed for purposes of clarity.

3Notice that an implicit assumption is being made: the principal does not necessarily deem any of the information
structures more informative in the sense of Blackwell. If she did so, one may wonder why would she even consider
employing the Blackwell-dominated signal for the contract. Therefore, her comparison between tasks simply relies on
her expected gains from using the signals, assuming she deems both of these “sufficient” in the sense of Holmstrom
(1979).
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3.3.1 Lattices and supermodularity: Some definitions

It is of this paper’s interest to study why the principal could be leaning towards assigning the joint
project over n individual tasks. Aside from the greater value that the team project’s success provides,
one might think that some sort of complementarity between the agents actions arises when they
work together on the joint task. With that in mind, it is first necessary to formalize such idea of
complementarity for the later analysis. The following definitions will do so. Throughout, I will

refer to the terms increasing (decreasing) and higher (lower) in the weak sense.

DEerintTION (LATTICE). A partially ordered set L is said to be a lattice if for any two elements

I, hbel,

L1V ::inf{k €Lk >1,k le} eL

WAL :=sup{k e LIk <,k <} € L.

The operators V and A are called the join and meet, respectively. Therefore, a lattice is a poset
with a specific structure that allows any two elements of the set to have both a greatest lower bound

(infimum) and a least upper bound (supremum).

DEeFINITION (SUBLATTICE). Consider a lattice L. A poset M C L is said to be a sublattice if for any

two elements my, myp € M, m;Vmy € M andm; Amy € M.

Cramm. R", endowed with the component-wise order, is a lattice. The space A; X A_; is a sublattice.

Proof. Consider any two vectors a, 8 € R". The component-wise order states that: (ay,...,a;,) >

l,....8,) < «a; = B; Vi. It can easily be seen that R" is a lattice where:
(B Bn) B y

a A B = (max{aiy, B}, ...,max{a,, B,}) € R"

a V B = (min{ay, B1}, ...,min{a,, B,}) € R".

It follows directly that A; X A_; C R" is a sublattice. Specifically, the join and meet for A; X A_;
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sublattice are:

a A a’ = (max{aj,d}},...,max{a,, a,}) € R"

aVa' = (min{ay,a}},...,min{a,, a,}) € R".

Lattice theory allows to formalize the idea of complementarity in terms of functions. The following

definition establishes such notion of complementarity and lays the foundations for the later analysis.

DEFINITION (SUPERMODULAR FUNCTION). Let L be a lattice. A function f : L — R is said to be

supermodular if for any 11,1, € L,

finb)+ f(livh) > f(h)+ f(l).

In particular for the setup of this model, supermodularity goes as follows. Since A; X A_; sublattice
can be ordered component-wise, supermodularity captures the notion of complementarity between
A; and A_;. Consider two complete action profiles @ = (a;,a—;) and @’ = (a/,a’ ), with a! > g;
and a_; > a’ . Then, the joint signal function for success S, o (S|-), is supermodular in (a;, a_;)
if:

o(Slal,a_;) + o (Sla;,a’;) > o(Sla;, a—;) + o(Slal,a’;). (SM)

For the sake of clarity, one can rewrite (SM) in the following way:
o (Slaj,a;) — o (Slai,a-;) = o(Slaj,a’,) — o (Sla;, a; (ID)

The equation (ID), which is known as the increasing-differences property and is equivalent to su-
permodularity for real-valued functions, perfectly captures the idea of complementarity between
the agents’ actions in the joint signal function. It indicates that the marginal effect of increasing
agent i’s action from g; to a; on the likelihood of success is higher whenever one increases the non-i

action profile from a’; to a_;.* Therefore, agent i’s higher effort is more valuable (in a probabilistic

4Tt can be easily seen that whenever a; > a’and a_; > a’ , then supermodularity holds trivially with equality.
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sense) when every other agent is taking a higher action, namely by increasing a_;.
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Figure 1: Supermodularity in (a;, a_;) of signal function o (S|-)

Figure 1 captures the idea of supermodularity graphically. For this figure, I fix the value of
a_; and observe how o (S|-) behaves strictly as a function of a;. For easiness of exposition, let the
action space be A; = [0,1].° Naturally, o(S|-) is bounded from above by 1. It is assumed that
a_; > a’ ;> a’_’l.. Note that supermodularity poses no restrictions on the form of o(S|-). Indeed,

Figure la shows supermodularity for o (S|-) concave in a;; although the function is marginally

3This assumption is strictly made for the purpose of exposition of this figure. For the rest of this paper, I will again
assume that A; = [a, a].
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decreasing in a; (by concavity), such effect decreases “more slowly”” when the other agents’ action
profile a_; is higher. Similarly, Figure 1b assumes that o-(S|-) is convex in g;: the marginal effect
of i’s effort is increasing, and such marginal effect is “more accelerated” whenever a_; increases.
Finally, Figure 1c displays a linear signal function that exhibits supermodularity. In this case, the
signal function has a greater slope for higher values of a_;. All three figures satisfy supermodularity:
for higher fixed values of a_;, the marginal effect of increasing a; is higher (with respect to its
marginal effect if a_; were lower).

Therefore, a joint signal function that exhibits supermodularity in the agents’ actions would ap-
pear to be a desirable condition for the principal if she wishes to implement the joint task. However,
as I will further study, supermodularity does not suffice to guarantee that the principal prefers the

team project.

