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Chapter 1

Introduction

This thesis is a collection of three essays on assignment problems in matching markets. Each essay
is self-contained. However, the first two essays are closely related, specifically, some of the results of

the first essay are applied in the second one.

We study the allocation of indivisible goods (e.g., apartments, school seats, scholarships) to different
agents (e.g., households, students) in the context of three different assignment problems. The first
essay focuses on a school choice problem where all students have the same priority for all schools
and students can be indifferent between them. In the second essay we establish the existence and
uniqueness of the price vector of equilibrium in the assignment game when markets are large. The

last essay deals with the subsidized housing problem in Paris.

The first essay analyses the School Choice problem in Toluca to allocate seats in elementary schools
to six years old children. Parents submit a preference list of up to five elementary schools to the as-
signment procedure used by the local Ministry of Education, the Sistema Anticipado de Inscripcion
y Distribucién (SAID). This mechanism presents efficiency problems because indifferences are per-
vasive in the market. Well-known school choice mechanisms, like the Deferred Acceptance and
Top Trading Cycles algorithms, have a loss of efficiency due to the presence of indifferences. We
introduce the Top Trading Cover (TTCo) mechanism to deal with them. This new mechanism is char-
acterized by Pareto efficiency and the fact that it recursively respects top ranking. Nevertheless, this

assignment procedure is manipulable, that is to say students have incentives to misreport their pref-



erences. To support the use of this mechanism, we analyze its incentives properties when the market
is large. In a Bayesian game where student only know their own ranking of elementary schools, we
prove that truth-telling is the unique epsilon Nash equilibrium when the markets satisfy a “thickness”

condition.

In the second essay we re-examine the heterogeneity feature of real estate markets by modelling
them as large auction markets. More specifically, considering large enough markets, we study the
equilibrium prices in the Assignment Game when buyers and sellers do not know the valuation of
other. We model the problem as a three-stage game. First, nature draws the valuation of each agent,
namely over the good they own for sellers, or the goods on sale for buyers. At stage two sellers
simultaneously set prices, which are observed by buyers before stage three begins, when buyers report
their valuation to the assignment mechanism. The payoffs are determined using the Top Trading
Cover (TTCo) algorithm. We prove that the price vector at equilibrium is unique when markets satisfy
the thickness condition and agents preferences are independent and follow an exponential distribution
with the same parameter. This result is robust when we assume that preferences are independent but
not identically distributed. Concretely, we extend our result to different parameters and overlapping

valuations, assuming an exponential distribution.

Finally, in the last essay we study the subsidized housing problem in Paris. The French tradition
in subsidized housing aims at “mixité sociale”, namely promoting social diversity in all districts. A
high population percentage in Paris is eligible to one of the many existing programs, promoting by
a wide quantity of institutions, which is financially profitable to the programs. The allocation of a
common pool of subsidized housing is solved by the institutions in Committees. The assignment
process, thus, is not transparent, which raises criticisms over its discretionality. Our work focuses on
designing a fair and efficient mechanism that incorporates different scoring schemes. We introduce
the Nested Deferred Acceptance algorithm to get an assignment for this three sided market. However,
it does not satisfy the “mixité sociale” condition nor fairness for the same type. We encompass
these deficiencies by detecting institution acting as interrupters, and deleting them accordingly in the

Efficiently Adjusted Deferred Acceptance Mechanism.



Chapter 2

An equilibrium analysis for the Top Trading

Cover algorithm in large markets

2.1 Introduction

In Toluca, seats in public elementary schools are assigned through the Sistema Anticipado de In-
scripcion y Distribucion (Anticipated System of Inscription and Distribution, SAID). The parents of
six years old children submit a preference list of up to five elementary schools to the local Ministry of
education; schools do not distinguish between kids and only can accept a limited number of kids de-
termined by a quota. Schools run two rounds of classes; the quota is the number of available seats in
the morning turn plus the available seats in the afternoon turn, which are not necessarily equal. Since
schools are indifferent between students, this assignment problem differs from the School Choice
problem because all students have the same priority over schools. The authority runs the SAID to
determine the final allocation between students and schools. This mechanism has the following defi-

ciencies!:

1. It does not deal with indifferences. This situation can be presented in the case of “twin schools”,
which are two public schools in the same block. Given their proximity, parents do not distin-

guish between them. The existence of these schools is due to the fact that years ago male and

Thttp://saidedomex.wordpress.com/



female children were separated in two different schools in the same block. Now, they are two

mixed gender schools?.

2. It is wasteful. A common situation after the publication of the final allocation is that parents

find an available place in a preferred school to the school they have been assigned to.
3. Itis not always Pareto efficient. Parents exchange seats in order to get a better school.

The school choice problem in Toluca consists of a finite set of students; a finite set of elementary
schools, each student has a non-strict ranking of elementary schools and elementary school with a

finite capacity.

We introduce the Top Trading Cover (TTCo) algorithm to deal with indifferences. The mechanism
relies on a graph representation of the market, where a node is associated to all students and schools,
and directed edges represent the top choices of students. A cover of the graph is selected by a tie
breaking rule; each student is assigned to her partner in the cover. The procedure is iterated with the
remaining students, analogically to David Gale’s Top Trading Cycle; indeed TTCo also encompasses

Hierarchical Exchange rules by Papai (2000).

We show that TTCo mechanism is characterized by: 1. Pareto efficiency, there is no other assignment
that improves a student’s allocation without harming other; and 2. the fact that it recursively respects
top rankings: if a student is not assigned to her top ranked school, then this school is assigned to a
student that also top ranks it, and this is true when one removes iteratively students assigned to one
of their top ranked schools. Both properties are satisfied when we consider tie breaking rules that
remove a top trading cover of maximum cardinality at each step. However, this tie breaking rules do

not find all the Pareto efficient assignments.

Previous properties are useful to support the TTCo mechanism. For example, the existence of in-
differences induces a loss of efficiency in the Student Optimal Stable Mechanism (Erdil and Ergin,
2008). Moreover, queue allocation rules (Svensson, 1994) do not recursively respect top rankings

despite the fact that they deal with indifferences and they are Pareto efficient.

Zhttp://portal2.edomex.gob.mx/edomex/temas/educacion/index.htm



Our characterization of the TTCo algorithm is related with the characterization of others mechanisms.
The closest study to ours is Abdulkadiroglu and Che (2010), who provide a characterization of Top
Trading Cycle mechanism through Pareto efficiency, strategy-proof and the fact that it recursively
respects top ranking. Kojima and Manea (2010) characterize the Deferred Acceptance algorithm
using non-wastefulness, population monotonicity and weak Maskin monotonicity. Kojima and Unver
(2010) show that a mechanism coincides with the Boston mechanism if and only if the mechanism
respects preference profile, resource monotonicity, and consistency. On the other hand, Papai (2000)
study and characterize the hierarchical exchange rules, connecting the Serial Dictatorship and the

TTC mechanism when agents have strict preferences.

Assuming non-strict preferences, Svensson (1994) characterizes the queue allocation rules with Pareto
efficiency and strategy-proofness, when there are no property rights. Ehlers (2002) shows the exis-
tence of a unique maximal domain on which efficiency and coalitional strategy-proofness are compat-
ible, moreover, mixed dictator-pairwise-exchange rules are the only rules that satisfy both properties
on this domain. Later, Bogomolnaia, Deb and Ehlers (2005) extend the queue allocation rules to the
case of private information introducing Bi-polar Serially Dictatorial Rules. They characterized these

rules and discuss the consequences on equity when information is private.

Under the existence of property rights and indifferences, Alcalde and Molis (2011) and Jaramillo and
Manjunath (2012) extend the Top Trading Cycles mechanism through the Top Trading Absorbing
Sets and the Top Cycle Rules mechanism, respectively. Both mechanisms are Pareto efficient and

strategy-proof.

Truth-telling, however, is not a dominant strategy for the TTCo. We extend the analysis on large
matching markets, developed by Immorlica and Mahdian (2005) and Kojima and Pathak (2009),
to the TTCo. In a simultaneous game where students report their preference list to the TTCo and
only know their own schools valuations, we prove that truth-telling is an Epsilon Bayesian Nash
equilibrium when market is sufficiently thick. There are crucial differences between our analysis and

previous ones:
e Unlike in the Deferred Acceptance Algorithm (DA), the side of the market which manipulates

10



the mechanism is the one that points to the favorite option.

e Fuhito and Pathak (2009) uses the rural hospital theorem to prove that dropping strategies
are exhaustive is a general property of stable mechanisms. TTCo, however, is not stable; the
argument used to establish exhaustiveness relies on the fact that TTCo is Pareto Efficient for all

tie breaking rules.

e Students with more than one effective school have incentives to misreport their preference
list. While previous works count schools using an algorithm based on reaction chains, we
construct an algorithm based on dropping strategies that erase schools from the top, one-by-
one, to analyze whether the most preferred school in this ranking can be an effective school

when other students do not change their ranking.

e We use the thickness condition of Kojima and Pathak (2009), which specifies that for each
school the number of students is balanced; the condition which implies that TTCo ends at the

first iteration of the mechanism, when DA does not.

The paper is organized as follows. The model and the TTCo are presented in Sections 2 and 3. The
characterization of this assignment procedure is carried out in Section 4. Finally, the equilibrium

analysis under the thickness condition is done in Section 5.

2.2 The Model

2.2.1 Preliminary Definitions

We consider an economy with a set of students and a set of schools. Let A = {1,2,...,n} be the set
of students, a generic student is denoted by i; and a set of elementary schools O = {®,®,,...,0,},
where ® denotes a generic elementary school, or simply school. Each school has a capacity of g, > 0.
First, we assume that each school has capacity g, = 1. We consider that n and m are not necessarily
equal, i.e. n can be less than, greater than or equal to m. A generic element in AU O is represented by

r.

11



We suppose that each student i has a preference relation represented by an utility u;(-) over O; =

O U {i}. We assume the following quasi-linear utility function

Vji"‘e((vti)’c;éj) ifr= 0;c 0
0 ifr=1.

ui(r; \9,') =

Each student i has a valuation v;; € R of school ; for all j € {1,2,...,m}. The type of student i is
the vector ¥; = (vyj,...,vmi). The set of all possible types of student i is denoted by V: C R™. The
state of the market is the vector v = (¥1,...,V,) € R". The set of all possible states of the market is
the Cartesian product between all sets V;; let V = I, Vi. We suppose that the state of the market

v € V is drawn according to a probability function f from V to R, of common knowledge.

An school o is individually rational (IR) for student i if u;(®) > u;(i). From now on, we omit not IR

schools from the representation of R;, for all i € A.

An assignment is a function Y from AU O to AU O such that
1. y(i) € O; = OU{i}, forall i € A,
2. Y(w) € Ay, =AU{®}, and
3. ¥(i) = o if and only if y(®) = i.

In words, each student i is assigned exactly one school in O; and each school ® is assigned exactly one
student in A, under an assignment y. If y(r) = r, r remains unassigned. The set of all assignments is

denoted by I'.

An assignment Y is individually rational (IR) if u;(y(i)) > u;(i) for all i € A. In words, every student

is assigned an IR school at .

We say that an assignment Y is blocked by a pair (i,®) € A x O with respect to R if and only if
1. y(w) = o, and

2. ui(®) > ui(y(i)).

12



If yis blocked by the pair (i, ®), we say that it is a blocking pair at R. An assignment Y is non-wasteful
if and only if it is individually rational and it is not blocked by any pair. Non-wastefulness establishes
than an student cannot be allocated with an school strictly preferred to her allocation because it has

been assigned to some other student.

2.2.2 The two-step Game

We consider a two-step game. Nature moves first, determining the type of each student according
to the probability distribution f. All students of the market observe their type, but do not observe
the type of the others. At stage 2, students report a preference list of schools. Each student observes
the schools in the market and sets her preference relation R;(¥;), or R;, over the set O;. Naturally,
students can be indifferent between different schools. This preference relation is complete, reflexive
and transitive. Let P; and ~; represent the asymmetric and symmetric parts of R;. For all ®,®’ € O;,
we write ®P;0 when student i strictly prefers o to @', or u;(®) > u;(®'); and ® ~; @’ if i is indifferent
between them, u;(®) = u;(®'). The indifference class of ® at R; is the set [®]; = {0’ € | ® ~; ®'}. If
o is the unique element in its indifference class at R;, we consider that [®]; = ®. The preference list

of student i is represented by

R,’ . [(01],', [0)2],', ceey [(Dk]i, [i],’, [®k+1]i~ .. [G)K]i.

A preference profile is a n—tuple of preferences, denoted by R. As in the usual way, let R_; = (R}) j-4i,
Ry = (Ri)jear and R_4r = (R;);ca—ar, for all A” C A. We denote by R; the set of all preference lists of
student i, R = 11 R, is the set of all possible preferences profile. Let R;(®) be the rank of school ®
in R;, i.e. R,~((D)lEi k if and only if ® belongs to the k—th most preferred indifference class.

Given the profile R of reported preference profile, the final allocation of each student is determined
by a fix mechanism (assignment procedure). A mechanism is a systematic procedure ¢ from R to I"
that maps a preference profile into an assignment. The assignment generated by the mechanism ¢ at
a preference profile R’ is represented by ¢[R’]. Let r € AU O, the allocation of r under the assignment

®[R'] is denoted by 0[R](r). A mechanism ¢ is IR and non-wasteful if ¢[R’] is IR and non-wasteful

for all R € R. To determine the allocation of each student, we introduce the Top Trading Cover

13



algorithm to deal with indifferences. For all preference profile R € R, this mechanism generates the

assignment TTCo|R].

2.2.3 Solution Concept

We need some extra concepts and notations. Given the realization of her type ¥;, an action of student
i is a preference list R; over the set O;. A decision rule/pure strategy B;(V;) for student i is a function

that maps types into preference lists.

Definition 1. Let B* = (B7,...,[;) be a profile of strategies for students, and € > 0. An e—Bayesian

Nash equilibrium is a profile of pure strategies (B7,...,[;) such that
E[u;(TTColB;,B*](i)] +& = E[ui(TTCol[B;, B~} (1)),

for all i € A and B/ decision rule.

2.3 The Assignment Procedure

At the end of the game, the students payoffs are induced by the TTCo algorithm. In order to describe

it, we must first introduce some concepts from Graph Theory.

2.3.1 Graph Theory Preliminaries

Consider a set of schools, O’ C O; a set of students, A’ C A; and a profile of preferences R’ = Ry.
We define the bipartite directed graph G(A’,0’,R) as a pair (V(A’,0',R),E(A’,0’,R)), where
V(A',0',R) = A’ U0 is the set of nodes; and E(A’,0,R) is the set of all directed edges (i,®) €
A" x 0/, such that (i,®) € E if and only if student ® is the most preferred school of i at R.. Since we
consider non-strict preference lists, the most preferred school of student i is not necessarily unique.
Thus, the fact that there is more than one edge from i to the set of schools represents indifference. We

refer us to this bipartite graph only by G = (V(G),E(G)) whenever there is no confusion.

Given that not all schools are IR for all students, it is possible that an student prefers to remain

unassigned to be assigned with some school ® € O, i.e. R;(i) =1 and R;(®) > 1 for all ® € 0. In

14



such situation, we use loops, which are pairs (i,i) € A x A. In words, a loop is an edge from the
set of students to the set of students. Consequently, loops are not admitted in bipartite graphs, that
is why our assignment procedure makes use of quasi-bipartite graphs. We define a quasi-bipartite
directed graph G(A’,O’,R) as a pair (V(A’,0',R),E(A’,0',R)), where V(A’,0',R) = A’ U0 is the
set of nodes; and E(A’, O, R) is the set of all directed edges (i,®) € A’ x O’ and loops (j, j) € A’ x A’,

such that:
1. student i prefers school ® to any other school, and
2. student j prefers to remain unassigned to being assigned any school ® € O.

An arbitrary element of E(A’UO’,R) is denoted by €. So, the quasi-bipartite graph G is the graph on
AU O’ which results when each student i in A’ points to her most preferred element in A;. Whenever
there is no confusion, a quasi-bipartite graph is denoted by G = (V(G),E(G)). In the following

example we show the construction of a quasi-bipartite graph.

Example 2.3.1. Consider O = {®1,m,,03}, A = {1,2,3}. The preference relations are:

Ry : [of,03],0,1,
R, [(02,2],
Rz 0)3,3.

Figure 2.1 shows the quasi-bipartite graph G(A, O, R).

2.3.2 Top Trading Covers and Tie Breaking Rules

Given a quasi-bipartite graph G, a top trading cover (ttco) is a subset 7 = {¢€,é,,...,€;} of E[G],
such that there are no two edges in 7" with a node in common. For example, the empty set and the
set with a unique edge are top trading covers. Consequently, there always exist at least one ttco for
all quasi-bipartite graph. A maximal top trading cover is a ttco of G that is no longer a ttco when
an edge, not in it, is added to it. In other words, a maximal ttco is not a proper subset of any other

ttco of the quasi-bipartite graph G. A maximum top trading cover is a ttco that covers the largest

15



Figure 2.1: A Quasi-bipartite Graph

(¢) Maximum TTCo 1 (d) Maximum TTCo 2

Figure 2.2: Top Trading Covers in dotted lines for the same Quasi-Bipartite Graph

possible number of nodes. It is clear that all maximum top trading covers are also maximal; however,
a maximal ttco is not always maximum.

Figure 2.2 shows four different top trading covers (in dotted lines) for the same quasi-bipartite graph.
Note that all edges not in the ttco of Figure 2.2(a) have a node in common with it. Then, this ttco

is a maximal ttco because adding an edge, not in it, the resulting subset of edges is not a ttco. Now,

16



the ttco illustrated in 2.2(a) covers 4 nodes and the ttco in 2.2(c) covers 6 nodes, the largest possible
of nodes than can be covered. Therefore, 2.2(c) is a maximum top trading cover and 2.2(a) is not.
Finally, if we add the edge (w3, 1) to the ttco in 2.2(b), we get a larger top trading cover. Therefore,

this ttco is non-maximum and non-maximal.

The existence of at least one maximum top trading cover is a well-known result from Graph Theory.
Proposition 2.3.1. Let G(A’,O',R) a quasi-bipartite graph, a maximum TTCo always exists.

Proof. See Appendix Al. ]

However, the maximum top trading cover is not unique. Figure 2.2(d) shows a ttco that covers the
same number of nodes than the ttco in 2.2(c), but they differ in the edges (®;,3) and (®;,2). That is,

we have two different maximum top trading covers for the same quasi-bipartite graph.

The non-uniqueness of the maximum ttco represents a problem for the Top Trading Cover algo-
rithm. In each iteration of it, every student i points to her most preferred school ®, between the
remaining schools in the market. After that, we remove a maximum top trading cover and each
student is assigned its corresponding partner in the ttco removed. To choose only one maximum
ttco we use tie breaking rules. Formally, consider a quasi-bipartite graph G and let Y[G] = {T C
E[G] | T is a ttco of G} be the set of all top trading covers of G. The set of elements which are sub-
sets of Y[G] is denoted by 2Yl6]. A tie breaking rule is a function ¢ from 216! to Y[G] that chooses

maximum top trading covers, for all quasi-bipartite graph G.

2.3.3 The Top Trading Cover Algorithm

Consider an economy (A,0,R) and a tie breaking rule ¢. Initialize the algorithm with A = A and
0° = 0. The assignment procedure proceed as follows:

Step t: Every student in A’~! points to her most preferred school between the schools in 0"~
According to the tie breaking rule ¢, we remove a maximum top trading cover of G', every student in
the cover is assigned to its partner in the cover.

Let A’ and O' be the sets of students and schools remaining in the economy after removing ¢(Y[G']).

If both are non-empty, we continue to the next step. Otherwise, the algorithm stops.

17



The final allocation produced by the TTCo algorithm depends on the economy (A, O, R) and the tie
breaking rule g that we use. We sometimes write the final allocation as TTCo[A, O, R¢|, and we denote
by TTColA, O,R,c|(r) the assignment given to r € AU O under this assignment procedure. If there is

no confusion we refer to the assignment only by 77 Co.

To illustrate how the TTCo algorithm works, we use the “lexicographic tie-breaking rule”. This rule
is based on a lexicographic order defined over the edges in E(G)NA’ x O’ of the quasi-bipartite graph
G.

Definition 2. Let G = (V(G), E(G)) be a quasi-bipartite graph, and (i,,,i), (i',m;) € E(G) N (A’ x
0’). The lexicographic order <, over E(G) N (A’ x O') is defined as follows
, . i<i or
(i,;) < (i',wy) if and only
i=iand j<j.
We recall that students and schools are indexed by the set of natural numbers, a well-ordered set,

which implies the veracity of the next observation.

Observation 2.3.1. Given a quasi-bipartite graph, let £ be a subset of E(G) N (A x O), then there
exists an edge (i,®) € A x O such that (i,0) <, (/,®) for all (,') € E. In other words, the

minimum element of £ exists for all £ C E(G)N (A x O). We write (i,®) = minE.

By Proposition 2.3.1 we can ensure the existence of at least one maximum top trading cover regardless
the quasi-bipartite graph. Thus, we can proceed to define the lexicographic tie-breaking rule over Y[G]

using Definition 2 and Observation 2.3.1.

Definition 3. Consider a quasi-bipartite graph G, and let T = {T;, | T;; € Y[G] and is maximum for all 1 <
N < K} be a finite subset of maximum top trading covers. Consider Tﬁ =TyN(A" x 0) for all
ne{1,2,...,K}. The lexicographic tie breaking rule ¢y, is the function ¢; : 2Y[6] — Y[G] such that
¢r(T) = Tk if and only if

min [Té\ ﬁ T,

n=1

K
<, min [T/\ N TT{] :
n=1
for all r £ x.
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We provide an example to show how the Top Trading Cover algorithm and the lexicographic tie

breaking rule algorithm work.
Example 2.3.2. Consider the set of schools O = {®;,®;, 3}, and the set of students A = {1,2,3,4}.
The preference list of each student is
Ry : [®,m3],m,1,
Ry : m,m,2,
Ry : [m,3],
Ry : o1,m,03,4.
Figure 2.3 illustrates the step 1 of the TTCo algorithm. The maximum ttco that satisfies the lexi-

cographic is shown in dotted lines. The other maximum ttco, not chosen, includes the edge (4,®;)

instead of (2, ®). Therefore, the set {(2, ), (1,®3),(3,3)} is removed from the market.

Figure 2.3: First step of the TTCo algorithm

Figure 2.4 shows the quasi-bipartite generated by the schools and students remaining in the market.
Consequently, the maximum ttco chosen by ¢; is the unique edge (4, ;).
The algorithm finishes at step 2 because all schools and students are removed from the market at the

end of this stage. Therefore, the final allocation is

0 W 3
TTCo =
1 2 3 4

Unless we specify some other tie breaking rule, in each example we will show the assignment
produced by the the lexicographic tie breaking rule. However, it is important to remark that non-

wastefulness is a property that satisfies the TTCo algorithm for all tie breaking rule ¢. This is because
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Figure 2.4: Second and last step of TTCo algorithm

the existence of a blocking pair contradicts the definition of maximum top trading cover, as we for-

malize in the following proposition.

Proposition 2.3.2. Consider a market (A, O,R) and G a tie breaking rule. The assignment
TTCo[A,O,d]
is non-wasteful for all tie-breaking rule ¢

Proof. By construction, it is clear that TTCo[R, ¢] is individually rational.

To prove that TTColR,¢| is not blocked by any pair, we proceed by contradiction. Suppose that this
assignment is blocked by a pair (i,0) € A X O. Then, TTCo|R,¢|(®) = ® and ® P; TTCo[R,¢|. We
have the following cases.

Case 1. student i remains unassigned under TTCo[R,g|, i.e. TTCo[R,c|(i) =i. By assumption,
student i strictly prefers  to its allocation under this assignment. Then, there exists a step #; € IN such

that the pair (i,®) is an edge of the graph G". Moreover, we have that

(i,0) ¢ ¢(Y[G"])

because we assume that TTCo[R,¢](®) = ®. Consequently, (i,®) does not have nodes in common
with the maximum ttco removed at step #;. So, the set ¢(Y[G"]) U{(i,®)} is a ttco greater than
¢(Y[G"]). This is a contradiction with the definition of maximum ttco.

Case II. Suppose that TTCo[R,c|(i) = «, then, the edge (i,®') was removed from the market in
some step ¢’ of the TTCo algorithm, i.e. (i,@') belongs to the maximum ttco ¢[Y(G")]. Also, we

suppose that ®P;w/, this implies that (i, ®) must be an edge of G', for some ¢ < ’. Moreover, (i,®)
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was not included in the maximum ttco ¢(Y[G’]) because ® was not assigned to any student during the
algorithm. Now, if 7 = ¢’, we have that (i,®) and (i,®’) belong to the same graph G’. By construction
of G' we conclude that ® ~; @, contradicting that (i, ®) is a blocking pair. Otherwise, t < t’, we have
that (i,m) € G' and (i,®) ¢ ¢(Y[G']). Even more, the edge (i,®) does not have nodes in common
with the edges in the removed ttco. Consequently, the set ¢(Y[G’]) U{(i,®)} is a ttco greater than the
ttco ¢(Y[G']), contradicting the definition of maximum ttco.