3.4 Optimal incentive schemes and main results

As mentioned earlier, the principal faces a dilemma: she can either make use of her information
structure Z, and assign individual tasks to each of the agents, or she can delegate a joint project in
which the agents work together, thus employing her information structure Zy. In a setting where
each agent produces an individual signal, Fleckinger (2012) shows that whenever individual sig-
nals are conditionally independent, then the optimal incentive scheme is a piece-rate contract that
exhibits independent performance evaluation. One can easily see that such result extends to this
model’s case in which the principal assigns individual tasks through =, whose signal function is
conditionally independent.

Therefore, the principal’s decision essentially boils down to whether she offers an individual
incentive scheme or a joint incentive scheme. For such resolution, she shall work out the optimal
incentive scheme for each of the two cases and then compare her expected benefits in order to lean
towards a decision on her task assignment. It is of this paper’s particular interest to study the role

of supermodularity of the joint signal function for such comparison.
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3.4.1 Static setting
Individual task

For the following analysis, I will assume that the principal wishes to implement the highest possible
action a for both the individual and team projects. More explicitly, I am assuming that the principal
has solved the second step of the Grossman-Hart analysis explored in chapter 2, which concerned
the selection of an action to be implemented. Of course, one may consider this assumption to
simply mirror the fact that the choice of a comes after the principal has minimized the cost of
implementation. Furthermore, I assume that the likelihoods of success between the tasks are equal
whenever every agent involved in the project is disobedient.® Specifically, define a_; = (4, d, . . ., d)
as an n — 1 vector in which every agent except for i choose an action d < a. It is then assumed that
n(s|a@) = o (S|d, a-;).

The principal’s program if she were to assign an individual task to each agent i mirrors the one
studied in chapter 2, albeit with the assumptions of risk-neutral agents and limited liability. Denote
w, the payment offered by the principal whenever the realized outcome is x € {f, s}. Note that,
since risk-aversion implies that u(w,) = w,, the Individual Rationality constraint (or Participation

constraint) holds trivially if one imposes a Limited Liability constraint:

wy >0 xe{f,s}. (LL-x)

Therefore, the principal’s program considers the Limited Liability constraint as well as the In-
centive Compatibility constraint (IC). Considering the fact that the individual task implementation
involves the use of the information structure Z, = (X, n(-|a;)), then incentive compatibility is

written as follows:

r(slayws+ (1 —n(sla))wy —c(a) > n(sl@)ws + (1 —n(s|@d))ws—c(a) VaeA. (IC-x)

T refer to disobedience” in the sense of Myerson (1982), who defines an agent as disobedient if he does not choose
the principal’s recommended action.
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Taking (IC-x) and (LL-x) into account, the principal’s program is then:
Wrch‘l’iIvlvs n(sla)yws+ (1 = n(sla))wy (3.1a)
s.t. n(sla)yws+ (1 = n(sla))wy — c(a)
> n(s|@)wg+ (1 —n(s|la))wy —c(a) VaeA; (IC-x)

wy >0, xe{f,s}. (LL-x)

Needless to say, the solution for the principal’s program is a pair w* = (w r, wy), which I shall refer
to as the optimal individual-task incentive scheme. The ensuing statements show the actual form of

such contract and use it to obtain the principal’s expected utility.

ProrpositionN 3.1. Let E, be the information structure on which the contract is conditioned, such
that the principal assigns the individual task for each i € N. Then, the optimal individual-task
incentive scheme that implements the action a is:

(g _c@-c@

" n(xla) - n(xla))

Proof. 1t is well-known from the incentive design literature that the limited liability constraint
binds for the “bad state”. In other words, w s = 0, such that it is of the principal concern to simply
determine the optimal incentive if x = s.” Since the program is linear, the principal can, for instance,
choose an individual incentive w that makes the agent’s incentive compatibility constraint binding,

taking into account the fact that w s = 0. Hence the principal solves:

n(slayw, — c(a) = n(s|@)wg — c(a).

Some simple algebra yields the optimal incentive for x = s:

c(a) —c(a)

- n(sla) - n(sla)”

N

7See Laffont and Martimort (2002), chapter 4, for a textbook treatment of limited liability with risk-neutrality.
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CoRroLLARY 3.1. Let B, be the information structure on which the contract is conditioned, such that
the principal assigns the individual task for each i € N, and assume that the principal derives no

utility from the individual project’s failure: f = 0.3 Then, the principal’s expected utility, V*, is:

ns—n( c(@) - c(a) )] (3.2)

) G Ry

Proof. Recall that the principal’s expected utility is V(x, w) = E(x — w). It follows directly from
imputing n times both the successful outcome s and the optimal incentive scheme w" in the prin-

cipal’s expected utility, since each of the n agents is offered such contract to produce s. [

Joint task

Now, I assume that the principal draws the contract conditioning the incentives on the information
structure Ey, = (Y, o (-)), which implies that she will assign a joint task. Naturally, a similar analysis
to the one made for the individual task is necessary in order to determine the optimal joint-task
incentive scheme, which is a pair w¥ = (wp,wgs), as well as the principal’s payoff under these
assumption.

As I stated previously, it is assumed that, for the joint task, the principal once again deems
optimal to implement the action a. Moreover, although the contract’s payments are conditioned
on the joint output y, the principal is still concerned with providing individual incentives to each
agent, such that a; =a Vi € N.

Therefore, I derive the principal’s program conditional on every non-i agent choosing the op-
timal action a, i.e. a_; = a_; = (a,...,a). The problem closely mirrors the one studied for the

—_—

n—1
individual task:

min o (S|a,a_;)ws+ (1 —o(S|la,a-;))wr (3.3a)
WF,Ws
s.t. o(Sla,a-;))ws+ (1 — o (S|la,a-;))wr — c(a)

>o(Sld,a_)ws+ (1 —o(Sla,a-;))wr —c(a) Vae A; (IC-y)

8This assumption is without loss of generality as long as it is assumed that the joint task’s failure is also valueless
(F=0).
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wy 20, ye{F,S}. (LL-y)

Needless to say, the implementation of (a, a_;) requires that the previous program’s constraints be
satisfied for each agent i € N. The solution for the principal’s joint-task program is derived in the

next statement.

ProposITION 3.2. Let E, be the information structure on which the contract is conditioned, such that
the principal assigns the joint task in which the n agents collaborate. Then, the optimal joint-task

incentive scheme that implements the action profile a = (a, a—;) is:

y c(a) —c(a)
w’ =10, —— — .
0-(S|Cl, a’—i) - O-(Sla’ a’—i)
Proof. The proof is analogous to that of the optimal individual-task incentive scheme. [

CoroLLARY 3.2. Let Ey, be the information structure on which the contract is conditioned, such that
the principal assigns the joint task in which the n agents collaborate, and assume that the principal
derives no utility from the joint project’s failure: F = 0. Then, the principal’s expected utility, V”,

is:

. (3.4)

V) = o (Sla, @) [s —n ( c(@) — c(@) )

o’(SlE, E_,-) - o-(Sld,E_,)

Proof. Once again, simply plug in n times the optimal contract w” in the principal’s expected utility

V(y,w)=E(y - w). [ ]

Note that the principal’s expected utility for the joint task does not consider n times the successful
outcome (5), while the individual-task utility does. This is due to the fact that, for the individual
assignment, the principal “employs” each agent to produce s and thus expects to receive a total
output of ns. On the other hand, the principal incentives the agents to cooperatively produce a
shared total outcome S in the case of the joint project. The relationship between the total outcomes

S and ns shall be key for the analysis that follows.
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Comparison between potential tasks

The comparison of the principal’s expected utilities obtained in the previous exploration of the
optimal incentive schemes allows to determine on which signal should the principal condition the
contract; or, more intuitively, whether the principal desires to assign a joint or individual project.

Although such comparison could seem straightforward and painless, a quick inspection of the
principal’s expected utilities V* and V¥ shall allow the reader to see that supermodularity in (a;, a—;)
of the joint signal function is not a sufficient condition to guarantee that the principal prefers to
implement the joint project.

Therefore, further conditions are required to ensure the principal prefers to delegate any two of
the assignments. The following analysis hence focuses on providing somewhat reasonable sufficient
conditions that guarantee a preference for the joint task —though, of course, the conditions that

favour the individual tasks are implicitly derived.

DErFINITION (BACKPACKING CONDITION). Consider any action a such that @ < a. The joint signal
function o (S|-) is said to satisfy the backpacking condition with respect to the individual signal
function n(s|) if the following inequality holds:

o(Sla, a) oSl a-) | (BPC)

n(sla) — n(s|a)

The intuition for the backpacking condition (BPC) goes as follows. First, consider a joint-task
incentive compatibility constraint for the principal if she desires to implement action a from agent

i conditioned on every other agent being disobedient, i.e. choosing a:

o(Sla,a_)ws —c(a) > o(S|a,a_;)ws — c(a).”

Note that, if one rearranges the previous incentive compatibility inequality, the coefficient on wg is
o(S|a, a—;) — o (S| d, a—;). Hence such coefficient may be interpreted as the marginal incentive
of agent i exerting a whenever everybody else is disobedient (not executing a). Correspondingly,

n(s|a) — n(s|a) is the marginal incentive on agent i choosing a for the individual task. For better

0f course, the previous inequality does not consider y = F since I have previously shown that, in optimality,
WE = 0.
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exposition, rewrite (BPC) as:

o(Sla, a_;)—o(S|la, a-;)) = n(sla) — n(s|a) (BPC’)

Marginal incentive to exert a given G_; Marginal incentive to exert a for indiv. task

Therefore, the BPC is a measure of how the agent’s marginal incentive to choose a (given that every
other agent is disobedient) relates to his marginal incentive to choose such action for an individual
project. BPC states that, conditional on every other agent underperforming, the marginal effect
of i increasing his action from d to a on the likelihood of success § is (weakly) greater than such
marginal effect for an individual task.

The term backpacking comes from the fact that, although every other agent is not exerting
enough effort, agent i’s action is so influential on the team project’s outcome that his effect on the
likelihood of joint success is at least as great as his effect on the individual task’s success (which
solely depends on his effort). One might therefore say that agent i is “carrying the team on his
back™.

The following statement, which is the main result of this paper, shows that, whenever the total
outputs resulting from the success of both projects are equivalent, then the backpacking condition

and supermodularity are sufficient for the principal’s preference for the joint task.

PropositioN 3.3. Let S = ns, such that the total outcome yielded by the joint project equals that
of the n individual tasks. If o(S|-) satisfies supermodularity in (a;,a_;) and the backpacking
condition with respect to nt(s|-), then the principal will condition the contract on E,. That is, the

principal (weakly) prefers to assign the joint task.