Therefore, the assignment 77T Co is not blocked by any pair regardless the tie breaking rule that we

use. L]

2.3.4 Picking rules and Other mechanisms

The tie breaking rules are quite restrictive since they remove maximum top trading covers. Picking
rules are more general functions than tie breaking rules. Given a quasi-bipartite graph G, a picking

rules is a function &g that chooses one and only one non-empty top trading cover of G.

In the following lemma we show that every Pareto efficient assignment y can be gotten using the

TTCo algorithm and a picking rule Gy that never chooses an empty ttco.

Lemma 2.3.1. IfY[R| is a Pareto efficient assignment, there is some picking rule &, such that &y(T) # 0

for all T € 2YI9\{0}, subset of top trading covers, and Y[R] = TTColR,&|.

Proof. Let TV = {(i,r) € Ax (AUO) | y(r) =i} U{(i,i) | (i) = i}. The pairs in the set 77 include all
members in the market and do not have elements in common because 7 is also a feasible assignment,
1.e. each element in the economy is assigned one and only one element in AU O.

We partition 77 in the following way:
o Tl ={(i,r) € T' | i € A and r is the most preferred element of i in R;}.

e For all k > 2, define

k—1
Tkr ={(i,r) € TY| i € A and r is the top ranked in R; after removing U TIY}7
=1

and
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K
o Let K = max{k € N|T}! # 0}, the set of remaining students is le+1 =T\ ( U Tk).
k=1

Note that, since Y is individually rational, Tk is the set of schools that are assigned to themselves at
the end of the TTCo algorithm.

We claim that each TkY is a non-empty top trading cover of the graph G* for all k > 1.

Affirmation 2.3.1. All sets T,Z are non-empty for all 1 <k < K.

Proof. We proceed by induction.

Induction Base. By contradiction. Suppose that le = 0, then, any buyer is assigned her most pre-
ferred basket. We have the following cases:

Case L. There are i and i’ such that y(i') is the most preferred school of i and (i) is the most preferred

school of i/, consequently
V(&) Pry(i) and y(i)) (i),

i.e. i strictly prefers the allocation of i’ than her allocation and vice versa. Then, defining an assign-

ment ' such that
o Y (i) =v(') and Y (¥()) = i,
o Y (i) =v(i) and Y (y(i)) = 7,
o ¥ (r)=y(r) forall r € (AUO)\{i,i,y(i),y(i")},

we contradict the fact that 7y is Pareto efficient.

Case II. There is an school ® such that y(®) = ® and it is the most preferred school of some student
i. Then, ®P;y(i). Consequently (i,®) is a blocking pair. However, this is not possible because 7 is
Pareto efficient.

Therefore Tlr £ 0.

Induction Hypothesis. Assume that T;' 0, forall 1 <k < K.

Induction Step. We have to prove that 73,1 = 0, for k+ 1 < K+ 1. We proceed by contradiction.
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Suppose that Tkljrl = 0, then, applying the hypothesis of induction we have that

k+1
T, = {(i,r) € TY|i€ Aand ris the top ranked in R; after remove | J TIY}
I=1

k
= {(l,r) € TV |i € A and r is the top ranked in R; after remove U T, } .
I1=1
So, Tkth = TkY+1 = 0. Analogously, we conclude that TIZ =0 forall K > k+ 1. Then max{tr € IN | TY

0} =k < K =max{r € N | T,' # 0, which is not possible. Therefore T,:Y+1 # 0. O
Now, define the picking function &y : 2Y(6] 5 v[G] as

7! if G' = GF[AK, 0%, R¥| forall 1 <k < K —1,

S(Y[G) =
TAUTY,, if G’ = GK[AK, 0K RK].

Affirmation 2.3.1 guarantees that Gy is a picking function that chooses the non-empty top trading

cover Tky in every step k of the algorithm. Moreover, it is clear that Y(r) = TTCo[R,,|(r) for all

reAUO. ]

The TTCo algorithm and other mechanisms

Assuming strict preferences, the top trading cover algorithm encompasses with hierarchical exchange
rules. We describe the corresponding picking rules for the polar cases: the top trading cycles and the
serial dictatorship mechanisms. Consider P a profile of strict preferences and G the quasi-bipartite

graph induced by these preferences.

Top Trading Cycles. Assume that the initial endowment of each agent is described by a bijection
u: O — A. Note that a cycle is a ttco C C E[G] if and only if for all (i, ®) € C there exists @’ € O such

that (u(®),®’) € C. So, a cycle picking rule is a picking rule ¢¢ such that ¢¢(Y[G]) is a cycle.

Serial Dictatorship. Given an exogenous priority T of agents in A, the serial picking rule cg is

defined as follows: ¢g(Y[G']) = {(i,0) € E[G'] | i=m(z)}, forallt =1,...,|A|.

As we know, top trading cycle and serial dictatorship mechanism belong to a more general family of
mechanisms: the hierarchical exchange rules. The TTCo algorithm encompasses with this family of

mechanisms. To show it, we first describe the inheritance trees.
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An inheritance tree I', = (V,A) for object a is a rooted tree where V is the set of nodes, and
A CV xV is the set of arcs (or edges) such that there is a path from v; to v; for all v;, v; € V. The
root of an inheritance tree is a node such that there is no incident arcs on it. An inheritance tree has

the following properties

1. All nodes are students, V C A,
2. Every vertex of a path represent a different individual.

3. All arcs in A are labelled by schools, that is to say, for all (v;,v j) € A, this arc corresponds to a

school in O\ {a}.
4. Every arc in a path represents a different school.

5. Arcs from the same node represent different schools.

Consider G, the set of inheritance tree, G = X ,c0G,, Where I' € G is a list of inheritance trees. When

A = O = g, the initial endowment Ef of each student is given by

g}" ={we Oliis therootinT,}.

Let o7 p: T — P abijection between T and P. Now, consider T C A, P C O and a student i € A \T,

the corresponding non-initial endowment E! (T, P67 p) is given by
E,F = {® € O\ PJi is the root in I', or there exists a vo — v, path

such that vo =i, (vs,ver1) € P,0(vs) = (vs,vs41) }-

The initial endowment is denoted by Ej(i,R) = &l (@), and a cycle at the first step is defined as

follows:

{J1,-..,Jg} if thereexist ji,..., j, € Asuch thatRJTaI(l) € Ei(i,R),

S1(i,R) = 2.1

o] otherwise.

Consequently, the set of assigned students is Wi(R) = {i : S1(i,R) ¢ @}, and the set of assigned

schools is F{(R) = {RJT1 (1) : j € Wi(R)}. Consequently, the non-endowments are defined as follows

E(i,R) =& (W/(R),F'(R), 0w, (r) F(R))-
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We define the hierarchical exchange rules as a picking rule ¢y such that (i, ) € ¢y[G'] if and only
there exists in (//,®') € ¢y[G'] such that @ € E;(i’,R). In other words, in a hierarchical picking rule
me remove a top trading cover if and only the owner of each object is also in the ttco, according to

the endowment E, (i, R).

Now, consider R a profile of non-strict preference list, Alcalde and Molis (2011) propose the Top
Trading Absorbing Sets mechanisms as a generalization of the Top Trading Cycles mechanism. To

describe this mechanism through picking rules, we need the following concepts.

Let i,®; € V[G], we say that there is a path from the student i to the school m; if there is a sequence
of nodes vi =1,...,v,, = ®; that satisfies two conditions: 1. vy, € Aforallk € {1,...,m}, vy € O
for all k € {1,...,m}; and 2. (vog_1,vok) € E[G] and u(vox) = vog4 for all k € {1,...,m —1}.
Analogously, we define a path between a school ®; and a student i. The pair i,®; is symmetric

if (i,0;) € E[G] and y(0;) = i.
An absorbing set is a set of nodes A C€ V[G] such that
1. for any two nodes i,®; € A there is a path from one to the other,
2. there is no path from any node r € A to any node 1’ ¢ A.
An observing set is paired symmetric if each of its nodes belongs to a symmetric pair.

The absorbing rule is a picking rule ¢4 that chooses a collection of paired symmetric absorbing sets.
In the corresponding TTC|c4s] algorithm, the quasi-bipartite graph G'*! actualizes the endowments
of each agent not in a paired-symmetric absorbing set. Every agent in a non paired-symmetric ab-
sorbing set point to the maximal object with the highest priority, different from her initial endowment.

Each agent in a cycle changes her endowment for the object that she is pointing to.

2.4 Characterization

The objective of this section is to present the axioms that characterize the Top Trading Cover algo-

rithm. We get a characterization through Pareto efficiency and the Recursively Respect Top Prefer-
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ence axiom, introduced by Abdulkadiroglu and Che in [1] as the fact that an assignment Recursively

Respects Top Rankings.

2.4.1 Pareto Efficiency

An assignment Yy is Pareto efficient if there is no other assignment Y such that y(i) ~; y(i) for almost

i € A, and there exists at least one i such that ¥ (i) Py(i).
Proposition 2.4.1. Let 'y be a Pareto efficient assignment, then Y is IR and non-wasteful.

Proof. Let 'y be a Pareto efficient assignment. To prove that v is IR, we proceed by contradiction, so
we assume that 7y is not IR. Consider A~ = {i € A | iPyy(i)}, the set of students assigned to some not
IR school. Since yis not IR, then A~ # .
Now, define the assignment Y in the following way:

v(r) ifre A\NA" ory(r) €A\A™,

Y(r)=X r ifreA ory(r)eA,

r ifreOandy(r)=r.

It is clear that  (i)R;i for all i € A. Then, Yis IR.

Consequently, by definition of Y we have that
Y (i) =y(i) forallic A\A™,
and, by individual rationality, we conclude that
Y (i)Pyy(i) foralli € A~.

This is a contradiction because 7 is Pareto efficient. Therefore, yis IR.

Also, to prove that 7y is wasteful, then there exists a blocking pair (i, ®) such that
v(s) = s and sPy(i).
Define the assignment y as follows

v(r) ifre(Au0)\{i,s},
Y(r)=4 s ifr=i,

I ifr=s.
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Since (i,s) is a blocking pair, the definition of ¥ implies that

Y (j) =v(j) for all j € A\ {i}, and ¥ (i) Pry(i).
This is a contradiction because 7 is Pareto efficient. Therefore ¥ is non-wasteful. [
Now, we prove that every tie breaking induces a Pareto efficient assignment.
Proposition 2.4.2. Let ¢ be a tie breaking rule. The assignment TTCo|R, ¢ is Pareto efficient.

Proof. We proceed by contradiction. Suppose that there exists an assignment 7y such that (i) ~;
TTCo[R,g](i) for almost i € A, and there exists at least one j such that y(j)P;TTCo[R,g](i).

Consider that TTCo[R,¢] = UkK:1 TTCo¥, where TTCok is the maximum ttco removed at step ¢ of the
TTCo algorithm. Since y(j)P;TTCo[R,g], for at least one j € A, then (j,Y(j)) ¢ TTCo* for some
ke {1,2,...,K}. Let k* be the minimum k such that some j improves under y. We know that other
students in TTCo¥ are indifferent between 7y and TTColR,¢|. This implies that TTCo* is not a
maximum ttco, which is not possible by the definition of ¢. Therefore TTCo[R,¢] is Pareto efficient

for all tie breaking rule ¢. O

2.4.2 Recursively Respects Top Preferences

An assignment Y respects top preferences if for each ® € O and i € A such that R;(®) = 1 and ®P;y(i)
implies that

RY((D) ((,0) =1.

In words, if an student is not assigned some of her most preferred schools, this implies that her most

preferred schools are assigned to students who also put these schools as their most preferred schools.

All tie breaking rules generate an assignment that respects top preferences.
Proposition 2.4.3. TTColc| respects top preferences for all tie breaking rule ¢,

Proof. Consider (i,®) € A x O such that R;(®) = 1 and ®Pyy(i). Then
(i,®) € E[G'] and (i,») ¢ ¢[Y(G")].
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Then, by definition of maximum top trading, there is i’ € A such that
(', ) € E[G'] and (', 0) € ¢[Y(G"),

otherwise ¢ did not remove a maximum ttco which contradicts the fact that it is a tie breaking rule.
Consequently, there is i’ such that i’ = y(®) and Ry (®) = 1. Therefore TTCo|c] respects top prefer-

ences for all tie breaking rule. ]

The TTCo mechanism is related with the Gales Top Trading Cycles (TCC) mechanism. Both mecha-
nisms respect top preferences, and remove a set of pairs (students-schools) at the end of its iteration.

Both properties are crucial to describe the TTCo algorithm when we use a tie breaking rule.

If y respects top preferences, then ¢y(Y[G']) is a maximum ttco. However, this axiom says nothing

about other iterations.

Abdulkadiroglu and Che (2010) made a characterization of the Top Trading Cycle mechanism for
the assignment of indivisible schools between students. In this work, they introduced the axiom
recursively respect top rankings (top preferences in our case) to explain how the TTC mechanism
removes a set of students in each iteration. Before introduce this axiom, note that respecting top

preferences axiom leads to the following concept.

Definition 4. A fop preference group is a subset Ay = {aj,as,...,a;} C A such that there is ®; € O
such that

Y(a;) = ®; and Ry, (w;) = 1 forall 1 < i <k.
A top preference group is a set of students assigned to its most preferred school.

Let y be an assignment and Ag C A a top ranked group of the initial economy E = (A,O,R). The
sub-economy induced by Ay is the economy (A \ Ao, 0};\ AO,RA\), to simplify, we sometimes represent
the induced economy by E \ Ag. In words, the induced economy E \ Ay is the economy where all the
students in Ag left the initial economy with her allocations under the assignment y. As in [1], we use

this elements to generalize the idea of respecting top preferences in a recursive form.

Let EO = (A%, 0° R") = (A, O, R) be the original economy and consider an assignment y. We denote

by E' the sub-economy induced by a top preference group Af) of the economy E'!, for all # > 1.
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Definition 5. We say that the assignment 7 recursively respects top preferences if Y[E'] respects top

preferences for all > 0, regardless the sequence of top ranked groups {A{}/>0.

In words, an assignment recursively respects top preferences if it respects top preferences in any
sub-economy induced by a top preference group and this goes recursively in each sub-economy.
Moreover, it is important to note that this must be true regardless the top preference group initially

chosen.

We say that R;(®;E") = k if and only if (i,®) € A’ x O" and ® is the k—th most preferred student in

O'" with respect to R;.

We have already proved that every Pareto efficient assignment can be gotten using a picking rule that
never chooses the empty top trading cover, see Lemma 2.3.1. Before to establish our characterization

of the TTCo algorithm and tie breaking rules, we require an extra lemma.

The following lemma shows a sufficient condition to choose a maximum top trading cover in the first
step of the TTCo algorithm. That is to say, if an IR assignment respects top preferences, then the

corresponding picking rule chooses a maximum ttco.

Lemma 2.4.1. Let 'y be an IR assignment that respects top preferences, then there is a picking rule

such that y = TTCol[g] and &Y (G")] is a maximum ttco.

Proof. By Lemma 2.3.1, there exists Gy such that y = TTCo|[G,|. We have to prove that

&X(G")

1S a maximum ttco.

By construction, &/[Y(G')] = {(i,y(i)) | R:(y(i)) = 1}.
We proceed by contradiction. Suppose that it is not a maximum ttco, then there is (i,r) € E[G'] such

that
(i,r) ¢ &[Y(G)),

and (i,r) does not have nodes in common with &[Y(G')].
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Case L If r = i, then &[Y(G")]U{(i,i)} is a larger ttco than &/[Y(G")], which is not possible by
construction of ¢y.

Case IL. If r = ® € O, we know that R;(®) = 1 and (i) # ®. Then there is ¥’ € (A\{i}) U{®} such
that y() = 7.

ILA If ¥/ = o, this means that ® remains unassigned under y and ®P;y(i) because i is not removed in
the first step (remember that (i,r) does not have nodes in common with the ttco removed). This is a
contradiction because 7y respects top preferences.

ILB If ¥ = j € A\{i}, then Rj(®) > 1. If Rj(®) = 1, the fact that y respects top preferences implies
that (j,®) belongs to &/(Y[G']) which contradicts that (i, ®) does not have nodes in common with the

ttco. If R;(®) > 1 we contradict that y respects top preferences.

In any case, we get a contradiction. Therefore &/(Y[G!]) is a maximum top trading cover. O
The Theorem establishes a characterization of the TTCo algorithm when it uses a tie breaking rule.

Theorem 2.4.1. Given an economy (A,O,R), a mechanism ¢ is Pareto efficient and recursively re-

spects top preferences if and only there is a tie breaking rule Gy such that §[R] = TTCo[R,g].

Proof. We have proven that TTColg] is Pareto efficient and respects top preferences in propositions
2.4.2 and 2.4.3 for all tie breaking rule ¢, respectively. We have to prove that TTColg] recursively
respects top preferences, i.e. we have to prove that TTCo[E'] respects top preferences for all 7 > 0.
We proceed by induction.

Base of Induction. Consider A(l) a top ranked group of E°. We have to prove that TTColE!,¢]

respects top preferences. Let (i,®) € A' x O! such that
Ri(w;E') =1 and P, TTColE!,J(i).
Then, we have that
(i,0) € G'[E"] and (i, @) ¢ ¢(Y[G'[E"]]).

Consequently, there exists j € A!\ {i} such that (j, ) € (Y[G'[E']]). Otherwise, (i,®) Ug(Y[G'[E!]])
is a top trading cover greater than ¢(Y[G'[E']]), which is not possible because ¢ is a tie breaking rule.
Since j € A! and G'[E!] is the quasi-bipartite graph where all students in A point to her most pre-

ferred school in E', we conclude that R;(w; E') = 1.
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Hypothesis of Induction. Let k € IN. Consider A} a top ranked group of E'~! forall # =0, 1,... k.
Suppose that TTCo[E¥, ¢] respects top preferences.

Induction Step. Let A’é“ a top ranked group of EX. We have to prove that TTCo[E**! ¢] respects
top preferences. The proof is equal to the done in the Base of Induction.

Therefore, TTColg| recursively respects top preferences for all tie breaking rule c.

Now, let y be a Pareto efficient assignment that recursively respects top preferences. We have to prove
that Y= TTColg] for some tie breaking rule g.

In Lemma 2.3.1 we proved the existence of a picking rule ¢y such that Y= T'TColg,|. Even more, we
know that ¢(Y[G']) = Tky is a non-empty top trading cover for all k =1,2,...,K. Then, we have to
prove that every ttco Tky is a maximum ttco. We proceed by induction.

Base of Induction. Since 7y recursively respects top preferences, particularly, Y respects top prefer-
ences. Therefore, gY(T[Gl]) = le 1s a maximum top trading cover by Proposition 2.4.1.

Hypothesis of Induction. For 1 < k < K, suppose that Tky is a maximum ttco of GX.

Induction Step. We have to prove that 7' | 1s a maximum ttco of G**!. By hypothesis of induction,

k+
we know that each ttco Tky 1S @ maximum ttco.

Note that le is also a top preference group of the economy E° with maximum cardinality. If E! =
EO\ TY, the construction of Gy implies that TzY is a top preference group of the economy E! because
TlY is a maximum ttco. So, consider the sequence of economies E’ such that E' = E’ -1 \ Tty.

Since v recursively respects top preferences, we have that 7y respects top preferences at economy
EX=1_By construction, Tg is a top preference group of the economy EX~!. Then, applying Lemma
2.4.1, we conclude that T is a maximum ttco of G[EX~).

So, any Pareto efficient assignment that recursively respects top preferences is generated by the TTCo

mechanism through a tie breaking rule. [

2.5 Equilibrium Analysis

The objective of this section is to show the existence of a unique e—Bayesian Nash equilibrium,

where all students are truth-telling, in large markets that satisfy the thickness condition. Remember,
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an e—Bayesian Nash equilibrium of the game described above is a profile of decision rules such that
in expectation no student has large incentives to deviate from it. In other words, no single student i

can improve significantly her final allocation TTCo[B*,¢](i) at equilibrium.

We search the best response correspondence of each student following the methodology developed
by Immorlica and Mahdian (2005), and extended by Kojima and Pathak (2009). Since the TTCo
algorithm is manipulable, we simplify the searching of the best responses analysing dropping strate-
gies, and show that students have incentives to deviate whenever they have more than one effective
school. In large markets, the proportion of students with more than one effective school tends to
zero. Finally, the thickness condition ensures the existence of a unique e—Bayesian Nash equilibrium

where all students are truth-telling.

2.5.1 Dominant Strategies in the TTCo algorithm
A preference list R} is a dominant strategy for student i if and only if
q)[AJ 0O, (R:F7R*l)] (l)qu)[A? 0, (Rfal_e*l” (l)a

for all R: € R, and for all R_; € [[ R j- An student i is truth-telling if her true preference list is a
J#i
dominant strategy. We use R; to denote the true ranking of i; if i is not truth-telling, she manipulates
the TTCo algorithm.
Definition 6. An student / manipulates the ¢ at R through R! if there exists R} in R; such that
¢[A, 0, (R;,I_?,i)] (i)Piq)[Av 0, (RiJ—e*i)] (l>

If an student manipulates the mechanism, the mechanism is said to be manipulable.

Recall that the 77T Co assignment depends on: a set of students, A, a set of schools, O, and the reported

profile of preference lists R . We define a market as a tuple X = (A,O,R).
Observation 2.5.1. The TTCo mechanism is manipulable.

The above observation is illustrated in the example below.
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Example 2.5.1. Consider the market given in Example 2.3.2, students true preferences are

R, (01,0)2,1
Ry : ®1,m,2
Ry : o,0,03,3

Ry ®1,0,03,4.

Given the profile R of true preferences, the assignment produced by the TTCo algorithm under the

market (S, B, R) is:

TTCO(I =

)
TTCo(2) =
TTCo(3)

)

TTCo(4

Now, suppose that student 4 reports

/.
R4.0)3,

while other students report their true preferences. Let R' = (R1,R2, R3,R)}), the TT Co algorithm under

R’ outputs the following assignment:

TTCo[R)(1) = o
TTCo[R](2) =
TTCo[R(3) = 3
TTCo[R|(4) = ws.

Since student 4 prefers @3 to remain unassigned, she manipulates the mechanism at (Rj,R2,R3)

through R),. O

Indeed, truth-telling is neither a dominant strategy for students nor a Nash equilibrium in small mar-

kets.
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2.5.2 Dropping Strategies

To establish that truth-telling is an €é—Nash equilibrium in large markets, we show first that dropping

strategies cover all the range of best responses, i.e. dropping strategies are exhaustive.

Definition 7. A preference list R} is said to be a dropping strategy for the TTCo at true preference

list Ry, if
1. ®R,® then ®R,w, and
2. bR, then bR, ®.

That is to say, a dropping strategy is a preference list that 1. drops some elements and 2. respects the

order in Rj,.

In [15], Kojima and Pathak showed the exhaustiveness of dropping strategies in their Lemma 1: “All
manipulations of the Student Optimal Stable Mechanism (SOSM) can be gotten through a dropping
strategy when others report true preferences”. Even more, they proved that this is a general property
of any stable mechanism. We establish a similar result for the family of non-wasteful assignments
TTColg] for all tie breaking rule . With respect to the proof of Kojima and Pathak, we restrict our
attention to dropping strategies which drop all the schools preferred to the one assigned by the TTCo

TTCo(b)

algorithm, denoted by R, . That is to say, if student b reports a strategy

RZ . [O)l]b, [wz]b,.. - [TTCO(b) = (Dk]b, ceey [b]b,

the corresponding dropping strategy RZTCO(b) is defined as follows
TTCo(b) . k
RITU) 1T TCo(b) = @My, [bl.

Lemma 2.5.1. (Dropping strategies are exhaustive) Fix an student b € A. Suppose that b reports
R}, € Ry, and all the other students report any ranking R’ ,. Consider that the assignment Y is equal

to TTCo[R},R" ,;c], that is to say TTCo[R),R" ,:¢](i) =Y(i) for all i € A. Then
TTCo[RY" R :¢)(b) = YR, R .

for all tie breaking rules c.

34



Proof. Specifically, we prove that TTCo [Rl(b), R_};¢](b) = y(b) when y(b) is declared as the unique
most preferred school of b at RZ(b), ie. RZ(b) [¥(B)]p,-- -, [b]p-

We have that Y(b) = TTCo[R),R"_,|(b) = ®. By construction of the TTCo algorithm, there is T € IN,
such that

(b, 0) € cL(Y[GT]).

Then, all student 4’ that points to ® are not removed in any step ¢ = 1,...,T. So, edges (b', ) were
never removed from the market.

Case I If 1 = 1, then TTCo[R!"" R’ ,] = TTCo[R,R’_,).

Case IL. If T # 1. Running the TTCo algorithm with the profile (RX(Z),R’_ p)» in its first step we have
that

b € Dg(p) = {i € A | @ is the most preferred school in (Rz(b),R',b)}.

The only change in the algorithm is that b € D{)(p), which did not happen under (R}, R’ ;). Remember
that any tie breaking rule selects a maximum ttco at any step of the mechanism. Since ® is the unique
most preferred school of b, the edge (b,®) does not have nodes in common with other edges in
S(Y[G'[R},,R,]]). Therefore, (b, ®) must belong to ¢(Y(G' [Rz(b),R’_b])), SO TTCo[RZ(b),R’_b](b) =
. []

We extend Lemma 1 of Kojima and Pathak to the family of non-wasteful assignments 7T Co|g|, for all
tie breaking rule ¢. In general, non-wasteful assignments do not satisfy the “Rural Hospital Theorem”
(Roth (1984)), which is a central argument in Lemma 1 of [15]). Figure (2.5) shows this fact, the set

of single agents is not the same in two different non-wasteful assignments.