Proof. From the previous analysis, see that V¥ > V* iff

S—n( c(a) — c(a) )

Sla, a_; — —
o(Sla.a-i) cSlaay) —oSEay

> n(s|a) [ns -n ( cl@) -~ cld) )] (3.5)

n(sla) — n(s|a)

Since S = ns, one can easily see it suffices to show that, under BPC and supermodularity, the
following two inequalities hold:

o(Sla,a-;) > n(s|a), )
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o(Sla,a-;) —o(S|d,a-;) = n(s|a) — n(s|a) (if)

I first prove inequality (if). The proof is by contradiction. Hence assume that BPC and supermod-

ularity hold but (i7) does not, i.e.:

o(Sla,a_;) —o(Sld,a_;) < n(s|a) — n(s|a)

— o(Sla,a-;)+ n(s|la) <n(sla)+o(Sld,a-;)
——

=o(Sla, a-;)

— o(Sla,a-;)+0c(S|a, a_;) < n(s|la)+o(S|a,a;). (3.6)

Since o (+) is supermodular in (a;, a—;), we know that the following inequality holds:

o(Sla,a-;) +o(Sla, a-;) = o(Sla,a-;) +o(Sld,a-;) (3.7)

Then, combine the equations (3.6) and (3.7) to see that:

o(Sla,a-;) +o(Sld,a-;) < n(s|la) +o(S|a,a-;)
& o(Sla,a-;) < n(sla)
— o(Sla,a-;) —o(Sla,a-;) < n(s|la) —o(S|a,a—;)

~—_————
= n(s|d)

— o(Sla,a_;) —o(S|a,a-;) < n(s|a) — n(s|a), (3.8)

which contradicts BPC. Therefore, it must be that if BPC and supermodularity hold, then (i7) is

satisfied.

As for inequality (7):

(i) o(Sla,a) = n(s|a).

Note that, from BPC and using o (S|d, a-;) = n(s|a@), one can infer that:

o(Sla,a-;) > n(sla).
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The inequality (i) then follows directly from the fact that

o(Sla,a_;) = o (S|a, a_;).

BPC thus implies that (7) holds. [

The previous result compares the expected utilities of the principal assuming that the successful
outcomes for the projects are equivalent, such that the principal’s preference between the tasks
depends solely on the likelihoods of success resulting from the signal functions 7 (s|-) and o (S|-);
that is, it provides a direct comparison of the tasks through the principal’s expected utilities if he
were to condition the contract on any two of the signals.

Intuitively, Proposition 3.3 states that the principal perceives the predominance of the joint task
if two things that concern a; happen simultaneously. Not only should the marginal effect of agent
i’s full effort be higher whenever the rest of the team’s action profile is higher (i.e. supermodu-
larity), but the principal also demands that the marginal effect of a; = @ on the likelihood of joint
success (even if the rest of the team shirks) be greater than such effect when i performs individually.
Therefore, paying w to agent i to incentivize him to exert the optimal action a seems like a bargain:
his action has an extremely influential marginal effect on the probability of team success, even if
the rest of the agents are disobedient.

Naturally, one should think twice before assuming that o (S|-) is supermodular, let alone as-
suming that the backpacking condition holds. Both conditions —particularly BPC— seem a bit
demanding. Consequently, these conditions may lead us to think that, in most cases, the principal
will be endowed with a joint signal y that is less attractive to employ than the individual signal x,
in which case assigning n individual tasks is preferred by the principal.

Nevertheless, recall that the previous statement results from the assumption that total outputs
are equal (S = ns). Certainly, it is also of my interest to study the conditions for which assigning the
team project is desirable when the success of the tasks is not equally-valued. Accordingly, for the
following statement I drop the assumption that § = ns and obtain moderately reasonable conditions

through which the team assignment prevails.
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ProposiTioN 3.4. If 0(S|-) satisfies the backpacking condition (BPC) with respect to n(s|-), and
the condition

—— 852> Ws— W
n

holds, then the principal will condition the contract on Ey. That is, the principal (weakly) prefers
to assign the joint task. Moreover, drop the BPC and instead assume that o (S| a, a—;) = n(s|a).

Then, the principal (weakly) prefers to assign the joint task if and only if the stated condition holds.

Proof. See Appendix B1.

For the intuition behind the result, think of the case in which o (S| @, a-;) = n(s|a), such that the

main condition is necessary and sufficient for the predominance of the joint task. That is,

S

V>V = — = > W — Wy
n ————
——

. . Additional cost per-agent for success of joint task
Value gain per-agent for success of joint task

Indeed, the inequality simply contends that, for the joint task’s expected utility to be greater than that
of the individual project, the difference between the values for the successful outcomes per agent
are to be greater than the difference between the costs per agent that the tasks’ success entails.

Alternatively, rewrite the condition as:

S

- —Wwg > S — Wy
n ~———
N—

. . Utility per-agent for success of individual task
Utility per-agent for success of joint task

In other words, if one assumes that the likelihoods of success given full effort by the agents are
equivalent (i.e. o (S| a, a—;) = n(s|a)), then the principal shall simply compare her expected
utility per-agent if the tasks are successful, namely the difference between the per-agent value of
the successful outcome and the payment given to the agent for success. Of course, if such difference
is greater for the joint task, then the principal may wish to implement a team project rather than
n individual tasks. Therefore, assigning team tasks is optimal if and only if the joint outcome’s
success S is sufficiently valuable (with respect to the success of the individual task), while the

incentive given to the agent to jointly achieve success wg is sufficiently small.
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Multiplicity of equilibria in the joint-task game

The fact that the joint task incentive scheme considers multiple agents is somewhat powerful: when-
ever the principal implements a joint project, the incentive scheme essentially defines a normal-
form game played between the n agents, in which the agents’ actions are cooperative. For this
Jjoint-task game, incentive compatibility allows to see that the strategy profile in which every agent
“cooperates” with the implemented action, (@, a;), is a Nash equilibrium. Nonetheless, there is a
downside, as nothing guarantees that (a, a—;) is a unique Nash equilibrium. Indeed, the following

statement shows that full non-cooperation with the principal also composes a Nash equilibrium.

PRroPOSITION 3.5. Assume the signal function o (S|) is supermodular in (a;, a—;), and consider any
action profile a_; = (4, ..., d), where @ < a, in which every agent (except for i) chooses an action
lower than the implemented action a. Then, it is optimal for agent i to also choose d. That is, the

strategy profile (4, a_;) constitutes a Nash equilibrium for the joint-task game.

Proof. For the proof, it suffices to show that

o(Sla,a-)ws —c(a) > o(Sla,a-))ws — c(a). (3.9

The equation (3.9) can be rewritten as

s < a(sm,;(_a,; - ;((ds)m, G (3-10)
Replacing wg in (3.10) with its derived optimal value yields the ensuing condition
c(a) — c(a) < c(a) — c(a)
o(Sla,a-) —o(Sld,a-) = o(Sla,a-) - o(Sla, a;)
— o(Sla,a-;)—-o(Sla,a-;) > o(Sla,a-;) —o(Sl|a,a—;)
— o(Sla,a-;)+0o(Sla,a-;) = o(Sla,a-;) +o(Sla,a-;),
which is the expression for supermodularity of o (-). [

The existence of multiple equilibria deals a huge blow to the signal y’s chances of being em-
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ployed to draw the contract. Indeed, even if the sufficient conditions for the principal to derive
a higher expected utility through the joint task hold, the multiplicity of equilibria may lead the
principal to lack confidence on the agents coordinating on her preferred equilibrium (a, a-;). For
example, consider the case in which n = 2. One can think that, if for some exogenous reason the
agent j disobeys the implemented action a, then agent i’s best response given the optimal scheme
w?” is to also be disobedient. The principal may, therefore, opt for a task in which there is no risk

of the agents being disobedient.

3.5 Repeated Interaction

The previous analysis has shown that, due to the strong conditions required for the joint project to be
desirable, as well as the complications that arise from multiple equilibria, the principal should not
be too convinced to implement a team project. Nonetheless, in a similar study, Che and Yoo (2001)
show that the repeated interaction between the agents makes the joint assignment more attractive
for the principal. In what follows, I aim to replicate such results for the conditions of this model.
Hence I shall prove that, analogously to the Che-Yoo analysis, the repeated interactions between
not only each agenti € N and the principal, but also between the n agents themselves, yield softer
conditions for the predominance of the joint project. Even more, the repetition of the joint-task
game may enforce cooperative behaviour between the agents.

Accordingly, suppose that the interaction between the principal and the n agents is infinitely
repeated.'” In chapter 2, it was shown that, in a setting with repeated moral hazard, the optimal in-
centive scheme may exhibit history-dependence. However, given the already complex environment
that arises from the study of incentive design for multiple agents, I will assume that the principal
commits to a time-invariant contract from the beginning of the interaction in # = 1. The stationary
contract thus covers an infinite number of periods.

A key assumption must be made. Define a! the action that agent i chooses in period 7. It is
assumed that, only when performing a team task, the agents’ actions are mutually observable. That

is, after actions have been chosen in period #, and before ¢ + 1 starts, any agent j € N, j # i, can

10The results presented in this section should hold for the case in which the interaction is repeated for a finite number
of periods. I merely assume infinite periods to simplify the analysis.

46



perfectly observe a!, provided that i and j were assigned to a joint project. The principal, of course,

is still assumed to be dependent on the information structures =, and Z,, since she cannot observe

t
Cll-.

Since the first-period contract is infinitely repeated, it is straightforward to see that the optimal

repeated individual-task incentive scheme, {w*}*, is the one obtained in Proposition 3.1 repeated

over infinite periods, namely:

c(a) — c(a) )}Do

* n(x|a) - n(x|a)

[}, = {( 0

=1

The joint task contract, on the other hand, need not be the same as for the static setting. Such
observation comes from the fact that the repeated team contract essentially defines the payofts of
a repeated game. Naturally, the stage game for this repeated interaction is the normal-form game
studied in the previous section. Consequently, the long-term strategic interaction between the play-
ers may lead to a divergence between the optimal joint-task contract derived for the stage game and
the repeated team contract that shall be obtained.

If the principal is clever enough —and she is indeed—, she should notice that it is optimal
to adopt a “let them play” strategy in her design of the contract. The principal observes that the
incentive scheme she will offer shall determine the payoffs of a repeated game played between the
n agents. Since the principal read Friedman (1971), she knows that, for their repeated interaction,
the agents can adopt a strategy that leads every i € N to play a Pareto-dominant strategy in each
period. One can easily see that the strategy profile (@, a—;) Pareto-dominates any other possible
strategy profile, since it maximizes the agents’ likelihood on achieving the successful outcome §
on their joint task and thus of receiving the payment wg (which has not been derived yet for the
repeated setting) in each period.

More explicitly, the principal should provide an incentive scheme that induces a strategy profile
in which agent 7 is punished if he does not exert the maximal effort @. Such punishment does not
come from an incentive offered by the principal, but from the agents themselves —hence the let
them play expression.