2.5.3 Counting Effective schools

Below, we introduce the tools that we use to prove that no student has incentives to deviate from her

true ranking in large markets.

Given an assignment I, we recall that ['y[R]|(h) € OU{@} is the good assign to b at ['[R], for some

R € R. We say that (0], = {0’ € 0|0’ ~}, ®} is effective for the student b if and only if there is a
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(a) Non-Wasteful As- (b) Non-Wasteful As-

signment 1 signment 2

Figure 2.5: Dotted lines represent two different non-wasteful assignments. These assignments have different sets of

unmatched members, so, the “Rural Hospital” Theorem does not hold for our non-wasteful assignment problem.

strategy R}, such that I'[R,,R_;] € [@]p. If there is no preference list R, € R, such that I'[R},R_;] €

[®]p, we say that [®] is a non-effective class.

Observation 2.5.2. Student b has not incentive to deviate from her true ranking if and only if

TTCo[R),R_,)(b) = TTCo|Ry,,R_p](b), for all dropping strategies

R, : [@'],[0,...,[TTCo[Ry,R_p|(b)],...[].

The Waiting Algorithm

The importance of Observation 2.5.2 lies in changing our original problem: instead of searching best
response correspondences it is sufficient to count how many effective schools each student has. In

this section we explain how to count effective schools.

Immorlica and Mahdian (2005) and Kojima and Pathak (2009) also change the original problem into a
counting problem. They count stable partners® using an algorithm based in reaction chains. However,
we cannot use reaction chains to count effective schools because our game only considers that one

side of the market reports a ranking of the members of the other side of the market.

Example 2.5.1 shows that TTCo is manipulable and Lemma 2.5.1 implies that all profitable manipu-

lations can be gotten through dropping strategies where the corresponding effective school is declared

3In papers [11] and [15] the deviations are identified with stable husbands/students, which are equivalent to the effec-

tive schools in our model.
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as the most preferred school. Based on these observations we construct the Waiting Algorithm (WA)

to count all the effective schools preferred to TTCo[R](b).

The WA checks if student b can get a school preferred to TTColR](b) using dropping strategies while
other students are truth-telling. These dropping strategies are truncating R}, in a descending form.
The Waiting Algorithm

Fix a student b, the Waiting Algorithm is described below:

Step 0. Initialization: Consider R? = R;, the ranking reported by b, and X? = @, the set of effective
schools of b before starting the assignment procedure. Run the 77 Co algorithm with the profile of

true preferences R = (R),R_}).

Step t.

1. Effective schools: If TTCo [RZ_1 ,R_,)(b) € S, the WA actualizes the set of effective schools:
Xp = X{~ U{[TTColRy R4 (b))).

2. Preference actualization:

Case A. If the dropping strategy Rz_l is the strategy where the original assignment
[TTCo[R), R_) (b))

is the most preferred school, then the algorithm stops.
Case B. Otherwise, consider the dropping strategy R) as the strategy where the most preferred
indifference class in Rﬁ;l is dropped. Run the TTCo algorithm with the profile of preferences

R =(R,,R_;). Gotot.1.

In the step 7.2.B, we construct the dropping strategy R by dropping simultaneously all the elements
of the most preferred indifference class in Rz_l. We can construct this dropping strategy deleting

school by school from the most preferred class of indifference at Rﬁ;l. For example, consider
Ry : [s,1,00],5, TTCo[R,,R_;)(b),b,

and suppose that § is an effective school of b, but [s,®;,m;] is not an effective class when other

students are truth-telling. The ranking
R}, : [©1,0],5, TTCo[Ry,R_p)(D),b

37



is also a drooping strategy of b. The TTCo algorithm ignores these strategies when the whole class is
not effective. In other words, reducing a non-effective class school by school does not affect the final

allocation when others tell the truth. This property is justified in the following proposition.

Proposition 2.5.1. Let b € A and R = (R,,R_}), a profile of preference lists. Suppose that

Ry: [ 0,..., 0", [TTCo[R|(D)],...,[b],
for some k > 1. Consider

R, : [0, 0%, ...,a,, [TTCo[R](D)p, ..., [b]p.
Then TTCol[R),,R_;)(b) = TTCo[R;,R_}](b).

Proof. It is clear that b is removed from the market in the second step of the TTCo algorithm and is
assigned to TTColR|(b).

First, note that each school in [0)0, o,... ,(J)k] is assigned to some student at the end of first step of
TTColR]. To see it, proceed by contradiction. Suppose the existence of @', for some Tt € {1,2,... k},

such that she is not removed at the end of step 1. We know the following
1. b and @' are not removed from the market at the end of step 1, and
2. (®',b) is an edge of G|.

Then the maximum ttco of G' is not a maximum cover, because ¢(Y[G!]]) U {(®',b)} is a larger top
trading cover. Consequently TTCo[R](b)R,®' = TTCo[R](b), which is a contradiction.

Then there exist students b® such that TTCo[R,,R_,](b%) = &, for all T =0, 1,...,k. Moreover, the
tie breaking rule implies that

(b,0') < (', b%) 2.2)

forallt=0,1,...,k.
Given the profile (R},R;), the pair (s°,b) is not an edge of the quasi-bipartite graph G1[R}, R}, but
all pairs (', b%) are edges of G| [R},R)] and the equation (2.2) is also true. So, the maximum ttco of

G1[R},,Rp) is the same maximum ttco of G| [R].
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Following to the second step, as student b is the unique student who changes her strategy and all

schools in [co1 O L ,mk] are removed at the end of step 1, we have that
G>[R] = GZ[RZ,R_b].
Therefore TTCo[R),,R_p)(b) = TTCo[R;,R_p](b). O

Let x, = |X/ | denote the number of effective schools that improve the allocation of b, produced at the

end of the WA.

Next example illustrates how the Waiting Algorithm works.

Example 2.5.2. Consider the same market described in Example 2.5.1. We count all the effective
schools of student 4 using the WA. We know that TTCo[R"](4) = 4, then X! = &.

The step 2 of the WA submit R}, : @,,®3,4 to the TTCo algorithm. Then TTCo[R},R_4](4) = 4. WA
outputs not effective schools, X42 = .

Actualizing the ranking, we have Rﬁ : 03,4, consequently TTCO[RZ,R_4] = 3. WA outputs X; =
{®3}. In step 4 we have that R} : 4 = TTCo[R](4), the algorithm stops.

We conclude that m3 is the unique effective school of 4. []

We prove formally that the WA outputs all the possible effective class of indifference that represent a

profitable deviation.

Proposition 2.5.2. The Waiting Algorithm outputs, under Ry, all the effective classes [®]y, for b such
that

[0],P,TTCo[Rp,R_p](b).

Proof. We proceed by contradiction. Suppose there is an effective class [®], such that the waiting
algorithm did not output it and
[OJ]bRb[TTCO[Rb,R_b] (b)]b

Then TTColR},R_,)(b) # [@] for all € N.
Since [0], is an effective class, there is a strategy R} such that TTCo[(R},R_})] = @' € [®],. By

Lemma 2.5.1, we have that
TTCo|R,,R_p)(b) = TTCo[RY ,R_}](s),
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where Rg’, is the dropping strategy where @' is declared the unique most preferred school of . Now,

dropping all the indifference classes preferred to [®],, we get the dropping strategy R,Lmh’ such that

TTCo[RY | R_)(b) ~p» TTCo[RI®? R_,)(b).

By construction of the WA algorithm, in some step ¢ € IN we have R, = Rl[f)}b , which is a contradiction.

Therefore, the waiting algorithm outputs all affective classes of b. ]

Random Markets

To simplify the analysis, we first assume complete information. We have shown that: truth-telling
is not a Nash equilibrium of the game described in Subsection 2.2, and students can manipulate the
TTCo mechanism. We investigate how likely students manipulate the TTCo algorithm introducing

random markets as in [11] and [15].

Consider D = (dy,d>,...,d,) a probability distribution over O such that, without loss of generality,
dj > dj.1 and dj > 0 for all ®; € S. We say that school ®; is more popular than school ®; if
di>d 1. For each student 7, a distribution D induces a random ranking R;, not necessarily complete,
of length k € IN as follows*:

Step 1. Select randomly a school following distribution D. List this school as the most preferred
school of i.

Step t. Select randomly a school following distribution D.

t.1 If this school has not been previously drawn in steps 1 through ¢ — 1, list this school as the " most
preferred school of i, goto ¢+ 1.

t.2 Otherwise, we select randomly a school following distribution D, go to z.1.

The procedure ends at step k.

A random market is a tuple X = (A,0,D,k) with an associated profile of random preferences R.
Given € > 0, a profile of preferences R* = (R, )icy is an e-Nash equilibrium if there isno i € A and R,
such that

E[ui(TTCol[A,0,(R,R")](i))] > E[ui(TTCol[A,0,R"](i))] +¢,

“4This is defined in the same form as in [15].
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where the expectation is taken with respect to random preferences.

In random markets, we count all profitable deviations of student b using the WA, assuming that
she knows her true ranking R;, and other students report random preferences R_,. As a conse-
quence of Proposition 2.5.2, the WA outputs all effective indifference classes [w], strictly preferred

to TTCo[Ry,R_p](b), for all b € A.

Large Markets

A sequence of random markets is denoted by (X!, 82 ...), where each X" is a random market
(Al’l’ 0}’!7Dn7k1’l)

such that D" = (df,d5,...), |A"| = n and |0"| = my,, for all n € IN.

For each random market X" in the sequence, we denote the expected number of students that

manipulate the TTCo mechanism by

&(n) = EMH{i€A"|TTCo|R]",R";] ()PTTCo R} R";] (i)}

for some R in the induced market|R"].

The expectation is taken with respect to the random profile R” of the random market X”. This rep-
resents a difference with the work done by [11] and [15]: we cannot assume that other students are

truth-telling because schools do nothing during the TTCo algorithm.

We prove that the expected proportion of students that manipulate the algorithm, &;(n)/n, tends to

zero as n tends to infinity, i.e., for all ® > 0 there must exists N € IN such that

O (n)

n

— 0’ <.
for all n > N. To prove it, we require the following regularity conditions.

Definition 8. A sequence of random markets (X', 82, ...) is regular if there exists a positive integer

k such that

1. k" =k for all n,
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2. m, < n for all n.

Condition (1) assumes that preferences length of each student does not grow as the size of the market
increases, i.e., each student has an incomplete preference list because she does not know all the
schools in the market; condition (2) requires that the number of schools does not grow much faster

than the number of students, the supply is lower than demand.

Regularity conditions are taken from [15], which considers four regularity conditions. The other two
conditions are: the number of college positions is bounded and all students are acceptable to any
college, respectively. We do not require a bound of “positions ” because we assume that students
only can hold one and only one school. On the other hand, they need all students to be acceptable to
guarantee the existence of a large number of IR matchings. We do not need it because the existence
of a large number of IR assignments is guaranteed by Proposition 2.3.1: there always exists at least
one maximum ttco in any quasi-bipartite graph, regardless the tie breaking rule that the assignment

procedure uses.

Since we want to know how likely students misreport their true preferences at equilibrium, regularity
conditions ensure that markets in the sequence are very similar, they only differ in their associated
profile of random preferences. Our first Theorem establishes that 8;(n) tends to zero as n tends to
infinity. Its proof requires the following lemma, which is the adaptation of Lemma 4.2 in [11] to the

characteristics of the TTCo algorithm. With this lemma we can find the bounds to &y (n).

We introduce extra notation to describe the required bounds. Consider a random market & = (4,0, D)
and a fixed student b € A, from now on we only write T7TCo(b) instead of TTCo[R,,R_,](b). Let
Orrco(b) ={® € O | dy > drrco(p) and TTCo(®) = o}, the set of all schools more popular than
TTCo(b) which are not assigned at the end of the algorithm. The number of elements in O7rc,(b) is
denoted by X77¢o(b) = |Orrco(b)|. Consider Errc,(b) ={® € O | dy > drrco () and iR;s for all i €
A}, the set of schools more popular than 7T Co(b) that do not appear on any ranking R ;. The number
of elements in E77c,(p) is denoted by Yy, = |Errco(b)]-

Lemma 2.5.2. Consider a regular sequence of random markets (X', 82, ...). For every b > 4k,

1281k/b
E <
[XTTCO(b) + 1:| - b
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ag _ 12 8nk/b
Moreover, 57 < 0 where g(b) = =5—.

Proof. We divide this proof in the following three affirmations.
Affirmation 2.5.1. For every b, we always have X77c,(b) > Y.

Proof. Let ® € Eprc,(b), by definition, @ does not appear in any ranking and is more popular than
TTCo(b). Then, no student does point to s during the 77T Co algorithm. Consequently, TTCo(®) =
o for all ® € Erpc,(b). Moreover, we have that ® is more popular than 77TCo(b) and remains

unassigned. So, ® € Orrc, (D), which implies that Errc, € Orrco(b). Therefore Xrreo(b) >Y,. O
Affirmation 2.5.2. Consider a distribution D. For b > 4k, then

efSnk/g‘

NS

E[Xrrco(b)] >

Proof. Let b € A a fixed student, and Q = Z’j‘-zl d; the total probability of the first kK more popular

schools according to D. Suppose that b picks (x)ll’ ,(og, . ,0)511 as her first / — 1 preferred schools,

with [ <k. Sinced; > d» > ... > d,,, we have that

-1
> d
0 > J:Zl o
-1
=Y dy > 1-0
=1
e
—_ - 1—
Q 1— Y dy
=1
1_?_—‘*; > 1= 1de'
1— Y d B
=
for all schools ®. In words,
dg
1- I-1
1— .Z dp
j=r

is the probability that student b does not rank school ® as her /’th most preferred school, given that

she picks schools (1)1]?. Even more, the probability that a student does not list ® in her ranking is

(1 - (lcimQ)> ‘
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By construction of random preferences, each school is chosen according to D independently of the
schools chosen before. Then, the stochastic independence implies that the probability that ® is not

listed by any student in her ranking is at least

du) nk
(1 — 3 —Q) . 2.3)

Now, consider ® = ;. If t > k, there are at least t — k schools who are at least as popular as ®, but

not among the k most popular schools®. So, d,, is at most the probability of not being one of the k

most popular schools, divided by the total of schools who are at least as popular as her

dy < —lt :g (2.4)

On the other hand, we know that the limit definition of the exponential function is

X . X\"
¢ = lim <1+—) . 2.5)
n

n—soo

For t > 2k, expressions (2.3), (2.4) and (2.5) imply that

Prerre ) = (1-% )"k

AV
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|
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Therefore, decomposing the expectation of Y3, we obtain

I
M=

ElYy] = Y PrlErrco(w)]

S
il

e*4nk/_]

~
=~

v
LD~

_ei

¢ 2

“8uk/b _ D _suk/b
- 9

v
.M@

~
Il
S

~.
N

for every b > 4k.

SRemember that we assume d; > d; 1 in distribution D.
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By Affirmation 2.5.1, we conclude that

ElXrrco(b)] > E[%] > 232

Affirmation 2.5.3. The variance 6>(Y;) < E[Y},].

Proof. This proof is taken from Immorlica and Mahdian (2005), Lemma 4.4. We show it for peda-

gogical purposes. We will show that events E7rc, (i) are negatively correlated, proving that

Pr(Errco(i) NErTco(j)] < PriErTco(i)|PrlETTco( )],

for all i, j € A.
Let F, (i) be the event that a given school s is not included in the list of preference of i. By stochastic

independence, discussed in Affirmation 2.5.2, we know that
PrlErTco(i)] < (Pr[Fy(i)])" and

PrlETTco(i) NETTCo(J)] < (Pr{Fo(i)] N PriFy (j)])"

On the other hand, the definition of conditional probability is Pr[X|Y] = P;,[f[;]y }

then, it is enough to
show that for every i and j,

Pr{Fy(i)|Fo (J)] < Pr{Fo(i)].

Let M be an arbitrarily large constant. With the following process, we simulate the selection of one
preference list L = (I1,15,...,lx): Consider X the set of | ppM |, the immediate inferior integer of
PwM, copies of school ®. Pick a random permutation R of X. Let /; be the i’th distinct name in R. It is
clear that, if M tends to oo, the probability of a given list L in this process converges to its probability
under D¥. Therefore, Pr[Fy(i)] is equal to the probability that k distinct schools of @ are chosen by
i in R when M tends to . Similarly, if ¥’ denotes the multiset obtained by removing all copies of
school @' from X, then Pr[Fy(i)|Fuy (/)] is equal to the probability that k distinct schools are chosen
by i in a random permutation of X’ as M tends to co. However, this is precisely equal to the probability

that k distinct names other than @’ occur before ® in a random permutation R of X. This implies that k
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distinct schools (including ®') occur before @ in R. So, for every R where F,(i)|Fyy (/) happens, Fy(i)
also happens. It means that the first event is contained by F, (i), s0 Pr[Fy(i)|Fy ()] < PriFy(i)].

Using the relation between F(i) and E77c, (i), we conclude that E7rc, (i) and Errc,(j) are negative

correlated
PrlErTco(i) NErTCo(J)] — PrlETTCO(0)|Pr[ETTC0(J)] < 0.
Then
’(Y,) = E]-E[Y)
b b
= Y PrErrco(i)]+2 Y. PrlErrco(i)NErrco(j)] — Y. PriE]* +...
i=1 1<i<j<b i=1
-2 Y. PrlErrco(i)PrlErTco(j)]
1<i<j<b

b

Y. PriErrc,(i)] = E[Y,).
i=1

IN

O

Continuing with the proof of Lemma 2.5.2, this last part is equal to the proof of Lemma 4.1 in [15].

Consider
EY,
Pr {Yb < ] "]1 =
2
Using Chebyshev’s inequality, we have that
LY,
¢ < pr|lt-m)| > E04)
o> (¥)
— (E]/2)*
Now, applying Affirmation 2.5.3 to the above expression
4
qg < EW] (2.6)

Affirmation 2.5.1 tells us that ¥, + 1 < X7rc,(b) + 1. Moreover, the expectation operator respect

inequalities, then

{ﬁ} : E{Ybil]
E

PT[Y[,].

7 Yb-l-l
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On the other hand, we know that:

1 Y, 1 1
<land Pr|\Y, <E|—|| =P <
vt " r[l’— [2” ’[Em]/zﬂ—ym

Consequently

1
Pr[Yb] S 1Pl’[Yb]
%’Yb—{- 1 ;b"

1/(E[Yp]/2+1)
PrlY,] + ) PrlY,)]

Y,=0 Y,=1/(E[Yp]/2+1)
1 1 } 1/(E[Yp)/24+1)

P <
r{E[Yb]/ZnLl =Y, +1

IN

IA

Y,=0

1 1
+Pr >
{E[Yb]/Z—Fl - Yb—l—l}

Using expression (2.6)

- yg< 2
VEW/2+1 " 1= ElY)
Finally, expressions (2.6) and (2.7), together with Lemma 2.5.2, imply that

XTTCo (b) +1 E[Yb]
6 1268nk/b

< —
= l% o—8nk/b b

I+...

2.7

To complete the proof of Lemma 2.5.2, we need to prove that function g(b) = 12¢3*/% /b is decreasing

with respect to b:

og(b) b123%/(—8nk /b?) — 125K/

ob b?
= —1268K/P (bb%l) .
Since b > 4k, we conclude that
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In the following lemma we prove that the proportion of students with incentives to deviate from their
true preference list tends to zero as the size of the market increases. Its proof follows closely the
proof of Theorem 4.1 in [11]. The reasoning is the same, however, we avoid the arguments related
with reaction chains using the properties of the TTCo algorithm, the Waiting Algorithm and Lemma

2.5.1.

Theorem 2.5.1. Let (X', R?,...) a regular sequence of random markets, and k a fixed positive con-

stant. Suppose that each student has a random ranking chosen according to DX. Then

fim %)

n—e N

=0.

Proof. If b is an student that manipulates the TTCo algorithm, by construction of the WA we have
that x;, > 1, she has incentives to report a dropping strategy instead of her true ranking, see Lemma
2.5.1 and Definition 7. Consequently, 8x(n) is equal to the expected number of students such that
xp > 1, then

8k(n) = Y Prbhas at least one effective school preferred to TTCo[R,,R_](b)].
beBk

We search an upper bound for §;(n). First, we bound the probability that b has at least one school
preferred to TTCo[Ry,,R_;](b). By Proposition 2.5.2, this is the same as bounding the probability
that the random variable x;, is more than one, Pr|x; > 1].

We can divide the WA into two phases: the first phase is from the beginning of the algorithm until it
finds the first effective school, and the second phase is from that point until the algorithm terminates.
By Proposition 2.3.1, at the end of the first phase there exists an IR assignment, i.e. the assignment

TTCo[Ry,R_;] = TTCo always exists. Given the existence of this assignment, we first bound
Prix, > 1|TTCo],

the probability that x;, > 1 conditioned on the existence of the IR assignment 77T Co; later, we take

the expectation of this bound over 77T Co to get Pr|x; > 1]. We know that
TTCo(b) € OU{b}.

Case L. If TTCo[Ry,,R_})(b) = b, b does not get any school, we have that Prfx, > 1|TTCo] = 0. The

proof finishes.
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Case IL. If TTCo[Ry,R_;] € S, remember that
Orrco(b) ={® € O | do > drrco(py and TTCo(®) = w},

the set of schools more popular than TTCo[Ry,, R_;|(b) that remain unassigned, and X77¢o(b) is
the cardinality of this set. Moreover, x; > 1 if and only if for student b there exists a profitable
dropping strategy R’ , and we know that the WA ends at some ¢’ such that RZ is the strategy where
[TTCo[Ry,R_p](b)] is declared as the most effective indifference class. So, student b has exhausted
all strategies R! strictly preferred to TTC[R,,R_;)(b) in the WA.

Implicitly, we assume that no allocation was made before the WA starts. Since the 77T Co always

exists at the end of the first phase of the WA, we claim that:

Affirmation 2.5.4. X, N Orrc,(b) = .

Proof. If there exists ® € X, N O77c,(b) then TTCo(®) = b and TTCo(®) = ® which is a contra-

diction. L]

Thus, the WA cannot output an element of Orrc,(b) by Affirmation 2.5.4. Consequently, the proba-
bility Pr[x, > 1|TTCo] is equal or less than the probability that TTCo(b) appears before any school

in O77c,(b) because dropping strategies in the WA truncate schools in a descending form, so
Prixp > 1|TTCo] < Pr[TTCo(b) appears before any school in Orrc,(b)]. (2.8)

On the other hand, by definition of O7rc,(b), the probability that 7 is picked is at least as large as
the probability that TTCo(b) is picked, for all + € Orrc,(b). Thus, the probability that TTCo(b)
appears before all elements in O77c,(b), in a sequence of elements picked according to D, is at most
the probability that 7T Co(b) appears first in a random permutation on the elements of {77Co(b)} U
Or7co(b) wWhichis 1/(X77¢c,(b) +1). So

PriTTCo(b bef hool in O h)| < ———. 2.9
r[TTCo(b) appears before any school in Orrc,(b)] < X 11 (2.9)

Joining expressions (2.8) and (2.9)
Prixp > 1|TTCo] < (2.10)

XTTCo (b) +1 ’
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Applying the expectation operator and the Law of Iterative Expectations

Pr[xb > 1] = ETTCo[P”[xb > 1‘TTCO]]
1 } (2.11)

Xrrco(b) +1
Applying Affirmation 2.5.2 for b > %, equation (2.11) and the fact that Prlx, > 1] < 1, for all

<ETrTCO0 [

i€ {1,2,...,%}, we get
16k
In(n) n
O(n) = Z Prix, > 1]+ Z Prix, > 1]
= i
16nk
In(n) n 1
< I+ ) Errc { ]
,; ;k “| Xrrco(b) +1

_ 16nk+ o 2e8nk/b
~ In(n) b Lonk b

“In(n)

Moreover, by Lemma 2.5.2, we know that g(b) is a decreasing function with respect to b, so

16nk
lonk &L 12657K/b _ lenk ¢ 128/ (i)

TR T I T R Yy gron
b=t b=1tn) In(n)

_ 1ok Z 31n(n)e)/2
In(n) o Tonk 4nk

" In(n)
16nk 31n(n)e)/2
|
In(n) 4nk

16nk L3 V/nln(n) '
In(n) 4k

IN

Dividing between n, we have that
O (n) 16k 31n(n)
< — .
n " In(n) 4kyn

Therefore, the fraction of students with more than one effective school goes to zero as n goes to

infinity, for every length k. [

Thickness Condition and Truth-telling at Equilibrium

We have proven that the number of schools with incentives to manipulate tends to zero as the market

size increases. A large market is necessary but not sufficient to guarantee that truth-telling is an
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€—Nash equilibrium. The following example shows that.

Example 2.5.3. Consider a market (A, O, D, k) such that |A| = |O| = n and D is a probability distri-

bution over O defined as follows:

1
du)l :do)z = do)3 = Z»
1 :
de; = (n—3) for all j > 3.
With probability
d, deyydos, S

(1 —dg,)(1 —dg, —de,) | 243

preferences of students 1, 2 and 3 are given by:

Ry : o,0,,0s,...,
R2 : 0)17('027(037"'7

Ry : o,0,03,...,

Under the TTCo algorithm, we have that:

W W 03
TTColR] =
1 2 3
Now, suppose that @3 reports
Rl3 D0, 3.