Consider the following strategy. In each period ¢, each agent will play a provided that he ob-

served the strategy profile (a, a—;) in period r — 1. However, the agent will threaten with reverting

47



to the lowest possible action a < a if he does not observe (a, a_;) after # — 1. Needless to say, such
threat is only credible if the strategy profile (a,a_;) constitutes a Nash equilibrium for the stage
game. Though I have already proven this for the static joint incentive scheme through Proposition
3.5, one must first derive the optimal repeated incentive scheme to conclude such claim for this

setting. The following statement thus displays the optimal repeated joint-task contract.

Provposition 3.6. Consider any a < a, and assume that agent i’s disobedience int — 1 ( af‘l *a)
is punished by every other agent choosing a infinitely from t. Then, the optimal repeated joint-task

incentive scheme is:

(3.11)

o c(a) —c(a) -
{wzy}tzl - {( 0, o(Sla,a-;)) = (1 =06)o(Sla,a-;) — oo (S|a, fl_i))}

i~
Proof. See Appendix B2.

A statement arises from the previous proposition. It confirms that, as a matter of fact, the optimal
repeated incentive scheme satisfies the conditions required for the agents to credibly threaten each

other through the action a.

Lemma 3.1. Assume the signal function o (S|-) is supermodular in (a;, a—;), and consider any
action a4 < a. If a_; = a_; in the stage game of the repeated joint-task game, then it is optimal for
agent i to also choose 4. That is, the strategy profile (d, a_;) constitutes a Nash equilibrium for the

stage game of the repeated joint-task game.

Proof. The proof is essentially the same as that for Proposition 3.5. For such proof, it was deter-

mined that wg should satisfy:

c(a) — c(a)

o(Sla, a-;) — o (Sld, a-;)

wg < (3.12)

Simply plug-in wg from the optimal repeated joint-task contract (3.11) and see that condition (3.12)
holds. [

This result confirms that the profile (a,a_;) is a credible threat for the agents’ strategic in-
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teraction in the repeated joint-task game. Using such information, one can see that the repeated

interaction has a convenient subgame-perfect equilibrium.

o0

PROPOSITION 3.7. Assume the signal function o (S|-) is supermodular in (a;, a—;), and let {w; o1

be the optimal repeated joint-task contract. For 6 sufficiently close to 1, the strategy profile

(@, Et_,-)}fil constitutes a subgame-perfect equilibrium for the repeated joint-task game.

Proof. The existence of a minmax strategy profile for the stage game, namely (a, a_;), follows from
Lemma 3.1. Moreover, the optimal incentive scheme guarantees that the profile (a, a-;) Pareto-
dominates any other strategy profile. It then follows from the Folk Theorem that {(a’, E’_,-)};’Zl isa

subgame-perfect equilibrium. [ |

Therefore, the principal’s plan was right all along. Exercising her role as a mechanism designer
for the repeated joint-task game, she designed a time-invariant contract that would align the agents’
interests with her own, since (a, a_;) Pareto-dominates any other profile for every player of this
game. The agents, credibly threatening each other with reverting to the minmax profile if anyone
deviates from a, enforce themselves into cooperative relationship in which every i € N chooses the
principal-preferred action. Therefore, when the stage game is repeated infinitely many times, the
principal is no longer concerned with the possibility of multiple equilibria arising, since the agents

enforce themselves into her preferred equilibrium.

Remark. The interaction between the agents is extremely convenient for the principal when it is

(o)

infinitely repeated. For any agent i, both “continuation” profiles {(a,a_;)};,

and {(a,a-;)};;, are
self-enforcing, since his action in any period 7, a!, will essentially implement the rest-of-the-game
strategy profile. The optimal repeated incentive scheme is therefore a self-enforcing contract: the
contract need not be enforced by some sort of higher institution or court of law, since the agents
themselves can discipline each other through their credible threats. Furthermore, recall that for
the repeated single-agent model studied in chapter 2, it was assumed that the principal need not
consider a second-period incentive compatibility constraint, since some sort of higher law shall

force the agent to choose the action to which he committed before the interaction began —or, al-

ternatively, the agent is “loyal”. One can see that the repeated joint-task incentive scheme does not
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require such assumption: its self-enforcing property guarantees that, because the agents regulate
themselves, the principal can comfortably sleep at night knowing that the agents will always respect

their commitment to the contract, independently of their loyalty to the principal.

Moreover, the reader may have noticed from Proposition 3.6 that the optimal repeated incen-
tive for success (y = §) appears to be lower than its static counterpart. The following statement

formalizes such claim.

ProrosiTioN 3.8. Let the principal assign the joint task in the repeated interaction, such that the
optimal repeated joint-task incentive scheme is offered to each agent, and assume that 6 > 0. Then,
the principal’s expected utility for the stage game of the repeated joint-task game, V5, is (strictly)

. . , re . . y . y y
greater than the principal’s expected utility for the static setting, V>. That is, Vg > V7.

Proof. See Appendix B3.

The previous result suggests that the conditions required for the principal to prefer the assign-
ment of the joint task (repeatedly) should be less restrictive than those found for the static setting.
The intuition behind this result actually has its roots on Proposition 3.7. Given that the agents can
mutually sanction each other through the minmax profile, the principal can allow herself to partially
delegate her incentivizing duties to the agents themselves. Of course, if the agents do not care about
the future (6 = 0), their sanctioning power will vanish and we are back to the one-shot game studied

in section 3.3.

3.6 Conclusion and possible extensions

Why should firms create teams among their workers and assign them joint projects? Even if the
value of a successful team outcome is equivalent to that of n successful individual outcomes, could
a principal still lean towards offering a joint incentive scheme in which the agents cooperate for a
common goal?

In the previous analysis, I provide sufficient conditions that allow to answer these questions with
an affirmative. Specifically, I show that an agent i’s action should satisfy two conditions: (7) the

marginal effect of increasing a; on the likelihood of team success is greater when the remaining
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n — 1 agents provide higher efforts (supermodularity); and (i), the marginal effect of increasing a;
on the likelihood of team success is greater than its marginal effect on the probability of individual
success, even if the remaining n — 1 agents are shirking. The latter assumption, which I termed the
backpacking condition, essentially expresses that a single agent is able to “carry the team on his
back” by providing the optimal effort.

Regardless of the previous conditions seeming to be a bit daunting, the fact that joint tasks are
commonly seen in practice leads one to wonder if perhaps such conditions are in fact satisfied. Even
more, the results concerning repeated interactions may offer some help, as I proved that repeated
joint tasks are slightly more attractive than their static counterpart. Additionally, the dynamic joint
contract is self-enforcing on the team equilibrium for which every agent chooses the Pareto-efficient
strategy, i.e. the principal can rely on the agents to address the issue with multiple equilibria.

Of course, the real-life observation of team projects being commonly assigned may very well
be due to the fact that team outcomes are much more valuable than the sum of individual projects,
as Proposition 3.4 suggests.

I consider that the following extensions to the model should produce somewhat interesting re-
sults. First, while the assumption of limited liability and agent risk-neutrality allows to understand
the trade-off between incentives and rent extraction, an analysis that instead derives the trade-off
between insurance and incentives may lead to less restrictive conditions for the joint task to prevail.

Furthermore, the repeated joint-task game exploration relied on the assumption of the incentive
scheme being stationary. In chapter 2, I showed that the dynamic contract for a single agent exhibits
history-dependence. This property should be explored for dynamic incentive schemes designed for
multiple agents.

Finally, one should not overlook the assumption regarding the principal deeming both informa-
tion structures to be sufficient. For example, consider the case in which the team outcome’s success
is strictly more valuable than the aggregated individual outputs, but the information structure for
the joint outcome is less informative in the sense of Blackwell than that for the individual outcome.
Should the principal still assign a joint task, albeit knowing that the contract would be conditioned

on an unreliable signal?
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Concluding remarks

The exploration of the intricacies of the contract theory framework, particularly that for the moral
hazard problem, should provide enough evidence to convince the reader that the task of designing
incentives for agents is extremely complex. Naturally, I hope this work provides enough insights to
illuminate such intricacies carefully. Even more, I expect that the analysis presented in chapter 3
—which constitutes my main contribution to the literature on the theory of incentives— can provide
clarity on the relevance of cooperation when one must design incentives for multiple agents that
work together.

Moreover, the complexity of this framework should lead one to reconsider the role of incen-
tives in most interactions. As I suggested in chapter 1, economic thought ran into a wall when
information asymmetries were to be embedded in classical frameworks, such as General Equilib-
rium Theory. Ironically, I believe that economists should be glad for such obstacle, since it allowed
the profession not only to pivot to the mathematically-elegant mechanism design theory, but also to
reconsider the importance of incentives for even the most trivial situations. Indeed, “people respond
to incentives,” and our development of a theory of incentives —be it through mechanism design or

contract theory— is fundamental for the understanding of economics.

52



Appendix A

Al. Proof of Lemma 2.1.

I first show that the PC is binding. The derived first-order conditions are:

1 B +/1A7T
w (wh) CHT e

v

1 3 Ar
w(wh) s 1—nme

CRE

Write (3.13) and (3.14) as:

ﬂ.e

= - AA
nu (i) Vi3

(1 =n%)u= %+1Aﬂ

Adding up (3.15) and (3.16) yields:
e 1 —n¢

ooty o) 0

#:

Therefore, the participation constraint is binding.

As for the IC binding, replace (3.17) in (3.13). This yields:

1 bl 1—n¢ Am
w (wH) - w (whH) * w (wh) " ra

1 1
w(wH)  w(wh)

— AAr=n°(1-n°)
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(3.13)

(3.14)

(3.15)

(3.16)

(3.17)



(1 -7 1 1

— A -
Ar w(wH) w(wth)

>0 >0

1 1
where m - m

the concavity of u implies that u’(w') < u’(w’), and thus m > 1

Therefore, the incentive compatibility constraint is also binding.

A2. Proof of Proposition 2.2.

From Lemma 2.1, we know that IC and PC are binding. Therefore, write (IC-SB) as:

L L

vl + (1 = neWwt —c = a5 + (1 - %)y

=  Amu(wf) - c = Anru(wh)

—  u(wh) = u(wh) - é

Replacing (3.19) in binding PC and substituting u(w') for v/, we get:

mu(wf) + (1 — %) (u(wH) - Aiﬂ) -c=0

— u(wH):c+(1—7re)Ai
Vg

c c
= u(wL):u(wH)—A—ﬂ:c—ﬂeA—ﬂ

The utilities associated to the optimal incentives are thus given by:

u(wH) =c+(1 —ﬂe)Ai,
n

c
u(wh) =c - n¢—

A

Using h(u(w)) = u~"(u(w)) = w, write the optimal incentives for each outcome as:

H ey €
=her(1-n)5),
w c+( ﬂ)Aﬂ
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> 0,

w(wh)”

(3.18)

> 0 follows from the fact that v/ > vL which is itself a result of IC. Then,

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)



wk=h (c - nei) . (3.24)