Figure 2.6(b) illustrates the maximum ttco ¢, (Y(G'[R}, R—3])). Therefore

W 0 O3
TTCo[R;,R_3] =

1 3 2
where >, P3m3. In words, student 3 manipulates the 77 Co algorithm with a positive probability,
1/(24%), regardless the size of the market. [J
Note that the tie breaking rule ¢; benefits students with the minimum index. Example 2.5.3 shows

that @ is foo popular with respect to other schools. Students with an index far from 1 are aware that it
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(a) True preferences (b) student 3 deviates from her true ranking

Figure 2.6: student 3 has the opportunity to manipulate 77 Co, in order to get m, regardless the size of the

market.

is impossible to get m; and decide to point to some school less popular than m; but in a high position
on her preference list. Pointing to an school with a lower popularity implies higher possibilities to be
the student with the minimum index. In Example 2.5.3, student 3 is not the student with minimum
index between the student that point to school ®;. However, if she points first to ®,, she becomes
the student with the minimum index of ®,. Even more, this situation does not change for 3 when the
size of the market increases because new elements have indexes far from ®,, they are greater than
3. Therefore, the deviation R} is always profitable to 3 with probability 1/24. Thus, with positive

probability, truth-telling is not the best response of student 3 when others are truth-telling.

Kojima and Pathak (2009) proved that truth-telling is an €-Nash equilibrium when the sequence of
random markets satisfies the thickness condition. In Example 2.5.3, the relative probability between

®; and ©, is
dﬂ = —1/4 =n—2.
do, 1/4(n—2)

So, for each student pointing to ®,, the number of students that points to ®; tends to infinity, i.e. ®;

is too popular with respect to ®,,, for all n > 4. If a market satisfies the thickness condition, then no

school is too popular in comparison with others, relative probabilities are bounded.

n

d .
rr/laxd—“g‘: < T} the random set that denotes the set of schools sufficiently
w'e0

popular ex-ante. Below, we present the thickness condition of Kojima and Pathak.

Let VT(I’l) = {(DG 0

Definition 9. A sequence of random markets is sufficiently thick if there exists 7 € R such that
E[[Vr(n)|] = ee,
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as n — oo,

Example 2.5.4. A particular random market that satisfies the thickness condition is one where D is a
uniform distribution. Consider a sequence of random markets X" = (A", 0", D") such that |A"| = n,

|0"| =nanddy=1/nforall® € O0,i.e. D= (1/n,1/n,...,1/n). Now, let s, ® € S, the maximum

dm/ 1/1’1
max = maxq ——
o'es | do wes 1/n

= max{l}

w'eS

= 1.

of the relative probabilities is

If T =2, then (X") is a sequence of random markets sufficiently thick.
In large thick markets, the TTCo algorithm covers all market members at the end of its first step.

Proposition 2.5.3. Let (X', R2,...) a regular sequence of random markets that satisfy the thickness
condition. There exists N € IN such that the TTCo algorithm removes all schools in X" at the end of

its first step, for alln > N.

Proof. Consider t[TTCo, X" the step of the TTCo algorithm such that at the end of it there is no

remaining schools in the market. We have to prove that

lim t[TTCo, R"] =1,

n—soo
in other words, the maximum ttco ¢z (Y[G'[X"]]) covers all schools in X",
We suppose that the sequence of random markets satisfies the thickness condition, then, there exists

T > 0 such that

dn/ dn/
maXMSTé max {7‘?}

<d!
w'eon  dg o'co”

> Uy,
and dy > 0, for all n > N. In such markets, this implies that ® is with positive probability the most
preferred school of at least one student.

Let d!), = maxgycon{dy, }, then

IN
e§=
ﬂ



This means that for each student who prefers ®,, to any other school ® there exist between 1 and T
students who prefer ® to any other school, ex-ante. Thus, there is a student b, such that (b, ®) is an
edge of G|[R"], forall ® € O" and n > N.

Moreover, since we assume a regular sequence of random markets, we have that |0"| < |A"|. By the
Pigeon-hole principle, there is N’ > N such that by, # by for all ® # ®' in O", for all n > N'.

Let 9 - {(b(,olawl)7(b0)27('02)3"'7(b0)mn70‘)mn)} and
©=0U{(b,b) €A™ | b ¢ 6}.

It is clear that @ is a subset of edges of G'(&"), and no edges in ® have a node in common. Moreover,
0 covers all schools in O". Therefore, ® is a maximum ttco of G' (&").

Still ¢2[Y(G'(R™))] is not necessary equal to ®. However, we have found a maximum top trading
cover that covers all students in X”. Consequently, all maximum ttco of G'(&”") must cover all
students in X",

Particularly, ¢z [Y(G'(&"))] must cover all students in X" for all n > N’. Therefore

lim ¢[TTCo, R"] = 1.

n—oo

]

In Example 2.5.3 we show that too popular schools can induce profitable deviations of schools from
their true preferences, we call it an opportunity®. The thickness condition ensures that all schools
have a large enough demand, which reduces the possibility to be the the minimum student implying

that the opportunity vanishes. Next lemmas explain in more details what are vanishing opportunities.
Consider an student b, and suppose that her true ranking is represented by

Ry : [0)[,1]19, [(Dbz]b, ceey [wbn]b7 [b]b.

Let R,(0;) be the dropping strategy where [}, is declared as the most preferred class of b and all

her strictly preferred classes are declared not IR,

Ry(0p;) : (@3], [@p(j11)]6s - - -+ [0y ], [D]p-

®Kojima and Pathak in [15] call it market power of colleges.
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Now, let d(Rj(5;)) be the probability that the WA outputs a school TTCo[R, (), R_p](b) strictly
preferred to TTCo[R|(b), conditioned to the matching T7TCo[R] and Y,(n) > E[Y,(n)]/2, i.e. the
number of schools more popular than 77Co[R|(b) that do not appear in any ranking is bounded
inferiorly by E[Y,(n)]/2. So,

d(Rp(wyp;)) = Pr|TTCo[Ry(®p;),R_p](b)P,TTCo[R]|(D) | Ys(n) > E[Yp(n)]

,TTCo | .

If this probability tends to zero, the probability to do a profitable manipulation also tends to zero, then

opportunities vanish.

In the next lemma, equivalent to Lemma 9 presented in Appendix B of ([15]), we investigate if the
first step of the WA algorithm results in a profitable manipulation, so, we bound the probability that

reporting Ry(j;) is a profitable manipulation.

Lemma 2.5.3. Consider (X', R?,...) a regular sequence of sufficiently thick random markets. Let T
be such that E[Yr(n)] — o0 as n — oo. Then there is n € N large enough such that
ATt
dRp(0p2)) < =+
Rl 2)) = Eyr )
where t is the number of schools preferred to TTCo[Ry,R_,|(p) under Ry,

Proof. In the first step of the WA, student b reports the dropping strategy Rp(p;). In a sequence of

thick markets, we know that
Paoy, ()
T 9

Py (r) >

for all ® € V7 (n). The WA algorithm outputs a profitable manipulation at the end of its first step if
TTCO[Rb(O)bz)] (b)PbTTCO[Rb] (b)

Then, ®y, is an school that appears in some ranking (R;) and is assigned. Then, the probability that

[@py] is an effective class of b is at least

1

I_YT(n)/T—l-l’

the complement event of some school, more popular than TTCo[R](b), is not picked in any ranking

and remains unassigned. Moreover, we are conditioning to Y,(n) > E[Y,(n)]/2, by definition of
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d(Rp(®p,)), consequently we have that

1 1
YT+ T EW 2T 41

Now, if all dropping strategies Rj(wy ) are profitable, for j =2,...,r — 1 <. Then, there are still at
least Y7 (n) — r+ 1 schools more popular than TTCo[R](b) that are still unassigned because at most
r — 1 schools in V7 (n) have been assigned. Therefore, in step r, wp, results to be the less preferred

effective school of b with probability of at least

1

1= E[Yr(n)]/2T —(r—1)+1

Since the waiting algorithm has 7 steps, the WA outputs profitable manipulations with probability of

at least

rljl(1_E[YT(n)]/2T1—(r—1)+1> = (I_E[Yr(n)]/12T—5+2)[
(“W)-

First and second inequalities hold because 7 is sufficiently large and the sequence of random markets

>

satisfies the thickness condition, also because r < 7. Therefore we have that

d(Rp(0p2)) < 1_(1_W>'

By Bernoulli’s inequality we know that 1 —yx < (1 —x)? then I — (1 —x)” < yx forany x € (0,1) and

y > 1. We conclude that

4Tt

d(Rp(wp2)) < E[Yr(n)]

]

To have incentives to deviate from the true ranking is equivalent to x; > 1 at the end of the WA.
Consider d7r¢,[r)(») (R) = Pr[WA outputs x, > 1]. We bound this probability in the following lemma,

which corresponds to Lemma 10 in Appendix B of [15].

Lemma 2.5.4. Consider (R 1 R2,...) a regular sequence of random markets that satisfies the thick-

ness condition. There exists a large enough n € IN such that

AfT 1
Srrcolr)(n) (R) < - E’% (21]1’)]+ .

forall b € A.
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Proof. First, note that

d(Rp(wp)) < ) d(Ry(ay)))

0y, €[]
< 4Tt
a CObjE[U)bz]E[YT(n)]
4Tt
= — 1
BV, &,
S L P
~ EMr(m)]T

where the second inequality follows from Lemma 2.5.3.
Previous inequality is conditioned to the TTCo[R] assignment. The same reasoning can be applied to

all assignments TTCo[R,,R_,). Hence

A(op;) = Pr {xb >1 | Yy(n) > E[Y;(n)]}
4T1|[op]|
= Er)

Remembering what was done in the proof of Affirmation 2.5.3, we know that

Pr [M@] < Pr {Yﬁ@]wr [szwz[y”]}
_ pr[\yb—E[Ybnz@}
Var[Yb] < 4
~ (E[Y])/2)? T EY)
Consequently
drrcolr)(p)(R) = ZX A(oy;)Pr {YT(n) > w]
N L EL L RS P Pl
Wy jF0p2
ElYr(n)]| 477|[op]| E[Yr(n)]
< orlpnto> S Tt < S
ATt [ ]| 4
~ E[rr(m)]  E[Yr(n)]
Therefore

4 + 1
Sr7colR)(h) (R) < (T;’[[;)Tb (2}1’)]+ :
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]

In words, Lemmas 2.5.3 and 2.5.4 say that students opportunities vanish as the market size increases.

These bounds imply the e—Nash equilibrium.

Corollary 2.5.1. Consider a sequence of random markets (R I R?2 .. .) regular and sufficient thick.
There exists an N € IN large enough such that truth telling is an €-Nash equilibrium, given the TTCo

mechanism.

Proof. Fixed a student b, an consider € > 0. As before, the probability that b profitable manipulates

the TTCo algorithm is 77¢,[g)(») (R). We prove that
E [u, (TTCo[0",A", (R, R_)]) (b)] — E [uy (TTColA, 0, (Ri,R_)]) (b)] =0,
as n tends to infinity. We know that

E [u, (TTCo[R),,R_p)(b))] — E [up (TTCo[(Ry,R_1)|(b))] =

E [u, (TTCo[R}, R-p)(b)) — uy (TTCo[(Rp,R-1)](D))]

IN

Pr[TTCo[R},,R_p)(b)P,TTCo[(Ry,R_5)|(b)] < Srrcom)p)(R) Xt ﬂiupoub(m).
nelN,ocO"

Moreover, the sequence of random markets is regular and satisfies the thickness condition. Then,

E[Yr(n)] — oo, from Lemma 2.5.2, as n tends to infinity. Hence 1/E[Yr(n)] tends to zero. Moreover,

considering
o — € 1
4(Tf| [(Dbz” + 1) sup ub(O)) ’
nelN,ocO"
there exists N € IN such that
1 /
— <€, (2.12)
E[Yr(n)]

for all n > N. Lemma 2.5.4 and expression (2.12) imply that
E [up (TTCo[R,,R_p)(b))] — E [up(TTCo[Ry,R_p)(b))] <

< Orrcor)p)(R)  sup  up(®)
nelN,me0"

4T [opal] + 1)
S TEFRM] s, )

< 4(77’[(1)1,2” + 1) sup ub((1)>8/
nelN,me0"

IN

2
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for all n > N. We conclude that truth-telling is an €e-Nash equilibrium. ]

By Theorem 2.5.1 we know that

16nk  3+/nln(n)
O(n) < m(n) | 4k

So, the number of students that are not truth-telling at equilibrium tends to zero as the market size

increases. Therefore, there exists n € IN such that truth-telling is the unique €—Nash equilibrium for

alln > N.

2.5.4 The e—Bayesian Nash equilibrium

The Bayesian game of stage two is described by (A, O, f, D), where the types are drawn according to
f, D is a probability distribution over the set of schools. Since the final allocation is determined by

the TTCo algorithm, the pay-off function of each student i is

Voi +0((vi=;)) if TTCo(i) = o for some ®,
D AL (O ()

m; otherwise.

The expected utility function of each student i is

Ew]= Y (mi—po+vei)Pr(TTCou[R;,R_|(i) = ©) +miPro(TTCo[R;,R_i](i) = i).
®e0,0R;i

The e-Bayesian Nash equilibrium of this stage is a profile of preferences such that a single student

cannot improve substantially her final allocation under the 77 Co algorithm.

Definition 10. Given € > 0, a strategy profile (R} (¥;));cp ;.cp. is an €-Bayesian Nash equilibrium if

there is no R;(¥;) € V; such that
Elui(TTCo[R; (9)](i))] > E[ui(TTCo[R;(9;)],R*(9)-i](i))] +e.
Students’ behaviour at equilibrium is the same as in the complete information case.

Corollary 2.5.2. Assuming a ranking with length k, the number of students with incentives to deviate

from her true ranking tends to zero as the market size increases.
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Proof. This is a direct consequence of Theorem 2.5.1 where we prove this inequality for all possible

fixed types. Making the summation over types we get this corollary. [

As before, previous Corollary does not guarantee that truth-telling is an e—Bayesian Nash equi-
librium. However, Corollary 2.5.1 can be generalized to the case of incomplete information for a

sequence of regular random markets that satisfies the thickness condition.

Theorem 2.5.2. Consider a regular sequence of random markets that satisfies the thickness condition.
For any € > 0, there exists N € IN such that truth-telling by every student is an €-Bayesian Nash

equilibrium for any market in the sequence with more than N students.

Proof. Let (R"),cn aregular sequence of random markets that satisfy sufficient thickness condition,
and € > 0.

From Corollary 2.5.1 there exists n € IN such that truth-telling is an €-Bayesian Nash equilibrium of
XN forall N > n.

This results holds for any of students type, then we can find N across types realizations. Therefore

truth-telling is an €-Bayesian Nash equilibrium. O]

2.6 Concluding Remarks

The Top Trading Cover algorithm induces a family of Pareto efficient mechanisms that recursively
respect top preferences and deal with indifferences. Its application is not only restricted to school
choice problems. In general, we can use this family of mechanisms whenever we have indivisible
objects and agents. For example, we can determine the allocation of apartments and scholarships

between households and students.
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2.7 Appendix Al
The Existence of Top Trading Covers

To prove the existence of a maximum Top Trading Cover in each quasi-bipartite graph G(S’, B, w; p,v),
we need more definitions from Graph Theory. Given a top trading cover T of G, anode r € ' UB' is
said to be covered if there exists ' € §'UB’ such that (r,7) € T. A path P in G is a succession of

nodes

{r17t17r27t27"‘rn7tn}

such that (r;,5;) € E(S'UB',m; p,v) foralli =1,2,...,n. We say that r; and 7, are the end points of

P.

Definition 11. Let G = G(S',B’,®; p,v) a quasi-bipartite graph and a top trading cover T of G. A

path P is an augmenting path for 7 if:
1. The two end point of P are not covered by 7.
2. The edges of P alternate between edges € T and edges ¢ T.

Let R a top trading cover of G, and P and augmenting path of R. We define and denote the operation
between R and P, as

ROP=(AUB)—(ANB),

i.e., we operate ttco’s and paths through symmetric difference.

The algorithm to find a maximum top trading cover is described below

Step 1. Consider T a top trading cover of G, could be T = &.
Step 2. While exists an augmenting path P do
21 T=TaP.
Step 3. While exists r € G\ T such that (r,r) is and edge of G do
31 T=TU{r}.
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Step 4. Output 7.

We have to prove that T is effectively a maximum top trading cover. However, this is clear, because

we delete all possible augmenting paths. We conclude this proof applying Berge’s Theorem: “The

matching M is maximum if and only if there is no augmenting path”” .

"For more details consult: Claude Berge (1963). Topological Spaces. Oliver and Boyd.
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Chapter 3

On uniqueness of equilibrium prices in large

assignment games

3.1 Introduction

The diversity of approaches and problems is one distinctive characteristic of the literature on real
estate economy. We mention here only a few of them. The fact that properties are heterogeneous has
been addressed through hedonic price modelling, both in academic papers (Rosen (1974), Maclennan
(1977) (1982), Nelson (1978), ...) and in real life practice, in the U.S., by the Uniform Standards
of Professional Appraisal Practice. While the approach is insightful for measuring the contributions
of determinants (age, rooms, structure type, neighborhood, ...) in the valuation of a property, it is
outperformed by dynamic models to predict other aspects of housing markets like bargaining (Yavag
(1992), Muthoo (1999), Merlo and Ortalo-Magné (2004), Di Pascuale and Wheaton (2012), ...),
the role of list prices, their stickiness, and the optimal acceptance and rejection strategy of sellers
(Salant (1991), Horowitz (1992), Albrecht et al. (2012), Merlo et al (2013)). These works adopt the
tools developed by search theory to model the behavior of one side of the market and do not provide
closed-form solutions for prices. Exceptions are Corominas-Bosch (2004) and Polanski (2007)) who

elaborate a network framework to study bargaining processes.

Our contribution to this vast literature is to re-examine the heterogeneity feature of real estate markets
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by modeling them as large auction markets. More specifically, in the Assignment Game introduced
in Shapley and Shubik (1971), we study the equilibrium prices when buyers and sellers do not know
the valuation of others in large markets. It is intended to capture three features: 1. the stickiness of
selling prices: Horowitz (1992) and Merlo et al (2013) provide empirical evidence where prices do
not change even after houses have remained unsold for a long period of time or in the presence of
different offers; 2. sellers accept to sell to (one of) the first buyers to meet the asking price: Merlo and
Ortalo-Magné (2004) present evidence from England where the difference between the list price and
the sold price is around 2 per cent, i.e. the bargaining is almost insignificant; and 3. households are
not strategic: in an empirical work, Wheaton (1990) shows that buyers search for their favorite house.
We model the problem as a three-stage game. First, nature draws the valuation of each agent, namely
over the good they own for sellers, or the goods on sale for buyers. At stage two sellers simultaneously
set prices, which are observed by buyers before stage three begins, when buyers report their rankings
of houses to the Top Trading Cover (TTCo) algorithm, which determines the payoffs. During this
assignment procedure, each buyer points to her most favorite house in a descending form and sellers

sell their houses to one of the buyers that are willing to pay the list price.

The TTCo algorithm is developed in Chapter 2. The mechanism relies on a graph representation of
the market, where a node is associated to all buyers and sellers, and directed edges represent the top
choices of buyers. A loop represents a buyer that prefers remaining with her original amount to buy
a house. A cover of the graph is selected by a tie breaking rule, transactions between buyers and
sellers take place according to the cover and involved agents are withdrawn from the market. The
procedure is iterated with the remaining agents, analogically to David Gale’s Top Trading Circle;
indeed TTCo also encompasses Hierarchical Exchange rules by Papai (2000). Moreover, in Chapter
2 we also prove that at the third stage of the mechanism, when market is sufficiently thick, it is an
Epsilon Bayesian Nash equilibrium for buyers to report their true ranking to the TTCo. The thickness
condition is reminiscent of the one by Fuhito and Pathak (2009), which specifies that for each seller

the number of buyers is balanced, it implies that TTCo ends at the first iteration of the mechanism.

Our main result establishes that the Bayesian equilibrium of the second stage always exists and is

unique. The Bayesian equilibrium, as far as we know, is the unique approach interested in estab-
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lishing the uniqueness of equilibrium prices in the Assignment Game. In contrast, multiplicity of
competitive equilibria and core allocations are pervasive in the Assignment Game. Assuming that
agents cannot have more than one indivisible good, Quinzii (1984) shows that the core of the econ-
omy is non-empty, and not necessarily unique. Also, she analyses the conditions under which the core
allocations coincide with competitive equilibrium allocations. Similarly, Demange (1984) proves the
existence of at least one competitive equilibrium, which is not always unique, in a model with ex-
ternalities. Demange and Gale (1985) show that the set of equilibria have a lattice structure in the
Assignment game. A generalization of the assignment game is done by Scarf (1990, 1994) through
non-convexities. Moreover, Alkan, Demange and Gale (1991) shows that the set of efficient and envy
free allocations is non-empty. Even in the presence of multiplicity of fair assignments, they show
that it is possible to do some comparative statistics when the amount of money increases. In similar
models with multiplicity of fair assignments, Tadenuma and Thomson (1991) study when fair allo-
cations satisfy consistency and Svensson (2009) characterized the set of fair allocation rules that are

strategy-proof.

We also provide a closed form solution when valuations are exponentially distributed. The assump-
tion echoes empirical works such as Trippi (1977) who estimates the length of time on market of
real estate with data from San Diego, using an exponential distribution. So does I-Chun Tsai (2010)
with data from Taiwan and Horowitz (1992) who studies real estate in Baltimore. Unsurprisingly, the
relation between the price at equilibrium and its corresponding seller valuation is positive; while the
price decreases when the number of sellers and the distribution parameter increases. These results
are robust to the cases where agents’ preferences are exponentially distributed but not identically. We

analyze two cases: different parameter distributions and overlapping valuations.

The paper is organized as follows. The model and the TTCo are presented in Section 2. The anal-
ysis of equilibrium incentives of buyers when the market is large under the thickness condition is
carried out in Section 3. The uniqueness of equilibrium price vector and its closed-form solution is

established in Section 4.
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3.2 The Model

We consider a market with indivisible goods, money, and two disjoint sets of agents: a set of sellers,
S, and a set of buyers, B. Each member of the market initially has a certain amount of money. Only
sellers initially own one and only one indivisible good. A generic amount of money is represented
by ® € IR, and r is used to represent any agent, so r € SUB. We use & whenever a member does not

own any indivisible good. Any member owns at most one indivisible good.

Consider S = {s1,52,...,5x}, the set of m sellers. To identify a generic seller we use s, or s. Each
seller initially holds only one indivisible good also identified by s;; and an amount of money ®;. By
simplicity we suppose that ®; = 0. Thus, the initial endowment of seller s; is the basket (0,s;). We
suppose that each seller s; has a preference relation represented by the utility function u;(-), defined
over baskets (®,s) € R x ({s;} U{@}). We assume the following quasi-linear utility function
o+v; ifs=sj,

usj(ma‘g;vj) = © o .
ifs=0.

The type of s; is the valuation v; € Ry of her own good. Let V; = IR; be the set of all possible types
of s je
Consider B, the set of n buyers. We identify a generic buyer by i. Each buyer i initially owns only an
amount of money ®; > 0, and no good. The initial endowment of buyer i is the basket (®;, ). We
suppose that each buyer i has a preference relation represented by the utility function u;(-) over the
set of baskets (®,s) € R x (SU{@}). We assume the following quasi-linear utility function
w+v; ifs=s;,

i (@, 559;) = g ’

o] ifs=0.

Each buyer i has a valuation vj; € R of good s; for all j € {1,2,...,m}. The type of buyer i is the

vector ¥; = (V1;,...,vmi, ®;). The set of all possible types of buyer i is denoted by V; C R"*1,

The state of the market is the vector v = (vi,...,vp,V1,...,0,) € R x R". The set of all possible

states of the market is the Cartesian product between all sets V; and the sets Viilet V= H’;lzl Vi x
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I, V;. We suppose that the state of the market v € V is drawn according to a probability function f
from V to R, of common knowledge.

An assignment is a function I" from SUB to R x (SU{@}), i.e I assigns to each r € SUB a bas-
ket composed of money and a good, or not. The allocation of member r is denoted by I'(r) =
(Co(r),Is(r)), soTp(r) € Rand I's(r) € SU{@}.

The assignment I is feasible if it satisfies the following conditions
L Yresuplo(r) < X o
2. letr, ¥ € SUB such that Ty(r) = Ts() € S then r = 7/, and

3. forall s; € S there exists some r € SUB such that I'y(r) = s;.

Conditions 2 and 3 tell us that at I', any good in the market is assigned to one and only one agent.

We say that a basket (®,s) is individually rational (L.R.) for agent r if and only if the utility of r by
holding (®,s) is greater or equal than the utility of r by holding her initial endowment. So, I is an
individually rational assignment (I.R.) if each member of the market weakly prefers her allocation

under I to her initial endowment.

3.2.1 The Game

A Three-step Game

We consider a three-step game. Nature moves first, determining the type of each member of the
market according to the probability distribution f. All members of the market observe their type, but
do not observe the type of the others. At stage 2, sellers decide simultaneously to set the price of their
good. If a seller s; decides to sell her good, she sets a non-negative price p;. Otherwise, she sets a
price p; = +oo. Thus, Aj = R4 U {+oo} is the set of actions of seller s;. We define a price vector
p=(p1,p2,...,Pm) as avectorinA; X Ay x ---A,,. We denote by E(p) the set of baskets on sale, i.e.
E(p) ={(ps,s) € Ry x S| ps # oo}; a basket (ps,s) in E(p) is denoted by e;(p).