Ar
[
A3. Proof of Proposition 2.5.
The first-order conditions for the problem are:
1 ﬂi(dl))
vi): ————=u+A5|1 - (3.25
R At s :
ﬂi(dl)ﬂj(ﬁz))

v): ——————=u+d|l-—— 3.26
Rt U (320

From (3.25), it is easy to see that the first-period incentive’s optimality condition mirrors that of

the static model. Furthermore, condition the expected value of the second-period condition (3.26)

|

mi(d)m;(as) )

mi(ar)mj(az) /]

on the realization of an outcome x; to get:

) =5 |u

l n
= & (u’(wz(Xij)) Xi) B ; 7jla2)

1 (1 ~ ﬂi(dl)ﬂj(ﬁz))

ni(ay)mj(az)

1
E( W o)

,u+/l(1—

1 i mianm(a)|
- E(”’(Wz(xij)) Xi) sural Zﬂ]( 2) (”z(al)”j(a2))

— E(; xi) :/.l+/l 7'(1(611) Z j( 2) (ﬂj(dg)

u' (wa(xij))  mi(ar) nj(as)

- Z’”(“z)]

~—_———
=1

1
— E (—u’(wz(xij)) x,-) =u+4

55



1

u' (wa(xij))

= E( mi(a)

x-) =u+A4 (1 — ﬂi(dl))

1 1
— E|l——|xi]|=—F—F,
(M’(W2(Xij)) l) w (wi(x;))
where the last equality comes from condition (3.25). Therefore,

1 1
w(wi(x) g (M’(Wz(xij)) ‘ xj) .
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Appendix B

B1. Proof of Proposition 3.4.

First, see that VY > V* iff

o(Sla,a-;)

S—n( c(a) —c(a)

O—(Sla’ a—i) - O-(SlaA’a—l)

)] > n(s|a)

( c(a) — c(a) )]
ns—n

n(sla) — n(s|d)

Notice that the BPC is equivalent to the following condition:
o(Sla, a-;) > n(sla),

which, using the fact that o (S| a, a-;) > o (S| a, a-;), in turn implies that:
o(S|a, a-;) > n(s|a).

Therefore, it is sufficient to show that the following inequality holds:

S—n( c(a) —c(a) )Zns—n( c(a) — c(a) )

o(Sla,a-;) - o(Sla,a-;) n(sla) - n(s|a)

— S—nsZn(

c(a) — c(a) ) ( c(a) — c(a) )
-n

o(Sla,a-;) - o(Sla,a-;) n(sla) - n(s|a)

c(a) —c(a) c(a) —c(a)

= S - > —— — — —
e s Slaany) —oSlaasy)  a(sla) - x(s|a)

=Wg =Wg
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— S—ns=n(ws—wy)

S
— — =852 Ws— Wy
n

B2. Proof of Proposition 3.6.

The proof closely mirrors that of Propositions 3.1 and 3.2.

From the argument provided for the proof of Proposition 3.1, it is straightforward to see that
wr = 0. As for the case of wg, note that the repeated game incentive compatibility constraint for
agent i should take into account the threat of the non-i agents playing a_; infinitely. Such constraint

is thus:

° lo(sla,aws — c(@)

o(Sla,a_;))ws —c(a) +
1 5 (IC-R)
> o(Sla,a_;)ws — c(d)+m [o(S|a,a_)ws — c(a)]

The LHS of (IC-R) is agent i’s first-period utility if y = S provided he chose @, plus his discounted
utility over infinite periods if x = S conditioned on a; = a. Notice that a_; = a_; over every period,
since the agent always exerts a. The RHS is the agent’s first-period utility if y = S provided he was
disobedient on his chosen action (though the rest of the agents did choose a_;), plus his discounted
utility over infinite periods if x = S conditioned on a! = d and @', = @_; V¢t > 1 (since i was

punished for being disobedient in # = 1). Some simple rearranging of (IC-R) yields:
o(Sla,a-)ws —c(a) = (1 -0)o(S|d,a-)ws + 60 (S|d, a_;)ws — c(a), (IC-R)

Naturally, the principal will choose an optimal wg such that the incentive compatibility constraint

is binding. Therefore, one can rearrange and write (IC-R”) with equality such that

_ c(a) —c(a)
~o(Sla,a) - (1 -6)o(S|d, a;) — 60(S|a, a_;)’

ws
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B3. Proof of Proposition 3.8.

As in Corollary 3.2, one can simply input n times the repeated scheme on the principal’s vNM

utility to obtain V. Then, Vi > V7 iff

S c(a) — c(a) ]
- (a(sm, @) - (1-0)o(Sla,a_;) - 6o (Sla, a,_,-))

S_n( c(a) —c(a) )] _

O—(Sla’ a—i) - O-(SlaA9 a—i)

Ve =0o(Sla,a-;)

> o (S|a, a—;)

c(a) - c(a) - c(a) - c(a)
o(Sla,a_) — (1 = 8)o(S|la,a_;) — 5o (S|a, a—;) o (S|a,a;) — o (S|a,a_;)

— O-(Sla’ E—i) - (l - 5)0-(S|a/\9 E—i) - 60—(S|da a/—i) > O-(Sla7 E—i) - O-(SlaA’ E—i)

— O-(S|a, E—i) - 0-(S|aA’ E—i) + 60—(S|d7 E—i) - 60—(S|aA, a’—i) > O-(Sla’ E—i) - O-(Sldv E—i)

— ¢[o(Sla,a;) —o(Sla,a-;)] >0,

which holds since § > 0 and o (S|d,a_;) > o(S|a, a—;). [
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