At stage three buyers report their preferences over baskets. Each buyer observes the price vector p

of the second stage and sets her preferences T;(p;V;) over the set of baskets in E(p) she can afford

69



and her initial endowment (m;, &), we use E;(p) to represent this set. Naturally, buyers might be
indifferent between different baskets. So, for each buyer i, T;(p;V;) is a non-strict list of preferences
over the set of baskets E;(p). We write es(p) ~; eg(p) when i is indifferent between buying s and
s, i.e. m;+vs — ps = m; +vyg; — pg, and es(p)Piey(p) when i strictly prefers buying s to s', i.e.
m;+vsi — ps > m;+vy; — py. Also, not all baskets in E;(p) are better than the initial basket (m;, @),
so, we write iTes(p) when i weakly prefers remaining with her initial endowment buying s, i.e.

m; > m;+ vs; — ps. The ranking of buyer i is represented by

T fes, (9] [es, () [es, (D)) i e, (P Lesy, (D)) e, (P)]:

where [eg, (p)] = {es(p) € Ei(p) | es(p) ~ies; } and [i] = {es(p) € Ei(p) | e5(p) ~i (mi, @)} are called
classes of indifference. Each buyer strictly prefers remaining with her initial basket to being assigned

to some non [.R. basket. Our analysis only focuses on I.R. baskets.

Let IT;(p; V;) be the set of all possible rankings T;(p;V;), thus, IT;(p;¥;) is the set of actions of i. The

profile of reported rankings is the vector

T(p;v) = (Ti(p;01),T2(p;92), - (3 Vn))-

Given the profile TT(p;v) of reported rankings, the payoffs of each member of the market are induced

by the Top Trading Cover (TTCo) algorithm, to be introduced in the following section.

The TTCo Mechanism and Payoffs

To describe the TTCo algorithm, we must first record some concepts from Graph Theory (see Ap-
pendix A2). In general, the TTCo algorithm removes sequentially maximum top trading covers in
every step. Since the maximum ttco is not always unique, we use tie breaking rules to choose one of
them. Formally, let G be a quasi-bipartite graph and Y[G] = {T C E[G] | T is a ttco of G} the set of
all top trading covers of G. Note that @ € Y[G], i.e., the picking rule can decide not to pick any cover
in some iterations of the ttco algorithm. The set of elements which are subsets of Y[G] is denoted by
216l A tie breaking rule is a function ¢ : Y[G] — Y[G] such that ¢(T') is a maximum ttco of G, for all
T e 2"\ (&},
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The following questions immediately arise: how do tie breaking rules affect the final assignment? Do
tie breaking rules modify agent’s behaviour? In Chapter 1, we prove that the assignments produced by
tie-breaking rules are characterized by Pareto efficiency and that recursively respects top Rankings.
Also, we prove that seller’s behaviour at equilibrium is not affected by tie-breaking rules. In other

words, equilibrium prices are invariant with respect to tie-breaking rules.

The above results allow us to fix a tie-breaking rule without loss of generality. The tie-breaking rule
that we use in the assignment procedure is based on the lexicographic order defined over the set of

edges of a quasi-bipartite graph G.

Definition 12. Let G = (S'UB',E(S'UB’, p,®(p;v))) be a quasi-bipartite graph, and (s;,i),(s;,i’) €
E(S'"UB',p,®(p;v)) N (S X B). The lexicographic order < over E(S'UB’, p,Tt(p;v)) N (S x B) is
defined as follows
. j<j,or
(sj,i) <z (sj,7') if and only
j=jandi</i.
We recall that buyers and sellers are indexed by the set of natural numbers, a well-ordered set, which

implies the veracity of the next observation.

Observation 3.2.1. Each subset E of E(S'UB’, p,(p;v)) N (S x B) has a minimum element, i.e.

there exists (s,i) such that (s,i) < (s',') for all (s',i") € E. We write (s,i) = minE.

By Proposition 2.3.1 we can ensure the existence of at least one non-empty maximum top trading
cover regardless the quasi-bipartite graph. Thus, we can proceed to define the lexicographic tie-

breaking rule over Y[G] using Definition 12 and Observation 3.2.1.

Definition 13. Let G be a quasi-bipartite graph, and 7 = {T;, | Ty, € Y[G] and T;, is maximum for all 1 <
n < K} a finite subset of maximum top trading covers of G. Consider Ty = Ty N (S x B) for all
n€{1,2,...,K}. The lexicographic tie breaking rule ¢y, is the function ¢, : 2116) Y[G] such that
¢.(T) = T if and only if

min [Té\ (K] T,

n=1

K
< min [Tt’\ ﬂ Tﬁ] )
n=1

for all r # k.
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The Top Trading Cover Algorithm

Consider a market (S, B,T(p;v)) and a tie breaking rule ¢. The assignment proceed as follows:

Step 0: Let S° = {s; € S|p; # o} and B = B. If Y = &, the algorithm finishes and all agents in the
market receive their original basket. Otherwise, S° # @, the procedure continues to the iterative step
r.

Step t: Let G' = G'(S"!,B"~!, p, T(p,v)) be the t—th quasi-bipartite graph. We choose a maximum
TTCo of G" according to ¢. For all pairs (s,i) € ¢(Y[G']), seller s sells her good to buyer i. Then,
baskets (ps, ) and (m; — ps,s) are assigned to s and i, respectively. The maximum ttco g(Y[G']) is
removed from the market. Let S’ and B’ be the sets of buyers and sellers remaining in the market
after removing this maximum ttco. If both are non-empty, we iterate the procedure. Otherwise, the

algorithm stops.

Agents that sell/buy a good receive a payoff of ps/my, — ps+ vy, respectively. Agents that do not sell,
or buy, any good during the assignment procedure are assigned to their initial basket. The payoffs of

these sellers and buyers are v; and m;, respectively.

The final allocation produced by the algorithm described above depends on the price vector p, the
profile of reported rankings T, the state of nature v and the tie breaking rule ¢ that we use. We some-
times write the final allocation as TTCol[S,B,T; p,v,¢|. We use TTCo[S,B,T; p,v,c|(r) to represent
the assignment given to r € SU B under the assignment procedure. If there is no confusion we refer

to the assignment only by 7T Co.

From now on, we fix the lexicographic tie breaking rule ¢;. Below, we provide an example to show

how the TTCo[cr] algorithm works.

Example 3.2.1. Consider the set of seller S = {s1,s2,s3}, and the set of buyers B = {1,2,3,4}. We
assume that sellers have the same valuation v; = 0 for all j € {1,2,3}, and buyers also have the same
valuation vector:

V=0 =73="74=(5,5,5).
In stage 2, all sellers set the same price, p; = p» = p3 = 1; and the amount of money given to each

buyer is my = my = 2.5 and m3z = my = 3.5.
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Suppose buyers report the following rankings at the end of the stage 3 (which are not necessarily

equilibrium strategies):

Figure 3.1 illustrates the step 1 of the TTCo algorithm. The dotted line is the maximun ttco chosen

by ¢z, so the pair (s1, 1) is removed from the market.

Figure 3.1: First step of Top Trading Cover algorithm

In the step 2 (Figure 3.2) the set {(2,s2)} is the maximum ttco removed from the market.

1
1
1

1

1
1
1
1

Figure 3.2: Second step of Top Trading Cover algorithm

Now, the ttco removed from the market in the Step 3 is {(3,s3)} (see Figure 3.3). Consequently, the
TTCo algorithm stops because there are no sellers remaining in the market after removing s3. So,

buyer 4 is assigned to her original basket.
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Figure 3.3: Third and last step of Top Trading Cover algorithm

Therefore, the final allocation is

S1 82 $3 1 2 3 4

(ph@) (p27@) (p3>®) (1'57S1> (1.5,S2) (2.5,S3) (357@)

TTCo =

Properties of the TTCo algorithm

Consider Tt(p;v) a profile of rankings, an assignment I" and a pair (i,s;) € B x S. We say that I is

blocked by (i,s;) with respect to T(p;v), if and only if
e I'(s;) = (0,s;) and p; # oo, and

e e, (p)Pi(p:Vi)er)(p)-

If " is blocked by the pair (i,s;), we say that it is a blocking pair of I'.  An assignment I is non-
wasteful with respect to T(p;v) if and only if it is individually rational and it is not blocked by any
pair. In words, an assignment is non-wasteful if there is no buyer such that she strictly prefers an

unassigned basket to her allocation.

The non-wastefulness property will be useful in the section of the Large Markets to prove that all
assignments can be generated by the T7Co algorithm through dropping strategies. This in turn
implies that any deviation is identified through effective sellers. Buyers with at most one effective
seller do not have incentives to deviate from her true ranking. Given a profile of reported rankings T,
and a non-wasteful assignment I with respect to T, s’ € S is an effective seller for buyer b € B if and

only if I'y[Tt](b) = 5. Analogously, we define an effective buyer for any seller s.
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We say that an assignment satisfies Pareto efficiency if there is no other assignment that assigns each
agent in the market a weakly preferred basket and at least one agent a strictly preferred basket. So, it
is impossible to make an agent better off without making another agent worse off. An assignment I"is
Pareto efficient at rankings profile T if there is no other feasible assignment I such that u, (I [7t](r)) >
ur(C[x](r)) for all r € SUB, with strict preference for some 1. The TTCo|c] assignment is Pareto

efficient for all tie-breaking rules ¢.
Proposition 3.2.1. The assignment TTColA,B,T; p,v,¢| is individually rational and non-wasteful.

Proof. See Chapter 1. [

3.2.2 Solution Concept

We need some extra concepts and notations. A decision rule of seller s; is a function o : V; — A;
mapping a type into an action. A pure strategy for seller s; is anelement6; € S; = {a: a: V; = A;}.
Given a price vector p and the realization of her type ¥;, an action of buyer i is a ranking T;(p, ;) over
the set of baskets {(ps,s)|ps 7# oo} U{(m;, @)}. A decision rule B;(p,V;) for buyer i is a function that

maps a price vector and types into rankings.

Definition 14. Let 6* = (o7,...,0},) and B* = (B],...,B;) be profiles of strategies for sellers and
buyers respectively, and € > 0. A e—sub-game perfect Bayesian Nash equilibrium is a profile of

pure strategies
(67,-..,0,,),B1(0%),...,B(c")) = (07,...,0, BTs-- -, B)

such that

1. Foralls; €8,

Elus;(TTCo(c},6~ ;,B" (07,6~ ;))(sj)] + €= Elus,(TTCo(c;,6~ ;,B(c;,6;))(s))]-

2. Foralli € B,

E[ui(TTCo(c",B;7(c"),B~,(c")) ()] +& = Elui(TTCo(c™, Bi(c"), B~(57)) (i)].
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3.3 Equilibrium Analysis of Third Stage

To analyse the set of €—sub-game perfect Bayesian Nash equilibria, we proceed by backward induc-
tion. We suppose that buyers observe the price vector p set at the end of stage two. Also, we consider
that f = fsfp, where f5s is the type distribution of sellers and fp is the type distribution of buyers. In

other words, we assume that buyers behaviour is independent from sellers behaviour.

The third stage is a simultaneous game where each buyers only knows her own preference relation
and reports a ranking of sellers to the TTCo algorithm. Moreover, sellers wait until someone is
interested in buying their good. So, an e-Bayesian Nash equilibrium of the third stage is a profile of
decision rules such that every buyer does not have incentives to deviate from her equilibrium strategy.
This game coincides with the game described in Chapter 1. In this paper we proved the existence
of a unique e—Bayesian Nash equilibrium where all agents report their true ranking in large markets
that satisfies the thickness condition. Moreover, the TTCo algorithm ends at step 1 in these kind of
markets, i.e. all sellers sell their good. Before to present previous result, we remember the thickness

condition.

Assume that all sellers want to sell her good, i.e. ps # oo for all s € S. Consider D = (dy,d>, ... ,dy)
a probability distribution over § such that, without loss of generality, d; > d;; and d; > 0 for all
s; € S. We say that seller s; is more popular than seller s if d; > d, that is to say, s; is top ranked

in more preference list that s .

A random market is a tuple 8 = (B, S, D, k) with an associated profile of random rankings f!. Given

e > 0, a profile of rankings T* = (T );cp is an &-Nash equilibrium if there is no i € B and T, such that

Elu;(TTCo[S,B, (%', %" )](i))] + & > E[u;(TTColS, B, (%, %" )] (i))],

IStep 1. Select randomly a seller following distribution D. List this seller as the most preferred seller of i.
Step t. Select randomly a seller following distribution D.
t.1 If this seller has not been previously drawn in steps 1 through 7 — 1, list this seller as the " most preferred seller of
i,gotor+1.

t.2 Otherwise, we select randomly a seller following distribution D, go to ¢.1.
The procedure ends at step k.
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where the expectation is taken with respect to random rankings.
A sequence of random markets is denoted by (X!, &2,...), where each X" is a random market
(s",B",D",k"; p")

such that D" = (d},d5,...),

B"| = n and |S"| = my, for all n € N. Also, some regularity conditions

over sequences of random markets are necessary to define thickness condition.

Definition 15. A sequence of random markets (X!, X2, ...) is regular if there exists a positive integer

k such that

1. k" =k for all n,

2. m, < nfor all n.

n

d .
max d—s,; <T } the random set that denotes the set of sellers sufficiently popular
s'es s

ex-ante. Below, we present the thickness condition of Kojima and Pathak.

Let Vr(n) = {s €S

Definition 16. A sequence of random markets is sufficiently thick if there exists 7 € R such that
E[[Vr(n)|] = o,

as n — oo,

Now, we present the results from Chapter 2 that we use to compute the set of e-Bayesian Nash

equilibria. The first result is a property of the TTCo algorithm. The following proposition establishes

that all sellers sell their good in the first step of the TTCo algorithm, regardless the tie breaking rule,

when the market satisfies the thickness condition.

Proposition 3.3.1. Ler (X!, X2, ...) a regular sequence of random markets that satisfy the thickness
condition. There exists N € IN such that the TTCo algorithm removes all sellers in X" at the end of

its first step, for alln > N.

Finally, with the thickness condition we can ensure the existence of a unique €—Bayesian Nash equi-

librium where all buyers are truth-telling

Theorem 3.3.1. Consider a regular sequence of random markets that satisfies the thickness condition.
For any € > 0, there exists N € IN such that truth-telling by every buyer is an €-Bayesian Nash

equilibrium for any market in the sequence with more than N buyers.
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3.4 Equilibrium Price Vector of Second Stage

To compute the equilibrium of the second stage we assume a large thick market X and we sup-
pose that agents’ types are drawn according to a probability function f of common knowledge. The
Bayesian Nash equilibrium of this stage is a profile of decision rules (ps(vs))ses such that each seller

s maximizes her expected utility function. Remember, a decision rule maps sellers’ types into prices.

3.4.1 Invariance with respect to tie breaking rules

We prove that the equilibrium price is independent of the tie breaking rule used in the TTCo algorithm.

For a market (S, B;v), the payoff function of each seller s is the following:

ps if s sells her good,
Us =
vy otherwise.

Moreover, the expected utility function of s is:
Eu](ps, p—s;G) = psPr[Selling] + vsPr[not selling] = (ps — vs)Pr([Selling] + v, (3.1)
for all type vy € V. At equilibrium, each seller s maximizes E [u;].

Now, we know that seller s sells her good if and only if there exists a buyer i such that TTCo,(i) = s,
then

Pr[Selling] = Pr[TTCo[r; (ps(vs), p—s(v_s)),¢|(s) = i, for some i € BJ.

The decision rule at equilibrium can be written as
ps = p;(TTCo[S,B,T; p;, p~;,v,q]).
Proposition 3.4.1. Invariance with respect to the tie breaking rule. Let s € S, then

ps = ps(TTColS,B,T; (p;,p ), v:c]) = py (TTCo[S,B,T; (py*, py),v.¢]) = pi~,

for all tie breaking rules C.
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Proof. By definition, p} is the decision rule that maximizes E[u;] when the algorithm uses the tie

breaking rule ¢, then
Elus](p§,p*si61) > Elus](ps; PZy36L),

for all pg € Ss, and p* ; denotes the decision rules at equilibrium of sellers different from s. Particu-

larly
Elus](py,pls6r) > Elus](py™, pZgs6L),

where p;* is the decision rule at equilibrium when the TTCo algorithm uses ¢. Substituting equation

(3.1) in the above inequality, we have that

(ps = vs)Pr[TTCol[T; (py, p—s),v;Ll(s) = i] +-vs =

(py* —vs)Pr[TTCo[m; (py*, p—s),v,6L](s) = i] + vy
So
(ps —vs)Pr(TTCo[m; (ps, p~s),v,6Ll(s) = i] >
(p" —vs)Pr(TTColm; (ps™, p~y),v,6L)(s) = i]. (-2)

Analogously, for any tie breaking rule ¢ we get that

(ps™ —vs)Pr{TTCol[T; (ps™, p~),v,¢l(s) = i] >

(ps —vs)Pr{TTCol[T; (py,p~ ), v,¢](s) = . (3.3)
We claim that
Affirmation 3.4.1. For any price vector p, we have that
Pr[TTColr, p;v,ct](s) = i]| = Pr[TTCol[R, p;v,¢|(s) = i],
for any tie breaking rule ¢.

Proof. In Chapter 1 we prove that the assignment 7T Co|g] partitions the quasi-bipartite graph G[S, B, T; p, V|

in disjoint subsets 7T Colc]* such that

(s,b) € TTColc]* if and only if s is the most preferred seller of b in G,
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i.e. seller s sells her good if and only she belongs to some TTColc]* for k € {1,2,...,KS}. Conse-

quently
KS
Prlselling] = ) Pr[selling | s € TTCo"]- Pr[s € TTCo"|

k=1
KS

= Z 1-Pr[s € TTCo"|
k=1
KS

= Z Pr((s,b) € TTCo]
k=1
KS

= Z Pr[vsi— ps = {vyp — Dy | s' e S}(k) > 0]
k=1

= Pr[TTCo4r: (p;,p—s),v,¢](b) = s for some b,

where {vy, — py — ' € S} is the statistic of order k and K* is the number of elements in the
partition induced by 77 Co[c|. However, seller s does not know buyers rankings in stage two, whereby
she does not know K., then we must consider Ej [Kg], the expectation of K¢, to compute the expected
utility E [u].

Let /nax the maximum length of buyers rankings (if S = m, then lh,x < m). It is clear that the number

of elements in the partition is equivalent to the number of steps of the TTCo algorithm, consequently
1 <K? < linax, (34)

the TTCo algorithm can terminate in the first step, the maximum ttco of G! covers all agents in the

market, or the algorithm can finish in /. iterations. Then

lmaX
Eg[K®] = Y kPr[TTCo terminates in K steps.]. (3.5)
=1

It is important to note that expression (3.4) holds for any tie breaking rule ¢, that is to say

E([K®) = Eg[KS].
Moreover
Pr[TTCo[R, piv,c](b) =s] = Pr{(s,b) € TTCo"[¢]]
_ {T €Y[GY | (s,b) € T and T is maximum ttco}|
[Y[GH]]
— Pr[(s,b) € TTCo"[¢]
= Pr[TTCo[r,p;v,¢|(b) =s]. (3.6)
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Therefore, expressions (3.5) and (3.6) imply that
Pr(TTCo[T; (pi,p*,),vcil(s) =i] = Pr[TTCo[x;(pt,p™,),v,¢(s) =i =X (3.7)
and
PrITTCo[®; (p*, p* ) vcr](s) =i] = PriTTCol®; (p*,p*y),mel(s) =i =Y,  (3.8)
for all tie breaking rules ¢. Using expressions (3.2), (3.3), (3.7) and (3.8) we have that

(p:_vs>X > (p;k*—vs)Y and

(p: - VS>X < (p:* - VS)Y'

Above expression implies
(Ps —vs)X = (ps" — W)Y,

for all vg € V. By the Bapat-Beg Theorem (see Appendix C2), the probabilities X and Y are polyno-
mials from the variable vy because we use the permanent to compute it. Thus, the equality between

polynomials implies that X = Y. Therefore, p; = p;* for all tie breaking rule G. ]

Summarizing, we use the TTCo assignment procedure because the assignment 77Col[g| is non-
wasteful and Pareto efficient for any tie breaking rule ¢. Even more, Proposition 3.4.1 allows us
to fix the tie breaking rule ¢; without loss of generality. In Chapter 1 we characterize the TTCo

mechanism and study other properties that satisfies it.

3.4.2 Sellers Behaviour at equilibrium

Indifferences are pervasive in the market. Moreover, in large markets, effective buyers are assigned
their favourite good (Proposition 3.3.1). We show that under the thickness condition, the expected

utility of sellers is independent on the pattern of indifferences.

We assume a quasi-linear utility function for each seller s and we consider that buyers report non-

strict rankings over baskets es(p), at the end of stage three. So, a buyer i can be indifferent between
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seller s and at most m — 1 other sellers. This motivates the introduction of tie breaking rules during
the TTCo assignment procedure to choose only one maximum top trading cover. To compute the ex-
pected utility Eus,] we need to describe the situation where the buyer that is assigned s, is indifferent
between s; and other sellers. Suppose that i buys s;, we define the following events to consider the

case of indifferences.

o Aly={(v,p) | vji—p;j > max{v;—p:} > 0}.

e Let there be 5;, € S\ {s,}, we define the set A;l ={(v,p) | vji—pj=vji—pj, > max{v; —

pit>0andv; >vj }.

e Let x € N such that xk <m—1 and sj,, 5j,, ..., 5j. €S. Also, suppose that s5; # s; for each
t=1,...,K. We define the SetAle: {(v,p) | Vi—=Pj=Vji—Pj; = =Vji— Pjc > max{ vy —

pi} > 0andv; > v forall t}.

So, the event A;K is the set of all pairs (v, p), a state of the market v and a price vector p, that satisfy:
1. e;(p) is the most preferred basket of buyer i, and
2. there exists K sellers in S such that i is indifferent between s; and s, forallz =1, ..., = k.
The payoff function of s; is

m—1
pj if TTCo(i)=sjand (p,v) € U Af for some i,
us; (O, 55v)) = K=0
v; otherwise.

Seller s; earns p; if the basket e;;(p) is assigned to some buyer i in the first step of the TTCo algo-

rithm.

A pair (v, p) belongs to A;K if and only if eg;(p) is the most preferred basket of i and she is indifferent
between s; and x different sellers. Then, the first condition ensures that (v,p) € A;O. Therefore,

Al C Al forall k € {1,2,...,m—1}. This implies that
m—1
UAi. — Al
jk T “2jo-
k=0
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So, the payoff function is

pj if TTCo(i) =s;and (p,v) € A;O, for some i,
usj(co,s;vj) =
v; otherwise.

In order to simplify the algebra, we consider the following monotonic transformation of the payoff
function uy,
pj—vj ifTTCo(i)=s;and (p,v) € A§'07 for some i,

ﬁsj((o,s;vj) = ‘
0 otherwise.

In other words, u;; = us; —v;. Then, to maximize the expected utility of seller s;, we simply maximize

the expected utility E [iy;], which is
Efis] = (pj=vj)Pr|vji—pj>max{vi—pc} >0/ (3.9)

To find the decision rule at equilibrium, we proceed computing the best response correspondence of
each seller. To do that, we first compute the probability that e;;(p) is the LR. most preferred basket of
i, the probability indicated in expression (3.9). Remember that, by Proposition 3.3.1, buyers get their
most preferred good in large markets that satisfy the thickness condition. Since sellers set simulta-
neously the price of their good and only know their own type, we compute this probability following
an Auction Theory technique. We investigate if there is a symmetric Bayesian Nash equilibrium in

which all sellers set a linear price
Pt = Ove,

where o is a non-negative constant, for all T # j. Consequently

PriAt) = Pr Vji—PjZ?lgg{Vri—Pr}ZO}

= Pr|vji—pjzmax{vy—pe},vji—p; = 0]

= Pr Vji—szfsngg‘{Vti—Pt}] Prlvji=p;>0].

On the other hand, we know that the probability of the largest order statistic is defined as
Primaxx < xo| = Prix; < x,x2 < X0, ..,%, < Xo).
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To simplify it, we assume that random variables V; and V; are statically independent and identically

distributed for all s; € S and i € B. Then

PriAf] = []Pr[vi—ave <vji—p;] (1=Pr{vii < pj])
ki

= Pr [VT,'—OCVT < vj;—pj]mfl (1 — Pr [vj,- < ij .
So, the expected utility function can be written as follows
Elas;| = (pj—v;)Pr [vn- —owg <vji —pj}m_l (1 — Pr [vji < pj]) ) (3.10)
Moreover, we assume that agents types are drawn according to the distribution
FW) =7fvi,ec s vm, Py, 0y

thus, we denote by f,, and f,,, the marginal distributions of variables V; and Vy; forallt € {1,2,...,m}

and i € {1,2,...,n}, respectively.

Now, consider the random vector
Z
8jri= Vzi =1 X
Y

It is clear that g; ; is a linear transformation of the random vector (Vz;,Vz,Vj;). The inverse transfor-

mation gjf%i is given by

V’Ci X

~1
Vo | = Y = 8jui
Vji X—ay—Z

Since the inverse transformation exists, the Jacobian of the transformation g; ¢ ; is not zero.

Observation 3.4.1. Let X = (X;,X5,...,X,,) be a continuous random vector with joint distribu-
tion fyx(xi1,...,xp). Let h = (hi(x1,...,xp),...,hp(x1,...,x,)) be a one-to-one transformation of
X. Consider A = {(x1,...,x,) € R? | fx(x1,...,xp) > 0}, the domain of distribution f, and B =

ui,...,up) € R? |u; = hy(xy,...,x,) Vi =1,2,...,p, and (x1,...,x,) € A} = h(A), the image of
p p p g
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A under transformation A. Since we assume that 4 is one-to-one, its inverse transformation exists
and is denoted by x; = H;(ui,...,u,), forall I € {1,2,...,p}. The Jacobian of the transformation
H = (Hy,...,H)) is defined as

ox; dxp ox
dup  duy T duy
ax  dxp oxy
JH) = | e,
ox, 0xp ox,

the determinant of a matrix of partial derivatives. The Jacobian of H is not zero because / is a one-
to-one transformation. Therefore, the joint probability distribution of U = (U;, U, ...,U,) on the set
B is given by

fU(l/ll,. .. 7”1)) = fX(Hl(U)’HZ(U)a cee aHP(U))|‘]<H)|
Observation 3.4.1 and the independence assumption imply that the probability distribution of g; 1 ;(V)
is
Jejai (x,32) = T (x =0y —2) fos V) frr (D) (&) 2.0)]
= fo(x—0oy—2) fi, (V) /1 (2)-

Let X; ¢ ; = Xy — 0X; — Vj;, the probability distribution of X; ¢ ; is given by

Joei—ve—vji (x) = / T (X — 0y —2) fo, (V) fr (2)dydz, (3.11)

»z
where Fx, ., and Fy, denote the cumulative densities functions of variables X ¢ ; and V;, respectively.

Rewriting the expected utility in (3.10), we have that

Elus;] = (pj—vj)Fx;.,(—pj)" " (1= Fy,(pj)) - (3.12)

Sellers problem is to compute the price of her good that maximises her expected utility, function

(3.12). Assuming that Fx, ; and Fy; are differentiable on an open interval, the first order condition is

OE[uy _ _
—— = F(p))Fx; o (=)™ + (pj = vi)Fxpei(—p)" Fy () +

apj
_(m - 1)(1’] - vj)FVji (pj)FXj,ri(_pj)m_zF)ém,»(_pj) = 0. (3.13)
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Consider y(p;) = 9E[us;]/dp;, which is not necessarily a linear function from IR to RR.

The Theory of Non-Linear Equations define a root of yas a point x* € R such that y(x*) = 0. Newton’s

method, that we describe below, is used to find these roots.

Newton’s Method.

Assume that y(x) has at least one real root.
Step 0. Start with an initial guess xo € R, for the location of the root.

Step t. Finding a root is given by iterating repeatedly next expression

Y(xr)
Y (x:)

Xt4+1 =X —

A root of the equation y(x) =0 is x* = tli_>m Xt

If the Newton’s succession {x; };cv converges, the Newton’s method implies that

e SO
2l

In other words, the Newton’s method computes a fixed point of function

W
)

However, the convergence of this succession is not generally guaranteed and there is not a unique

g(x) =

criteria to choose the starting point.

There exist functions that ensure the convergence of the Newton’s succession regardless the starting
point. Even more, extra conditions guarantee the uniqueness of the root. One of these is the Lipschitz

condition, defined below.

Definition 17. Assume that g(x) is a continuous function in [a,b]. Then g(x) is a contraction if there

exists a constant L such that 0 < L < 1 for which any x,y € [a,b]:

|g(x) —g()| < Llx—yl.
The constant L is the Lipschitz constant.
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Above condition ensures the existence of a unique zero of the equation g(x) = x and the converges to

the Newton’s succession to it, regardless the starting point.

Theorem 3.4.1. (Contracting Map) Let g : [a,b] — R a continuous function. Assume that g(x)
satisfies the Lipschitz condition (17), and that g([a,b]) C [a,b]. Then g(x) has a unique fixed point

x* € |a,b]. Also, the Newton’s succession converges to x* as n — o for any xo € [a,b].

We impose some conditions to the distribution f to guarantee the existence of a unique price vector.
To maximize the expected utility of seller s, we have to compute her best response through the first

order condition

oE [uy; ] o,
ap j
To solve this problem is the same as finding the fixed point of
) P J J:
Let
oE [u;,]
Y(pj) = op; P

To get a unique fixed point, Y must satisfy the Lipschitz condition in (17). Consequently, the first
derivative of E [i;] must satisfy
oE[u;,]
8 P j

(v) < Llx—yl, (3.14)

for some 0 < L < 1 and any x,y € [a,b], where [a,b] is an interval where y(x) is continuous. The

following theorem summarizes previous discussion.

Theorem 3.4.2. Let f € Cla,b]. If the first derivative of E[uy,] satisfies condition (3.14), then the

Newton’s succession
Y(Xn)
Y(xn+1 )

Xn+1 = Xn —
converges to a unique root from every starting point.

Proof. This 1s an immediate consequence of Theorem 3.4.1 and the discussion made in above para-

graphs. O]

Theorem 3.4.2 implies the existence of a unique best response for every seller. In next subsection we

show that the exponential distribution satisfies the Lipschitz condition established in (3.14).
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3.4.3 Equilibrium Characterization for the Exponential Case

The price p; is implicitly defined in the non-linear equation (3.13). Theorem 3.4.2 establishes the
conditions over the probability function f to compute a unique price vector, even more, we have a

method to compute it (Newton’s Method).

Assume that all random variables V;, V;; are independent and exponentially distributed with parameter

A > 0. So, their probability distributions are

e ™™ if x>0,
Jvi(x) = fv;(x) =

0 otherwise.

Forall j € {1,2,...,m}andi€ {1,2,...,n}.

We compute the probability distribution of the random variable X ; ; assuming that o > 1, i.e. sellers
do not set a price lower than its valuation. To do that, we follow the methodology described in

Observation 3.4.1. We know that g; 1 ;(Vz;, Ve, V) is a linear transformation of the vector
Vzi
Vq; :g_l(Xj,’C,iasz)v
Vii
where each probability is exponentially distributed with parameter A > 0. Then, the joint distribution
—1 -
of g i s
) _ }b3e—7\.(x—2vfg+(oc—1)vr).

fVT,'.,VT,Xj_’T‘i (VTi7 Vg, X

By Observation 3.4.1 and expression (3.11), the probability distribution of X; ¢ ; is

fXjﬁr,i(x) = /0 / N 7\.36_)L(2VT"_X+(l_a)VT)thidV‘c.
ove+x

If x <0, we have that

M1 4 a)e ™™

fxjoi(x) = 2(1+ o)

Otherwise,

Jxji(x) = /0 / . A3 Mt (1=0)ve) g,y
ovg+x

M1 4 o)e™™
2(1+o)
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Therefore,

Ae M|
fXj,r,i (x> = )
where X 1 ; € (—oo,0). Then
Prob[Xj<i < —pj| = Prob[=Xj<i>pj]
= / ¢ dx
pi 2
e M
2
Consequently, the expected utility is given by
m—1
— “Ap; e i
Elas;]| = (pj—vj)e i 5 : (3.15)

Before to solve the first order condition, we verify that £ [iy, ] satisfies the uniqueness condition (3.14)

of Theorem 3.4.2, and the thickness condition.

Observation 3.4.2. (Leibnitz Condition.) First, since each random variable is exponentially dis-
tributed, it is clear that 0E[is,]/dp; is bounded and differentiable on an interval [a, b], because

Api+n ™!
OSeixPj, <%) <lI,

then
OF [ j]
~ 5 (0,8]) < (0.,

Pj

for B large enough, where

oEm) )
Tjj = —e"(=1+hm(p;—v))) ( 5 ) :

Since we are searching the best response of s; we can assume that a > 0. Then, for any x,y € [a, D]

we have that

Ely] gy El Efny) | iy
7, ¥~ 2, 0) () — 5 ()
Jx = y| xX—y
e\ e\
) 2(1—xxm) (7) —(1—yxm)( X )
x—y



Moreover, we know that

eMe Moo andx> y,
then
(1 — xhm) (7) —(1—yhm) (e;“)m
2 <
X=y
m
(14xAm) (3)" = (1 +yAm) (%) _
X—=y
2Am
om—1
Let
2Am
L= "
(24 20)m1

for oo > Am and m > 1, we have that 0 < L < 1. So,
E[ﬁsj]
apj

E[ﬁsj]
(x) = ", W[ <Llx—yl,

i.e., the expected utility satisfies the condition (3.14).
Also, it is important to note that the exponential function satisfies the thickness condition.

Observation 3.4.3. (Thickness Condition.) Since valuations are independent and identically dis-
tributed, we have that d; = e D) , then

d; e
d_k e~ "Dk
— o "™Mpj—pi)

If 5 is the most popular seller, then d; > dy implies that p; < py,i.e pj— pr < 0. Moreover, we have a
finite set of sellers that set prices in the second stage, then Z—Z is bounded by e~"™MPj—Pmax) | where pax
is the highest price set at the second stage. Therefore, the exponential function satisfies the thickness

condition.

Therefore, sellers problem has a unique solution given by the first order condition

OE[d)|
apj
= =M (=1+Mm(p;—v;))e .
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The best response of s; when other sellers set a linear price is

. 1+
S

Verifying the second order condition, we have that

OE[dy))

— 2 meM (=24 A F—
ap§ me™" (=2 +Am(p;—vj)

4(&%)
e

2

*

Pj=p;

—  _2\me

e~ Mpj+r) "
2

Pj=rj

<0.

Therefore p;f is the price of s; at equilibrium. Previous discussion is summarized in the following

theorem.

Theorem 3.4.3. Suppose that V; and Vj; are independent and exponentially distributed with parame-

ter A > 0. For the second stage, the price vector at symmetric equilibrium exists and is unique. Even

more, the price that each seller s sets at equilibrium is

P;ZVj+m;

forallsj€S.

By the above theorem, we have shown that the price vector at equilibrium is unique. Consequently,

we can do some comparative statics.

Corollary 3.4.1. Let p}f be the unique price at the symmetric equilibrium found. Then

o The relation between p}f and v; is positive, and
e The relation between p;‘. and m is negative.

Proof. Note that
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Its derivative with respect to v; is

ap’
= = 1>0.
avj'
The derivative of p j« with respect to m is
L v
om Am?2  m  m
1
= "m0

]

We compute in Appendix D2 two extensions that shows the robustness of previous results: the case
where parameters of the exponential distributions vary, then we assume that valuations overlap. Fi-
nally, in the Appendix E2 we discuss the uniform distribution case and computational difficulties that

it entails.

Concluding Remarks

3.4.4 Small Markets

When markets are small, uniqueness of equilibrium price vector is not guaranteed any more, as shows

the following example.

Example 3.4.1. Consider a market such that S = {s1,s2,53,54} and B = {1,2,...,n}, with n < oo;
and the random variables Vz;, V; are independent and exponentially distributed with parameter A > 0.
Note that Proposition 3.3.1 is not necessarily true because we do not have a large thick market. So,
the top trading cover algorithm can stop in four steps. Denote by X(ik) the statistic of order k. So,
if vij — pr = X(ik), this means that s; is the k—most preferred good given de price vector p, where

k€ {1,2,3,4}. Note that X(;) = max{vy; — pz} and X4y = min{vy; — p:}. Consequently, the payoff

function of each seller is the following.

p; ifvji—p; :X(ik) andX(il) >0,Vk € {1,2,3,4} and for some i € B,

v; otherwise.
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As before, in order to simplify the algebra, we consider the linear transformation us;, = us; — v;.
Hence, the expected utility function of s; is

4
Elus] = (pj—vj)Prlvji—p;>0]) PriXp <vji—pjl-
k=1

Using the random variable X 1 ;, we know that the cumulative density function of the statistic of order

k is given by

F(k)(x) = Z FXj,r,i(x)r<1_FXj,r,i(x))37r'

On the other hand, a well-known result is that

UL m
Z pr(l—p)™" = L(t,n—t+1)
=t \ T

f(f pk=1 (1— r)’”_kdr
fol rk=1(1 — r)m*kdr7

where 1,,(t,m —t + 1) is the incomplete beta function defined as follows.

By previous discussion, the expected utility E i j] is given by

4
Eliy] = (pj—vj)Prlvii = pjl } I, (~pp(kn—k+1)
=1 "
3 3 15 47
i (3 a3 o, “3hp; —4hp;
= (pj_vj)e pj(ie p]+§e p1+§€ p]—6—4€ p’)-

The first order condition is the following
e—57»p j

((24=720(p; —v))e
—96(—1+2M(pj—v})) — 120(—1 +4\(p; —v,))ei
+47(=1+5\(p;j—v;))) =0.
Note that the expression
24 —T2Mp;—v;))e?Pi — 96(—142M(p; —v,))eM
— 120(=144A(p; —v;))eidT(—1+5M(p; —v}))
can be seen as a polynomial of degree 3 with respect to z = i, This implies that it is not bounded,

consequently, it does not satisfy the Lipschitz condition. Therefore, we cannot guarantee that the

Newtons succession converges to a unique price p;.
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3.4.5 Public Policies

Mexican government has included strengthening the housing sector as a public policy priority since
2000. Public housing policy is outlined in National Housing Programs (Programas Nacionales de
Vivienda, PNV), which aim to help those most in need by providing access to mortgages and loans,
and by encouraging the construction of affordable housing. To achieve this goal, Mexican government
provides credits to both buyers and sellers through different institutions. For example, home-builders
can request support from the Federal Mortgage Society (Sociedad Hipotecaria Federal, SHF), en-
courages construction through direct loans and guarantee of bank loans; and the National Institute
of Worker Housing (Instituto Nacional de la Vivienda para los Trabajadores, INFONAVIT) provides
loans to workers to build, purchase or repair a house. Moreover, there exists institutions like the
National Fund for Popular Housing (Fideicomiso Fondo Nacional de Habitaciones Populares, FON-
HAPO) subsidizes the purchase or the construction of low income housing.

Public intervention affects both valuations and prices. It is not clear, especially in stressed market,
which side of the market benefits more from public spending. Establishing a closed-form solution is

first step to empirically answer the question.
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3.5 Appendix A2
Graph Theory Concepts

Consider a set of sellers, ' C S; a set of buyers, B’ C B; and a profile of rankings at p, T(p;v) =
(7, (p;v),..., Wi, (p;v)), where i; € B for all j =1,...,k. We define the bipartite directed graph
G(S',B,p,(p;v)) as a pair (S UB,E(S'UB’,p,T(p;v))), where S'UB’ is the set of nodes; and
E(S'UB',p,®(p;v)) is the set of all directed edges (s,i) € S’ x B', such that (s,i) € E if and only if
buyer i prefers buying the basket e;(p) to any other basket (py,s) in E;(p). The reported rankings are
non-strict; the most preferred basket of a buyer i is not necessarily unique. Thus, there are more than

one edge from i to the set of sellers, which represents indifference between baskets.

We represent the case where a buyer i prefers her initial endowment to any basket es(p) by a loop
(i,i), which is an edge from B’ to B’. Loops, however, are not admitted in bipartite graphs, that is
why the TTCo makes use of quasi-bipartite graphs. We define a quasi-bipartite directed graph
G(S',B',p,n(p;v)) as a pair (SUB',E(S'"UB,p,7(p;v))), where §'UB’ is the set of nodes; and
E(S"UB',p,®(p;v))) is the set of all directed edges (s,i) € ' x B’ and loops (j,j) € B' x B, such

that:
e buyer i prefers the basket es(p) to any other basket, and
e buyer j prefers her initial endowment (m;, @) to any basket es(p).

An arbitrary element of E(S'UB’, p,Tt(p;v))) is denoted by d.

The quasi-bipartite graph G(S’,B’, p,Tt(p;v)), or only G whenever there is no confusion, represents
the situation when each buyer i in B’ points to the owner of her favorite basket. The following example

shows the construction of a quasi-bipartite graph.

3
Example 3.5.1. Consider S = {s1,s2,53}, B={1,2,3}. Forsome p € [] A; and v € V, suppose that
j=1
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the rankings reported by 1,2 and 3 are the following:

Ti(psv) @ [es;,ess)sesy, 1,
T (psv) o les,2];

T3(piv) ¢ oeg,3.

Figure 3.4 shows the quasi-bipartite graph G(B, S, T;v).

DRONO

Figure 3.4: A Quasi-bipartite Graph

Given G(S',B’, p,®(p;v)), a Top Trading Cover (ttco) is a subset
T ={ad,,ds,...,dx}

of E[G], such that no two edges in 7 have a common node. In particular, the empty set is top trading

COVCT.

A ttco T is maximall if it is no longer a ttco when an edge, not in T, is added to T. In other words, a
maximal ttco is not a proper subset of any other ttco of the quasi-bipartite graph G. A maximum top
trading cover is a ttco that covers the largest possible number of nodes. It is clear that all maximum
top trading covers are also maximal; however, a maximal ttco is not always maximum. Figure 3.5
shows four different top trading covers in dotted lines for the same quasi-bipartite graph. The ttco in
3.5(a) is maximal, because if an extra edge is added to it, the resulting subset of edges is not a ttco;

3.5(a) is not a maximum ttco because there exists 3.5(c), which covers the largest possible number
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of nodes, 6, a number larger than the number of nodes cover by 3.5(a), 4. On the other hand, in
3.5(b) we can add the edge (1,s3) and get a larger top trading cover, so 3.5(b) is non-maximum and

non-maximal.

N
\
' N
\

(¢) Maximum TTCo 1 (d) Maximum TTCo 2

Figure 3.5: Top Trading Covers in dotted lines for the same Quasi-Bipartite Graph

We can ensure the existence of at least one maximum ttco for any quasi-bipartite graph.
Proposition 3.5.1. Let G(B',S', &, p,v) a quasi-bipartite graph, a maximum TTCo always exists.
Proof. See Appendix B2. [

Note that the maximum top trading cover is not unique. Figure 3.5(d) shows a ttco that covers the
same number of nodes than the ttco in 3.5(c), but does not have the same edges. That is, in 3.5(d) we

have a maximum ttco different from the maximum ttco in 3.5(c).

3.6 Appendix B2

The Existence of Top Trading Covers
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To prove the existence of a maximum Top Trading Cover in each quasi-bipartite graph G(S’, B, w; p,v),
we need more definitions from Graph Theory. Given a top trading cover T of G, anode r € S'UB' is
said to be covered if there exists ' € §'UB’ such that (r,7) € T. A path P in G is a succession of

nodes

{I’],tl,l’z,l‘z,...l’n,tn}

such that (r;,#;) € E(S'"UB',m; p,v) forall i = 1,2,...,n. We say that r| and 1, are the end points of

P.

Definition 18. Let G = G(S',B’,T; p,v) a quasi-bipartite graph and a top trading cover T of G. A

path P is an augmenting path for 7 if:
1. The two end point of P are not covered by 7.
2. The edges of P alternate between edges € T and edges ¢ 7.

Let R a top trading cover of G, and P and augmenting path of R. We define and denote the operation
between R and P, as

R®P=(AUB)—(ANB),

i.e., we operate ttco’s and paths through symmetric difference.
The algorithm to find a maximum top trading cover is described below

Step 1. Consider T a top trading cover of G, could be T = &.
Step 2. While exists an augmenting path P do
21 T=T&P
Step 3. While exists r € G\ T such that (r,r) is and edge of G do
31 T=TU{r}

Step 4. Output 7'.
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We have to prove that T is effectively a maximum top trading cover. However, this is clear, because
we delete all possible augmenting paths. We conclude this prove applying Berge’s Theorem: “The

matching M is maximum if and only if there is no augmenting path”?.

3.7 Appendix C2

Bapat-Beg Theorem

The permanent of a matrix of 2 x 2 is denoted and defined by

a b
Perm —=ad + bc.

c d

Let A = (a;;) a matrix of n X n, then

Perm(A) = Z Hai,c(i)-

ceS,i=1

Theorem 3.7.1. Bapat-Beg Theorem Xi,X»,...,X, be independent random variables with distri-
butions functions Fy,...,F, respectively. Then the distribution function of the statistic of order r,

1 <r<n,is given by

F(y) 1-F(y)

n : .
PlY,<y|]=) ——Per ,—o0 <y < oo, (3.16)
i ™ | g 1R
~—— N—\
I times n—1Itimes

3.8 Appendix D2

A Unique Fixed Point

We explain some concepts from the theory of non-linear equations what we use to get the uniqueness

of the price vector. In the main text we use the one dimensional Newton method given by the iteration

_ f(xn)
I (xn)

For more details consult: Claude Berge (1963). Topological Spaces. Oliver and Boyd.

Xntl = Xp , X0 € [a,b]n>0 (3.17)
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assuming f’ # 0 on [a, b].

First, we must guarantee the existence of at least one root. This is possible by Browser’s Theorem:

Theorem 3.8.1. (Brouwer’s Fixed Point Theorem) Assume that g(x) is continuous on the closed
interval [a,b]. Assume that the interval [a,b] is mapped to itself by g(x), ie., for any x € [a,b],

g(x) € |a,b]. Then there exists a point c € [a,b] such that g(c) = c. The point c is a fixed point of g(x).

Definition 19. Assume that g(x) is a continuous function on [a,b]. Then g(x) is a contraction on

[a,b] if there exists a constant L such that 0 < L < 1 for which for any x and y in [a, D]:

lg(x) —g()| > Llx—y]. (3.18)

The equation (3.18) is referred to as a Lipschitz condition and the constant L is the Lipschitz constant.

Indeed, if the function g(x) is a contraction, i.e., if it satisfies the Lipschitz condition (3.18), we
can expect the iterative Newton’ method converges. This is established in the Contraction Mapping

Theorem.

Theorem 3.8.2. (Contraction Mapping) Assume that g(x) is a continuous function on [a,b]. Also,
suppose that g(x) satisfies the Lipschitz condition (3.18), and that g([a,b]) C [a,b]. Then g(x) has a
unique fixed point ¢ € [a,b]. Also, the sequence {x,} defined in (3.17) converges to ¢ as n — o for

any xg € [a,b).

Proof. By the Brower’s Theorem, we know that g(x) has at least one fixed point. So, to prove the
uniqueness, we assume that there are two fixed points ¢ and ¢,. We will prove that these two points

must be identical. We know that
lcr —cal = |g(e1) —g(e2)| < Lley—czland 0 < L < 1,

consequently, ¢; must be equal to c;.
Finally, we need to prove that the succession described in (3.17) converge to ¢, for any xg € [a,b].
note that

i1 — ¢l = lg(xa) = g(e)| < Ly —c[ < ... <L Hwo—c].

Since 0 < L < 1, we have that |x, 11 — c¢| — 0, as n — oo. The succession converges to the fixed point

of g(x), independently of the starting point xg. O
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Non-identically Distributed Random Variables

In previous section we compute the price vector at equilibrium when V; and Vj; are independent
random variables exponentially distributed with parameter A > 0. In this section, we assume that
buyers and sellers are statistically independent but not identically distributed. We analyse the case

where random variables are exponentially distributed with different parameters.

In the exponential distribution, the parameter A represents the occurrence of a rare event. In our
housing model, we interpret this parameter parameter as the occurrence of selling a house. Naturally,
this parameter changes according to the seller, for example: a construction company decides to sell a
house every month in a year, i.e. A = 1. On the other hand, a professor decide to sell a house one time
in five years, A = 60. So, the mean of the distribution of variable V;, 1 /A, can be understanding as the
number of times that seller s decides to sell her house. In buyers case, first note that each buyer has a
vector of parameters A= (Aji) jes, each parameter represents the occurrence of buying a house from
seller j. For example, if A j; = 10, this means that every 10 months buyer i buys a house from seller s .
However, we assume that each buyer can have at most one indivisible good, and, more important, we
do not analyse a dynamic problem. Hence, we interpret 1/A; as the expected time of sale her house,

for each s; € S, and 1/Aj; as the interest of buying the house of s, for all i € B.

Consider S = {s1,52,...,8»} and B = {1,2,...,n}. Given that V; = (v{;,v;,...,Vp;) is a random
vector, we suppose that random variables v;; and v; are independent. We assume that variables v; are
exponentially distributed with parameter A; > 0. Thus, the mean and the variance of V; are denoted
by uj =1/A; and G? =1/ 7»?. Variables vj; are exponentially distributed with parameter A ;, for all
j=1,...,mandi=1,...,n. We write uj; and Gpto describe the mean and the variance of V;. So,

the joint distribution of (Vg;, Vz,Vj;) is
Frevavs (v, vai, vji) = Aedaijre Aeve e hivii
Applying Observation 3.4.1 for the random variable X; . ;, we have that

ijti<x) - / / )\‘Txri}\‘jie_xwr_}wv’”_xﬁ(v’ri_OWT_X)dv’CidV'r
” 0 Jove+x

Mgk jieMi*
(Aei +Xji) (A + 0hei)
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Then

PriXjzi < —pjl = Pr[~Xjz;>pjl

o / « 7\'177\4171 ]le P
pi (Mai+Nji)(Ae+ OCM)
Mip
= Nje M| e
Since we assume that random variables are independent and exponentially distributed with different

parameters, the expected utility E[zs,] is given by

. 7\"56 7‘4‘511’]
Elu,.|=(p;i—v;)\ii Ajipj i
[” ,] (pj V]) J e IIJ (}Vc‘f‘a)\fcz)

The first order condition is

0 — OE [ts;]
apj
-pj g Aci m
M dee e (—1+(pj—Vj) zxﬂ.)
_ T#j =1
[T (A +Aji) TT (A + 0
T#j T#£j

The best response of s; when others set a linear price is

1

pi=r——+v;
PN+ YA
Zj

The second order condition evaluated in pj is

PE[m, ) B
. -
apj Pj=rj
m —Pj gk‘rz
AT 8 (—2+(p,- o § xu) &
t£j =1 .
IT A +Aji) I1 (7w+0€7vu')
=y =
Pj=rj
—1—v; y 7\4,‘
N A Y dge
= 0
IT (i + i) TT (A + o)
=y =y

Therefore p}k- is the equilibrium price.
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Theorem 3.8.3. Suppose that V; and V;; are independent and exponentially distributed with param-
eters Aj and \j;, respectively, for all sj € S and i € B. Let pjf be the unique price at the symmetric

equilibrium. Then
o The relation between pjf and v is positive,
o The relation between p}f and Ay; is negative for all T # j.
o The relation between p}f and p; is positive t=1,2,... .m.

Proof. Note that

1
Pi = i =g
The respecting derivatives are:
op*
Py
av_,'
The relation with her own valuation is positive.
apj‘- = : <0
Oz Aji+ X Aw)?
T#j
Finally
apj = : <0
87\.1',' (7\,ji—|— ) 7\@')2 ’
T#J

On the other hand, we can compute the relation between the price at equilibrium and the mean y; for

all s; € S. First, note that
1

=+,
—1 —1
Mjp + Ly
)

Pj
Then

op* 1
Pi >0,

a‘uji 2 1 1 :
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and

aIrj 1

O 2 [ 1 1 ’
M ,;ﬂ;j,;

Overlapping Valuations

To analyse overlapping valuations, we assume that each variable V; and Vj; has a minimum value r;

and rj;, respectively. Then, their probability distributions are

o) = Aje M) if vy >, and i () = Ajie Mi0iri) if vy >
0 Otherwise. 0 Otherwise.
The probability distribution of X ¢ ; is given by
A jikghgieii i) “hai(ret ore—rat)
Ixji (%) = (i o) (O + )

Consequently, the expected utility is

Eli,] = (p;—v;)e Milpi=rii
[tg;] = (pj—vj)e TI;[J (o + o) (o )

7bji7vc€7”ﬁ (rji=re) =Mi(pj+rot+org—ry)

The first order condition is

B E)E[ﬁsj]
apj
_— Nji(pjtrji— L ri)— ¥ Mi(pjtrotour—ry)
N T Ace e (L+Aji(vi—pj)+ L Ai(vi—pj))
_ T#£j T£]
IT(Aji + M) (0hg; +Ag)
T#J
we get that
. 1
Pji= +VJ"
YA
j=1

Verifying the second order condition, we have that

— Y Mi(pjrroitar—ryg)—Aji(pj—mrji+ Y rr)

82E U, ol T£j
[251] _ 7\’}};_11—1}\’16
ap; _ s ] I1 (xji+)hri)(00bri+7w)

S / ) .

Pj=p;
—1- ); A (ret-rg—rei4+v;) —Aji(—mrji4-v+ § rr)
L T#j
= <0.
g TI;[J [T (Aji + M) (0Ag +Ar)
=y
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Therefore, when we assume overlapping valuations, the unique price set at equilibrium is

. 1
Pj=m— TtV
YA

J
This equilibrium price coincides with the equilibrium price vector when we use that random variables

are independent and exponentially distributed with different parameters.
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3.9 Appendix E2

Uniform Case

To characterize the price vector at equilibrium we assume that random variables are independent and
uniformly distributed. Without loss of generality, we assume that variables V; and V7; are independent

and uniformly distributed over [0, 1]. Thus, its probability distribution is:

B 1 ifxe]0,1]/x€]0,1]",
fo;(x) = fo.(x) = (3.19)

0 otherwise.

We compute the probability distribution of the random variable
Xjri=Vi—aVe =V,

assuming that o > 1, i.e. sellers do not set a price lower than its valuation. To do that, we follow the

methodology described in Observation 3.4.1.

Vector g; 1 is a linear transformation of the vector

Vri
Vi )
Viji

where each probability is uniformly distributed over [0, 1], we have that their joint distribution is
1
e vev; (%,3,2) = o for all (x,y,z) € [0,1] x [—a,0] x [0,1] = A.

We know that oV is uniformly distributed over [0, a] and Vj; is uniformly distributed over [0, 1]. Then

—1—-a < Xj; <1, consequently

fxjoi(x) = //Aldvn-dvT

1 X
) o Jo gdveidve 0<x<l,
1 pl
B é 0<x<1,
atelox ] g <y <.
o <x<
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When other sellers have a linear behaviour, we calculate the best response of each seller analysing

the following cases:.
A. |S| =1 and |B| = n, withn € N, and
B. |[S|=mand |B| =n, withn,m € Nand 2 <m < n.

Both cases satisfy the second condition of a regular sequence of markets, required for the veracity of

Theorem 3.3.1.

Case A.|S|=1,and |B|=n
Consider S = {s1} and B = {1,2,...,n}. Seller s sets the price of her good strategically, she wants
to maximize her expected utility. Moreover, since the TTCo algorithm ends at its first step in large

thick markets, the payoff function of seller s is:

p1 ifvy;—p1 >0 forsome i€ B,
ug, (0, 53v1) =
v; otherwise.

Then, the expected utility function for seller s is
Elug;(0,s;v1)] = p1Pr{vii > p1] +viPr{vii < p1],

for some i € B. Also, we assume that vy; is a random variable uniformly distributed over [0, 1], for all

i € B. This implies that

Elus;(®,s:v1)] = p1Pr[vi; > pi]+viPr[vy; < pi]

= p1(1—p1)+vip1.

The first order condition is

OE[us ]
api
= 1-2p1+vy.

The best response is

14+v;
pi= :
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The second derivative evaluated in p}, we have that

OE [u, |
opi P1=p]

Therefore, the price that maximizes E [uy,] is pj.

CaseB.2<|S|=m<|B|=n

Let there be S = {s1,s2,...,5»} and B={1,2,...,n}. Given that ¥; = (v1;,v2;,...,Vs;) is @ random
vector, we suppose that the random variables v;; and v; are independent and uniformly distributed
over [0,1] for j=1,...,mandi=1,...,n. Asbefore, we maximize the expected utility of s; through
the transformation #;; of her payoff function:

pj—vj in AliO for some i,

ﬁsj((o,s;vl) = (3.20)

0 otherwise.

We consider that s; assumes that seller s; sets a price p; = aw;, for all T # j. So, the expected utility
function is
Elus;] = (pj = vj)ProblX;a; < =pj]"~' (1= Prlvji < pj]). (3.21)

. 2
where Prob[X.; < —pj] = % + T:@ + % +o—pj— - 2%. Since V; is uniformly distributed over

[0,1], we have that Fy,(p;) = p;. Replacing it in (3.21), the expected utility is

2
_ 5 1 2 pj Pj ,
Efi) = (pj =) (fzﬁ.ﬁ&*a—f’f—a"z—o&) (1-r))

Clearly, above expression induces an equation of degree at least 2m, so, the uniform distribution is

not useful to do comparative statistics.
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Chapter 4

The subsidized housing problem in Paris

4.1 Introduction

The French tradition in subsidized housing aims at “mixité sociale”, namely promoting social diver-
sity in all districts. In Paris, according to the Atelier Parisien d’Urbanisme, 70% of the households
are eligible to one of the many existing programs. Institutions promoting social housing are diverse;
the main City Hall, City Halls of all districts, ministries, the Societé National des Chemins de Fer
(national railways), La Poste (national mail service), ... . The diversity of involved institutions is
financially profitable to the programs. They apply, however, very different eligibility criteria and the
conflict between them to allocate a common pool of subsidized housing is solved by the institutions
in Committees. The assignment process, thus, is not transparent, which raises criticisms over its

discretionality.

In contrast, the anglo saxon tradition is focused on low income households, which allows a systematic
approach to allocate subsidized apartments. Consider the case of Toronto!. The households register
on the internet filling a form where they describe their family situation: number of members, age
of each member, income, working status, health condition, ... . Every two months the pool of free
apartments and the score of each household are updated, which determines the ranking of all eligible

households for each apartment”. Then, parallel serial dictatorships are performed. Is it possible to

Thttp://www 1.toronto.ca/wps/portal
Zhttp://www.torontohousing.ca/
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adopt such systematic method in the context of Paris subsidized housing? Is there a mechanism that

copes with “mixité sociale” and deals with different scoring schemes fairly and efficiently?

Our problem casts similarities with the one of affirmative action in the school choice problem. One
stream of papers interprets affirmative action as “leveling the playing field”, like in Kojima (2010)
and Hafalir, Yanmez and Yildirim (2011). Students from less privileged ethnic groups, independently
of their effort, have lower chance to incorporate the schools which are academically most demanding.
It is fair to give priority to these students with criteria less demanding than those required to stu-
dents belonging to privileged groups. Kominers and Sonmez (2013) generalize Hafalir, Yanmez and
Yildirim (2011) to allow for slot-specific priorities in a model with contracts. The consequence on
welfare is that assignments with affirmative action should be Pareto superior for minority students to
assignments without affirmative action. We are closest to the ones for which affirmative action is an
objective per se, formalized by the existence of quotas of agents to be fulfilled like in Abdulkadiroglu
(2003), Ehlers (2010) and Ehlers, Hafalir, Yanmez and Yildirim (2011). Affirmative action might hurt
agents, individually, who do not take into account the externalities generated by affirmative action.
The consequence on welfare is that the Pareto criteria are only used to compare assignments where
affirmative action is implemented. Unlike these papers, however, we do not consider the existence of
lower and upper bound for each category. In a different approach, Echenique and Yenmez (2013) and

Erdil and Kumano (2012) study the diversity as a policy goal focused on schools priorities.

We model the subsidized housing problem in Paris as a three sided market with households, institu-
tions and apartments. Households are assigned apartments through programs operated by institutions
and might qualify to different programs. What matters for them is the apartment they are assigned to,
not the institution that promote them, that is why preferences of households are only defined over the
set of apartments. Our approach requires formalizing the following. First, institutions have priorities
defined over: 1. apartments, and 2. households. Priorities over apartments are motivated by the
amount of financing to the real estates (the more an institution spends in a building, the stronger its
interest in using it), or because it is closest to its headquarters. Priorities over households are gener-
ated by a scoring method which can be different from one institution to another. Second, apartments

have priorities over institutions: the more an institution has spent in financing a building, the highest
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its priority.

The literature of three sided markets focuses on the existence of a stable matching, where a matching
is a set of disjoint families with three agents, commonly of the form (man, woman, dog). A matching
is stable if there is no blocking family that is preferred by all its members to their current families in
the matching. Chuang (2007) considers a model where each agent has two preference lists over the
other two sets. Since a stable three sided matching does not always exists, he introduces indifferences
and defines a hierarchy of stabilities. Under these structure he proves that a stable matching always
exists but is NP-complete regardless the definition of stability. On the other hand, Biré and McDer-
mind (2010) consider a model with cyclic preferences, i.e. men only care about women, women only
care about dogs and dogs only care about men. They prove that to find a three sided stable matching

is a NP-complete problem.

To deal with the subsidized housing problem, we introduce the Nested Deferred Acceptance (NDA)
algorithm. This assignment procedure nests two Deferred Acceptance algorithms. During the first
one, each household asks for her most preferred apartment, i.e. the demand of each household is
elicited. Then, we run the nested DA between institutions and those apartments that are demanded by
a household of its type. Institutions choose a set of apartments that maximizes its priority and does
not exceed its vector of quotas. If more than one institution is interested in assigning an apartment, the
apartment priority breaks the tie. After that, each apartment is temporarily assigned to the household
with the highest priority among the households with the same type that demand it. The rejected
households ask for their next preferred apartment and the procedure continues until no household is

rejected.

However, the NDA alone fails to cope with mixité sociale and fairness for the same type. We identify
that these problems arise due to interrupters. As Kesten (2010), we say that some institutions make
interruptions and define two types of interrupters, one for each problem. The “mixité sociale” condi-
tion is not reached given that households can have more than one type. Thus, some institutions assign
an apartment to a household that should receive the same apartment from a different institution so as
the “mixité condition” to hold. On the other hand, the NDA assignment is not fair for households of

the same type because there are institutions that tentatively hold an apartment during some steps, but
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this apartment is not included in their final assignment. So, this can induce justified envy for the same
type because the institutions that assign such apartments do not consider again households rejected

from these apartments.

The NDA with Interrupters (NDAI) improves the NDA by dropping apartments from the priority of
the interrupter institutions. Assuming a the market that admits at least one fair for the same type
assignment that satisfies mixité sociale, our main result shows that the output given by the NDAI
is fair for households of the same type, Pareto undominated by an assignment fair for households
of the same type and satisfies mixité sociale. Even more, telling the truth is a dominant strategy
in the induced revelation game for households. On the opposite, the Efficiency Adjusted Deferred
Acceptance Mechanism (EADAM) by Kesten is manipulable because students are interrupters and

make offer during the DA, while our interrupters receive offers during the NDA.

Previous result assumes the compatibility between mixité sociale and fairness for the same type.
However, this is not always true. Analysing the relation between these two concepts, we find a
condition to guarantee the existence of an assignment that satisfies the mixité condition. Moreover,
we explain the behavior of the NDAI mechanism in markets where mixité social and fairness for the

same type are not compatible.

The present work is organized as follows. Section 2 introduces formally the subsidized housing
model. Section 3 presents the Nested DA and Section 4 the interrupters discussion. In Section 5 we
present or main result for the NDAI mechanism. Section 6 analyses the existence issues related with

mixité sociale and fairness for the same type.

4.2 Model
A subsidized housing market with mixité is (I,Hz,D,Q,A,d, P,~, 1) where:
1. I={1,2,...,N} is the finite set of institutions, a generic institution is i

2. H=/{hy,...,hy} is the finite set of Households, a generic household is #;
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. ©: H — 2! is the type function, where the types of household & are t(h); H; = {h € H | i € t(h)}.
4. D={d,,...,dp} is the finite set of districts, there are D districts, a generic district is d;

5. 0= ((ql.df )f’: 1)?:1 is the vector of quotas, where qld is the quota of households of type i in

district d, a generic quota is g;
6. A=/{ay,...,as} is the finite set of apartments, a generic apartment is a;

7. 8:A — D is the district function, where the district of apartment a is d(a); the number of

N
apartments in district d is #d, ), qld = #d for all districts d;
i=1

8. P=(Py,,...,Pn,) is the vector of households’ preferences, P, is the strict preferences of house-
hold h € H over AU{h}, aP,d’ means that households h prefers a to d/, an apartment a is
acceptable for household £ if a = h. Let P, : ay,,ay,,...aa,, and consider R, be the antisym-

metric preference list where aP,b and bPya if and only if a = b.
9. == (>=);ez is the vector of institutions’ priorities
== Ol (a0 7))
we assume that priorities are lexicographic in:

9.a >1"4 the priority of institution i over apartments A, a, >f4 as; means that department a, is

prioritized over apartment a; by institution #; and

9.b = the strict priority of apartment a € A over H;, it is generating by the score of house-
holds, & =, #' means that household / has priority over household /' at apartment a; an

household # is acceptable for apartment a if 7 =/ a, else h is unacceptable;

9.c We suppose that for all acceptable apartments a for institution Z, at least one household is

acceptable.
10. m, is a priority of institutions over apartment a.

To design an assignment procedure for the subsidized housing problem, we consider that this problem

is: 1. a many-to-one matching problem between apartments and institutions, and 2. a ono-to-one
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matching problem between households and pairs composed by one apartment and one institution.

Such assignment is formalized in the following definition.

An assignment u = (0, ¢) is a duple such that:
i. 0:AUI =22 UTU{@} where
ia 0(a) e IU{@},
i.b (i) €24,
i.c 0(a) € 0(i) if and only if 6(a) = i.
ii. p:AxIUH — (AxI)UHU{2}, where
ii.a @(h) e AxI1U{2},
ii.b @(a,i) e HU{D},
ii.c @(h) = (a,i) < ¢((a,i)) = h. The corresponding projections are @4 (h) = a and @;(h) = i,

ili. O(a) =1iif and only if @(h) = (a,i).

Conditions i. a, b and c refer to the many-to-one matching problem between apartments and institu-
tions. Conditions ii. a, b and c refers to the one-to-one matching problem between institutions and
pairs composed by one apartment and one institution. Condition 3 says that a household cannot be
assigned a pair of one apartment and one institution apartment if the apartment is not assigned to the

institution.

The match of k € H is @(k) € (A x 1) U{@}, k is unmatched if ¢(k) = @. The match of i € I is O(€ 24,

i is unmatched if 6(i) = @.
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Let (I,H,t,D,Q,A,d,P, >, ) a subsidized housing market with “mixité sociale”, an assignment rep-

resentation is

h3 hs h ho hy 9 2]
o(h3) @(hs) @o(h1) o(h2) @(hs) @

( 3\
hs hs hy @ hy hy @
= a a4 a3 Y G D a
h I I3 1 9 G O

——— AN N —
L 8(i2) 6(i3) 8(i1) 6712

An assignment u is individually rational if
i. for all h € H either @4 (h)Pyh or ¢(h) = &, and
ii. foralli €/, a>', @ forall a € 8(i) and i =, a for all household & such that ¢(h) = (a,i) and

iet(h).

We assume that the set of individually rational matchings is not empty.

For any individually rational assignment , let HY () be the set of households of type i assigned at
district d, formally H¢ (u) = {h € H | ¢;(h) =i and (@4 (h)) = d}. An assignment u respects mixité
whenever #H¢ (u) = ¢¢ for all i €  and d € D.

An assignment u is non-wasteful if no household justifiably claims an empty apartment, i.e. there is

no i, h and a such that:
1. aPh(pA (h),
ii. 8(a) =92,

iii. a >} @and h -, @.

Household 4 has justified-envy over household /' at individually rational assignment y if
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1. QA (h/)Ph(pA (h) and

ii. h >£pA ) K for some institution i € 1.

Institution i has justified-envy over institution i’ at individually rational assignment u if there exists

a € 8(i') such that
i. a>-' d, for some d' € 6(i), and

i, in,i.

An assignment yu is fair if it is individually rational, non wasteful and there is no justified envy. A
matching u is fair for households of the same type if it is individually rational, non-wasteful, there is
no justified envy over institutions and there is no justified envy for households of the same type, i.e.

when i = @;(h).

An assignment u is Pareto efficient if there is no matching u' such that all households prefer u/
to u, with strict inequality for at least one household. An assignment i/ Pareto dominates other

assignment p if ¢/ (h)R,(h) for each h € H, and i/ (k') Py (1) for at least one &’ € H.

A mechanism % associates a profile of preference list with an assignment u. Let Rj be the true
preference list of each household 4. The set of all possible preference lists of household 4 is denoted
by R,. A profile of preference list is a vector R’ = (R;”,R;lz, Ry ) € Ry X Ry X X Ry = R,
As usual, R_j, is the profile of all preference list except R;. A mechanism is strategy proof if telling

the truth is a dominant strategy, i.e.

Qa[Rn, R* ) (h)Ry@A[R),, R* ;] (h) for all R}, € Ry and R*, € R,
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4.3 The Nested Deferred Acceptance Mechanism

In this section we present a mechanism that deals with the subsidized housing problem. We intro-
duce the Nested Deferred Acceptance (NDA) to find an assignment 4 = (6,¢). The idea behind this
assignment procedure is to compute simultaneously a many-to-one matching, 0, and a one-to-one
matching, @. To do that, the NDA mechanism nests two deferred acceptance (DA) algorithms: in the
first one, each household asks for her most preferred apartment, i.e. the demand of each household is
elicited. Then, we run the nested DA between institutions and those apartments which are demanded

by a household of its type. Formally the NDA proceed as follows:

Initialization
For all households & € H, let A} :=A. and 1 := 1.
A. Eliciting the demand of households
All unassigned households / ask for the most preferred apartment in A}, denoted D/, while matched
households /' iterate their demand to their match, D}, = (pf[l (h).
For all i € I and a € A define the set of households that demand apartment a and i is one of her possible
types:
H'"={hcH|(D),={a})andict(h)}.
For all i € I define the set of apartments to which i can be assigned to an household at an individually

rational matching:

Al={acA|(BhecH"), (a>-} @) and (h >~ @)}.

B. Assignment of apartments to institutions

B.1 All institutions i demand apartments in
Chi(AL, =) = {s € 2 | #s < ¢; and s is maximal for >} in A! }.

Moreover

I'={iel|aecCh(A,>-)}.
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B.2 For all apartments a which received a demand from some institution, the apartment a is tenta-

tively assigned to the institution highest ranked in 7, i.e. a € 6’ (maxy, I’).

C. Assignment of households to institutions and apartments

Each institution i assigns an apartment a € /(i) to the household with the highest priority, that is to
say ¢ (a,i) = max, i H.

For all unassigned household, 4, let A;f' = AZ\maxPhA;l, t:=t+1, go to A. Else stop, if each
household has been rejected from all the apartments in her preference list or is matched.

The tentative matching is the outcome assignment. Each household tentatively matched with a pair
composed by one apartment and one institution at the last step is assigned that apartment by the

corresponding institution in the pair. Other households are assigned the null object @.

We denote by ¢"PA = (6VPA @VPA) the assignment given by the NDA. Note, that the NDA algorithm
has a finite number of steps because each DA ends in polynomial time. In the following example we

show how the NDA mechanism works.

Example 4.3.1. Consider A = {aj,a2}, H = {hy,hy,h3}, I = {i1,i»}. Assume only one district,
8(ay) = 8(az) = 1, households type function is given by t=!(1) = {1,2} and t=!(2) = {hy,h3}. The

quota for both institutions is equal to 1. Households preferences are

Py, Pn, Py,

1
P = ay a a

a aip ai

The priorities of institutions and apartments are the following

1 1 1 2 2 2
>-A >-a1 >'a2 >-A >-a1 >'a2 nal Tca2
1 2
==\ a h h |,*==| a hy h |adn=| 1 2
ar h1 /’ll ai hl /’l3 2 1

Running the NDA, the demand elicited by households at Step 1 is the following

e Apartments demanded by type 1 households are: H; = {h} and H,, = {hy},
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e Apartments demanded by type 2 households are: Hfl = & and ng = {hy,h3}.

Consequently A} = {aj,a2} and A} = {a,}. According to the vector of quotas and the vector of

priorities >4, the set of apartments that each institution chooses is
Chy(A1,-4) = {a1} and Chj (A3, -3) = {a2}.
Therefore, we get tentatively the triads
(h1,a1,1) and (hy,a3,2).

We have that /3 was rejected from apartment /,. Then, the demand elicited by households at Step 2
is
e Apartments demanded by type 1 households are: Hél = {h;} and Hal2 = {hy},

e Apartments demanded by type 2 households are: H7 = {h3} and HZ, = {h}.

ConsequentlyA% ={ay,a,} and Aé ={ay,ay}. Note that institution a; >—}‘ ar and ay >—/1‘ as; MOreover,
the quota of each institution is equal to one. Then, each institution chooses the following set of

apartments

Chi(A},=4) = {a1} and Ch} (A}, =3) = {a}.
Therefore, we get tentatively the triads
(hl,al, 1) and (hz,az,Z).

We have that household 3 has been rejected from all her acceptable apartments Thus, the algorithm

stops, and final assignment is

hi hy h3
:“NDA = a a; 9
1 2 o
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4.4 Interrupters

In this section we show that the assignment produced by the NDA algorithm fails to cope with the
mixité condition and fairness for the same type. The following example show that these problems
arise because some institutions turn out to be interrupters as defined by Kesten (2010). We identified

two types of interrupters.

Example 4.4.1. (There is justified envy for households of the same type). Let I = {ij,ir}, A =
{ay,ay,a3} and H = {hy,hy,h3,hs}, where households type function is given by T1(1) = {hy,hy}

and T71(2) = {h3,h4}. The vector of quotas is ¢ = (2,1). The priorities for the institutions are

1 1 1 1 2 2 2 2
A Ta Ta Ta A Ta Tay Ta
| ai hy hy hy » a hj hs hs
- = , m =
a h hy hy ar Mg hy hy
as as

Households preferences and apartments priorities are

Py Py, Ppy Py,

1
a a ap dai

a ap ax a

as 4as 4asz as

At Step 1 of the NDA algorithm, we have that:
e the type 1 households that demand an apartment are H, = {h;} and H,, = {h},
o the type 2 households that demand an apartment are Hgl = {h3,hs} and ng =d.
Under the priority 7t,,, institution 2 assigns apartment a;. Then, we tentatively get the triads
(h3,a1,2), (hy,az,1).

During Step 2, we have that
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e the type 1 households that demand an apartment are H;z = {h1,h2},
e the type 2 houscholds that demand an apartment are H7, = {h3} and HZ = {h4}.

The priority of apartment a, implies that institution 2 assigns apartment a,. However, its quota is 1

and apartment a; is preferred to a; under >f‘. Therefore, we get temporarily the triad
(ha,az,2).

That is to say, the triads (h3,a;,2) and (hy,ay, 1) are dissolved at the end of Step 2.
Since each household makes an offer to those apartments such that she has not been rejected, at Step

3, we have that:
e the type 1 households that demand an apartment are H,, = {h,} and H,, = {h},
e the type 2 households that demand an apartment are ng = {h3,hs}.

According to the quotas, institutions 1 and 2 choose the set {aj,a2} and a3, respectively. Since

hj >—§3 h4, the tentative assignment is

hi hy hy hy
.U3 = ay a1 a, 9
1 1 2 ©

Thus, household A4 is rejected from a3. During the final Step 4, hy asks for apartment az. However,
Imy,2 and hy € Hé3. Therefore, h4 does not get this apartment and the algorithm stops. Therefore, the

final assignment is

hy hy hy hy
/—lN DA = ay a1 a <
1 1 2 @

Note that Y24 (hy) = a1 Py a3 = @YPA(hy), by =4, hy where 1 = @YPA(hy) = )P4 (hy). Therefore,
household /; justifiably claims the apartment a; to household 4, i.e. there is justify envy for house-

holds of the same type.

124



Previous example illustrates the interruption of type 1. The NDA does not satisfy fairness for the
same type because institution 2 tentatively assigns ap, so household /1 and institution 1 are displaced
from it at Step 1. However, institution 2 does not assign a; at the end of the mechanism due to

ay =% a1 and g2 = 1, i.e. aj is displaced from 6(2) at Step 2. We define formally type 1 interrupters.

Given a problem to which the NDA is applied, we say that i is a type 1 interrupter for a if it exists

1. Stepst to¢+nsuch thata € 6" (i) forallt’ € {¢,t+1,...,t+n} buta ¢ 6" (i) forall ' > t +n,

and

2. institution j # i such that a € Chj(Alj7 >—£) but a ¢ 0'(j) forsome [ € {t,t +1,...,t +n}.

Now, we show an example where the NDA algorithm does not output an assignment that respects

mixité sociale.

Example 4.4.2. (Mixité Condition) Consider I = {1,2}, A = {a,b,c}, H = {h1,h2,h3} where the
households function type is given by T1(1) = {hy,h2,h3} and T~ (2) = {h,}. The vector of quotas
is ¢ = (¢',q%) = (2,1). The of households preferences is

Py, Py, Py,
a a a
P=
b b b
c ¢ c
Institutions priorities over households is
ol sl sl =3 =2 2 2
1 a h1 hl hl ) a h2 h2 h2
- = and >“= —
b hy h b
c hy hy hs c
Priorities over apartments and apartments are
Ty T T
T = I 1 1
2 2 2



Running the algorithm, at Step 1 we have that:
e type 1 households that demand an apartment are H! = {hy,h2,h3},
e type 2 households that demand an apartment are Hj ={hy}.
So, following the priorities, we tentatively get the triad
(h1,a,1).
At Step 2, the elicited demand by households implies that
e type 1 apartments that demand an apartment are H! = {h}, H} = {ho,h3},
e type 2 apartments that demand an apartment are H? = {h,}.
The priority vector 7 determines that
(h1,a,1), (hy,b,1).

At Step 3, household A3 asks for apartment az. So, aj,a»,a3 € A?. Since ay,a, are preferred to as
under >}‘, and 1m,,2, we have that institution 1 assigns apartments aj, a to households hy,h — 2,

respectively. Consequently, A3 is rejected from a3 and the algorithm stops. The assignment produce

by the NDA algorithm is
hy hy hj
H= a b o
1 1 @
On the other hand, the assignment
hy hy h
.U/ = a c¢c b
1 1 2

is a feasible assignment that respects mixité sociale condition. In other words, the market described in

previous example satisfies the over-demand condition. However, the output of the NDA mechanism
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does not satisfy the mixité condition because #0(2) = 0 < g». This interruption is caused because
institution 1 assigns the apartment a, to household h;, where h; has the possibility to receive the

same apartment by institution 2. whose quota is not fulfilled. We define formally type 2 interrupters.

Given a problem to which NDA is applied, we say that i is a type 2 interrupter of the NDA algorithm
if

L @YPA(h) = (a,i),

2. #1(h) > 2, i.e., there exists j € t(h) — {i},

3. in,j ,and

4. #6VPA(j) < gq;.

The triad (h,a,i) is a type 2 interrupting triad for the triad (h,a, j).

Observation 4.4.1. Note that assignment y satisfies mixité condition and does not have type 2 inter-

rupters. However, institution 1 justifiably claims apartment a; to institution 2.

4.5 Nested Deferred Acceptance with Interrupters

We have shown that the NDA assignment is not always fair for households of the same type and it does
not always respects the mixité condition. Moreover, these problems are caused given the existence
of type 1 and 2 interrupters. Following the Efficiency Adjusted Deferred Acceptance Mechanism
(Kesten, 2010), we modify the NDA introducing a second stage where we search for all the interrupter
institutions. Then, these institutions delete the apartment where they caused the interruption from

their priority defined over apartments. That is to say, we define a delete operation on priorities >1"4 .

Let A be the set of all possible priorities > 1’;\, for all i € 1. The delete operation over A is the function
\ : AXA — Asuchthat \ (>, a), or simply > \q, is the priority that declares apartment a unacceptable
for i only if a > @. In other words, the priority > \a drops a from > and holds the original order in >.

Otherwise, > \a =>. Note that Kesten defines this operation over students preferences, the agents
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who makes the proposal, because he identifies that students causes the loss of efficiency during the
Deferred Acceptance mechanism. In our case, institutions, the agents who “receive” the proposal,

cause a loss in fairness and non-wastefulness because the mixité condition is not satisfied.

Now, we introduce the Nested Deferred Acceptance with Interrupters (NDAI). Each step if this mech-
anism has two stage: in the first we run the NDA algorithm, and the second stage actualizes the

priorities of all interrupters. Formally, the NDAI proceed as follows.

Initialization
Counter of iterations over interrupter institutions, x := 0.

STEP 0. This step is divided in the following stages:

Stage 0.1 NDA Phase. Let >—2: (>—2) ic7- Run the NDA algorithm using the profile of priorities and

preferences (=9, ((=)aea)icr, P).-

Stage 0.2 Priorities Actualization. Find the last step of the NDA phase in which an interrupter is
rejected from the apartment which she is an interrupter. For each interrupting triad (h,a,i), do
>1"41:>20 4, and >f;] =>£O if j is not an interrupter. If there is no interrupters, the algorithm

stops.
STEP x. The stages are the following.

Stage x.1 NDA Phase. Run the NDA algorithm with the profile of priorities and preferences (>~}

((~L)aca)ier P).

Stage x.2 Priorities Actualization. Find all the interrupting triads (of any type) in the last step of
the NDA phase in Round x — 1. For each interrupting triad (h,a,i), do >—f§+l=>-z‘ N\, and

Jjx+1

=4 =>1{xx if j is not an interrupter. If there is no interrupters, the algorithm stops.

The output of the previous mechanism is denoted by uVPA/[H A, P,I,~,7s,q]. We know that the
NDA phase is solvable in polynomial time and there are at most #/ interrupters in each stage x.2.

Also, priorities >—2 have a finite length. Therefore, the NDAI is solvable in polynomial, i.e. the

128



number of iterations x is finite. This implies the existence of an iteration x* such that there is no

interrupters in its corresponding NDA phase (Stage x*.1)

Before to present our main result about the NDAI mechanism, it is important to note that 247 is not
fair because there is justified envy between institutions. For an example see Observation 4.4.1, where
the assignment 4/ is equal to uVPAl. The justified envy between institutions is a direct consequence
of the definition of type 2 interrupter. For this mechanism it is not possible to get mixité sociale and

fairness for institutions.

Also, if there is a unique institution in the market, it is easy to see that all the apartments are assigned
by this institution i. Moreover, each pair (i,a) has associated the priority ~'. Hence, we only have
to solved a one-to-one matching problem between pairs (i,a) and households. In other words, the
NDAI coincides with the Deferred Acceptance mechanism when there is a unique institution. Thus,

the NDAI can be understood as a generalization of the DA.

We present our main results about the NDAI mechanism in the following theorem.

Theorem 4.5.1. Consider a subsidized housing market X = (I,H,t,D,Q,A,d,P,,1). We have the

following cases

1. Suppose the existence of at least one assignment that satisfies mixité sociale under X.

A. If mixité sociale and fairness for the same type are compatible, then the assignment u¥PA!
satisfies both properties. Moreover, there is no fair for the same type assignment that

satisfies mixité sociale that Pareto dominates y"PA!.

B. Otherwise, the assignment 1NPA! only satisfies the mixité condition. Moreover, there is no

assignment that satisfies mixité that Pareto dominates P!

2. If there does not exist an assignment that satisfies mixité sociale under X, then pNPA! is fair for

the same type.

3. The NDAI mechanism is strategy-proof.
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Proof. Consider x* the NDAI last iteration where there is no interrupters.
We know that the corresponding Stage x*.1 is solvable in polynomial time, i.e., the corresponding

NDA phase ends at Step t*. By construction, we have that
o OVPAI(j) = Chy(AL =, |gi,a) for all i € I, then 6VPA (a) = i if and only if a € OVPAL(i),

e The function VP4 (-) is defined as ¢VPA! (h) = (a,i) if and only if h = QP4 (a,i) = max,_;~ H

for all (a,i) € Chi(AL, =% |gi,ma) x {i}. So, i € T(h).

Therefore, yVNPAl = (@NPAI @NPATY wwhere OVPAT : TUA — TU2A U {2} and @VPAT : HUT x A —
HU (I x A)U{@}. Moreover, ¢;(h) € t(h) for all h € H. That is to say uVPA is feasible.

Micxité Condition. We have to prove that #H¢ (uVPAT) = ¢¢ for all i € I.

By definition, we know that 8VPA! (i) = Ch;(A" =, |g;,74), then institution i chooses its highest
ranked apartments such that its quota in each district is not violated. So, #Hid (uNPAT) < q?.

Now, we need to prove that #H¢ (uVPAT) > g¢. We proceed by contradiction assuming that #H¢ (uVPAl) <
q?. Consequently, institution i does not fulfilled its quota, #6(i) < g;, and we have that ¥;c; #0VPA (i) <
Yic1qi = #A. This implies the existence of at least one apartment a that remains unassigned, 6VP4! (a) =
&. Moreover, we assume the existence of at least one assignment that satisfies the mixité. Such as-
signment ensures the existence of a household % such that @¥PA/(h) = & and t(h) = i because we
consider that "PA! does not satisfy the mixité condition. Since P, is a strict preference list of all
apartments, we have that h € Hé’ and a € Aﬁ, for some Step ¢, at iteration x*. We have two cases:

- First case, institution i is not an interrupter of apartment a, that is to say, a >if* @. Thus, we have

the following subcases:

LA Institution i does not choose this apartment at Step 7, i.e. a ¢ Ch;(A!, =, |gi,Ta). Moreover, we
know that #6(i) < ¢g; and a € A!. Consequently, there must exists an institution j # i such that
apartment a belongs to Ch;;(A’;, >£ |qj,7a). So, some household /' = max_ j HJ' is tentatively
assigned to a by institution j. However, apartment a remains unassigned at the end of the NDAI
algorithm, this means that the triad (#,a, j) was deleted in some later Step. We conclude that

institution j is a type linterrupter for apartment a, which contradicts the election of x*.
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I.B Institution i chooses this apartment at Step 7, i.e. a € Ch;(A, >f4 |gi, T4 ), we have two possibili-
ties: h =max,; H i or not. Let 4’ the household assigned to a under i. Since 6V (a) = & and
#ONPAL(i) < q;, we conclude that /' was displaced in some later step by an institution j with a
higher priority under 1t,. At the end of the algorithm, j does not assigned apartment a. That is

to say, the institution j is a type 2 interrupter, which contradicts the election of x*.

- Second case, institution i is an interrupter of apartment a, that is to say & >X‘* a. So, we analyze

each type of interruption in the following subcases:

ILA Institution i is a type 1 interrupter for a in some iteration x’. By definition, institution i tentatively
assigns a to some household /" at Step ¢, but the apartment a is not assigned by i at the end of the
NDAI algorithm. Then there exists institution i’ # i interested in apartment a in {¢, +1,...,f+
n} and im,i’ because a ¢ Chﬁ,, (AL; =4 ,gy) On the other hand, institution i rejects apartment a
because its quota its fulfilled or there exists an institution j # i with a higher priority than i
under 1,. The first case is not possible because we assume that #6(i) < ¢;. Then, we have
that jm,im,i’. Since 8(a) = @ we conclude that j is a type 1 interrupter for apartment a and
the interruptions occurs after the interruption made by institution i at iteration x’. Therefore,
the last interruption does not occur at Step ¢ of the stage x’.1. This is a contradiction with the

election of x’ and 7.

IL.B Institution i is a type 2 interrupter for a in some iteration x < x*. Then there exists an institution j
and a household % such that the quota of j is not fulfilled, i has a higher priority than j under 7,
both institutions belong to the type set of / and institution i assigns the apartment a to A. Since
the apartment a remains unassigned, the apartment a was displaced from j because its quota is
fulfilled with a higher ranked apartment than a under >£0r by the existence of an interrupter.
The first case is not possible because j needs the apartment a to fulfilled its quota. So, deleting
a from all the interrupters of (a,h, j), we conclude that a must belong to 6(j). Otherwise, we

will have that x* is not the last iteration.

We get a contradiction in any case. Hence, #oNDAI (i) > q;. Therefore, the mixité condition is satisfied

#ONPAL(j) = g; for all i € 1.
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Non-wastefulness. We proceed by contradiction. Suppose the existence of a triad (h,a,i) such that
aP,@YPA (), 8¥PAl () = & and the institution i can assign the apartment a to the household 7, i.e.
#ONPAL(i) < q;, h =1 @ and i € T(h). As before, let x* be the last iteration where no institution is an

interrupter. So, at stage x*.1, in some Step ¢ of the NDA phase we have that
he H!and a € AL

Moreover, we know that #9VPA! (i) < g; and Ch;(A!, =) = {s € 247 | #5s < g; and s is maximal for -,
in A%. Thus, I, # &, particularly i € I},.So, consider i’ € I, such that a € Chy (A?,,Jt"/).
On the other hand, 8¥°4/(q) = @ then a is displaced from 8VPA (i) by some i”, but she does not
assign it. This means that i” is a type 1 interrupter, which contradicts the election of x*. Therefore,
wVPAL s non-wasteful.
There is no justified envy. Let x* be the last iteration of the NDAI algorithm. Consider households
h, i’ such that

@) P () = @ PY (') = i and a = @) (1) P P ().
So, apartment a is acceptable for both households.
Consequently

heH"and i € H"

for some Steps 7, ¢’ during the NDA phase at Stage x*.1. Since there are not interrupters at iteration

x* and a € OVPAL (i), we have that

a € Chi(AS, =) for all s > min{z,7'}.

NDAI

Moreover, i’ = max, ; H for all s > ¢’ because a = Q)P4 (h'). We analyze the following cases:

Case I. Consider ¢’ <t. We know that ' = max,_; H for all s >t and h € H”. Then h is not

assigned to a because &' = h.

Case II. Suppose that ¢ < ¢’. Since 7 € H' and a € (i), we have two possibilities: household # is
the household in H with the highest priority under =/, or not. In any case, institution i assigns
the apartment a to some household /" at Step . By definition, 7" = max,_; Hj, it then b =i h.
However, i’ = max,_; H" at Step ¢’ and @(i') = (a,i). That is to say, #” is displaced from a by

an household with a higher priority under ~!. By transitivity, we conclude that &’ = h.
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In any case, &’ =/ h. Therefore households does not have justified envy under V4!, So, the assign-
ment yVPA7 is fair for households of the the same type.

Pareto Undominated. Now, we prove that there is no fair for households the same type assignment
that Pareto dominates assignment gVPA!,

We proceed by contradiction. Let u be a fair for households of the same type assignment that Pareto
dominates the assignment p"PA. Thus, @4(h) = @YPA(h) for all h € H, but exists at least one
household /* such that strictly improves under @, that is to say @ (h*)Py-@YPA (h*).

Now, let hq be the household that is assigned to the apartment o under the NDAI algorithm. So,

@YPA (hy) = o for all o € A. Particularly, we have that

NDAI(/’la)

Da =a=Qa(h")

Moreover, denote by @;(h*) = i, @¥PAL(h*) = i*, @;(h,) = j and @YPA(h,) = j*, the corresponding
institution that assigns an apartment to the households £, A,,.
We define and denote the set of households that improve (and remain equal) under the assignment u

as follows:
H™={he H:s(h)Po\P(h)} and H= = {h € H : o4 (h) = ¢} P (h)}.

It is easy to note that HY NH~= =@ and HT NH™ = H.

In the spirit of the decomposition lemma, consider 2 € H™ and b = @4 (h). We know that exists the
household 4, because ¢! is non-wasteful and respects the mixité condition. Since u is a fair for
households of the same type assignment, we have that @ (hp) # @YPA (k). So, hy, ¢ H=, this implies
that 4, must belong to H'. In words, the assignment u re-allocates all the apartments in (pg DAL+

between the elements in H .

We know that #* € H*. Then there exists household &, € H* such that we have the following cycle:
aPy- @y M (1), @Y PV (W) Pra = Q1P (ha) and @4 (ha) = f P (A7) = a".

This cycle arises during the last iteration of the NDAI algorithm because there exist households 7/,
and h% that are tentatively assigned to (a, ;') and (@YP4(h*),i") at Steps t,, 1, respectively, but are

rejected in later steps. We analyse the next cases
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Case 1. Suppose that i = i* = j = j*. Since u is fair for households of the same type, previous cycle
implies that assignment u/VP4/ is not fair for households of the same type.

Case II. Otherwise. Without loss of generality, consider that 7, < 3. We conclude that institution j
is a type 1 interrupter of (h*,a,i). This is a contradiction because there is no interrupters at iteration
x*. Analogously for larger cycles.

In any case we get a contradiction by assuming that 1?4/ is Pareto dominated. O
To prove the strategy-proofness, we need the following concepts.

Definition 20. Consider that R, is the true preference list of each household 4. A dropping strategy

is a preference list R}, such that

1. R}l preserves the order of the true preference list. Thus, aR}lb = aRyb, and

2. All unacceptable apartments under R;, are also unacceptable under R;. So, @Ra = @R)a,

foralla, b € A.

For each apartment a, let R} be the dropping strategy where all the apartments preferred to a under
Ry, are declared unacceptable, i.e. if bP,a then @R}b. As Kojima and Pathak (2009), we have that
dropping strategies are exhaustive, that is to say, every possible apartment for a household 4 can be

gotten through a dropping strategy, when other preference list remain unchanged.

Lemma 4.5.1. (Dropping strategies are exhaustive) Fix a household h. Suppose that h reports R;, and
other households preference profile is R_j. Also, consider that Q[R|(h) = (a,i). Then @4[RIR_)(h) =
a = @a[R](h), for all R, € Ry,

Proof. We proceed by contradiction, suppose that @,[R7,R_p](h) # a. Consider x* the last iteration
of the mechanism with the profile (R%,R_;). By assumption, household & was rejected from a at
some Step 7 > 1 during the NDA phase at Stage x*.1. Consequently, there exists a household /4’ such

that Q[R},R_p] (') = (a, j). We have the following cases:

Case L. If j =i, the allocation Q[R?,R_](K') = (a, j) implies that &’ >, h. On the other hand, we

know that each household of type i makes an offer to apartment a during the last iteration
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because there is no interrupter institutions. Since @,[R](k) = a, we conclude that & =, h'. We

get a contradiction.

Casell. If j # i, we know that i was rejected from a at some Step 77 > 1, then jm,i because
®[RY,R_;)(h') = (a,j) and a € O[R](i), institution i prefers assign a by the mixité condition.
In other words, is not possible that i does not assign a to & by quota restrictions. On the other
hand, the output of the NDAI[R,R_;] procedure also satisfies the mixité condition. Conse-

quently there exists an apartment b such that

b # O[R}, R (j) and b € B[R] ()),

in words, the apartment a displaced the apartment b from institution j. Moreover, other house-
holds do not change their preference lists, then a,b € A, and #A4', > g; at some Step ¢ during
the last NDA phase under the profile (R{,R_j). We have that a >—1{; b because Q[R?, R_;|(h) =
(a,j). However, a ¢ O[R](j) although /' € H]™ at some step t. Since there is no interrupter

institutions at last NDA|R] iteration, we conclude that iw, j. This is a contradiction with jT,i.

In any case we get a contradiction by assuming that @, [RZJ?JL] (h) # a.

NDAI

Strategy Proofness. Let R , € R_;. and ¢, [Ry,R" ,](h) = a,, Since dropping strategies are

exhaustive, we will show that & cannot get an apartment with a higher rank that ay,, i.e., there is no

NDAI

strategy R}, such that ¢, "' [R,,R" ,](h) =a,, forallr=1,2,...,s— 1. We proceed by induction over

s, the rank of @YPAT[R,, R" ,](h).

Induction Base. For s = 1, we have that ¢}/

[Ri,R"_,|(h) = ay, is the most preferred apartment of
h. Therefore, h cannot get a better apartment.

If s = 2, during the NDA phase at Stage x*.1 we have that household / was rejected from her most
preferred apartment because. 1) there exists household 4’ such that 9¥PA (1) = (ay,,i) and i’ =, h, 2)
apartment a,,, is assigned by an institution jm,, i, foralli € T(h) or 3) (h,ay,,i) is a type 1 interrupter
triad for some i € T(h).Therefore, h cannot get her most preferred apartment.

If s = 3, it is clear that 4 cannot get her most preferred apartments by the same reasons exposed in

previous case.. Now, we show that apartment a,, is not possible for # when R’ , is fixed. We proceed

by contradiction, suppose that a,, is possible. First, we know that @YPA/[R,,R’ ,](h) # ay,, there
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exists 4’ such that @YPA[R,,R" ,](K') = ay,. This implies that 4’ does not get a;, by one of the same
reasons that 4. Since in the last iteration there is no interrupter institutions and other households
report the same preference list, we have that h € H;fz = Héé; at some Steps #, ¢’ respectively. Then
ay, is assigned to /' because: jmg, ior K >22h h.

On the other hand, if ay, is possible for &, the exhaustiveness of dropping strategies implies that

QYPA[R.*" R ,](h) = az,. Hence, there exist Steps 7, ¢’ at Stage x*.1 of the NDA[R, " ,R'_,] such that

heH!

a, > = Hcﬁh. Then ay, is assigned to & because: Mg, J OF h >22h h'. We get a contradiction in

any case.
Hypothesis of Induction. If (pr DAlIR, R »(h) = ay,, then apartments a,, are not possible for A, for
allr€ {1,2,...,n—1}.

Induction Step. For s = n+ 1, we have to prove that apartments a,, are not possible for A, for
all r € {1,2,...,n}. We proceed by contradiction, i.e., suppose that apartment ay: is possible for
some r* € {1,2,...,n}. By the induction hypothesis, we have that apartments a,, are not possible
for h for all r € {1,2,...,r* — 1}. Analogously to the case s = 3, we get a contradiction because
QXY Ry, R 1(h) # ay:.

Then, household % cannot get an apartment preferred to @4[R,, R’ ,](h), for all fixed profile R’ ,
Therefore, the NDAI mechanism is strategy-proof.

Suppose that an assignment that satisfies mixité sociale does not exist. During the last iteration
of the NDALI, we have that #Ch’ < g; for all step ¢ of the NDA phase. Consequently, the assignment
wVPAL is fair for the same type because in the last step there are not interrupters, and each institution
assigns an apartment according to {Ch };y.

Suppose that mixité sociale and fairness for the same type are not compatible We proceed anal-
ogously to the proof of mixité sociale. Justify envy arises because the algorithm is forced by type
2 interrupters to reach mixité sociale even if the household in the interrupting triad does not get the
same apartment. Moreover, if we assume that /VP4/ is Pareto dominated by a mixité assignment, then
we find interrupters during the last iteration of the NDAI algorithm.

Therefore, the interrupters of the NDAI algorithm can determine the compatibility between fairness

for the same type and mixité sociale. [
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Previous theorem establishes that the assignment p/VPA!

is fair for the same type and satisfies the
mixité condition in markets where these two concepts are compatible. However, we can not generalize
the existence of such assignments for all markets. Even more, there are markets where an assignment

that satisfies mixité does not exist. The following section focuses on these problems.

4.6 Existence issues

It is important to recall that a fair for the same type assignment that respects the mixité condition does

not always exists.

Example 4.6.1. Consider a subsidized market such that H = {h,hy}, I = {i1,i>} and A = {a1,a2}.
The type function is described by 1! (i) = 17! (i2) = {h1,h2}. Households preferences and institu-

tions priorities are

Phl th >1141 >31 >i112 >1142 >;2, >z122
P=1 a a and =1 a h h a h h
a, a ar h ar h

The priorities of apartments over institutions are T,, = T, : i1, 2.

Note that the only individually rational assignments that satisfies the mixité condition are
hy hy hy  hy
H= a a and ,U/ = a a
i1 I ip 11

In both cases, we have that
arPy,ay and hy >Z’2 hy, forall j =1,2.

So, household £ has justify envy over the household of the same type h,.

4.6.1 Analysis of Mixité

Mixité sociale is not guaranteed

An assignment that respects mixité does not always exists.
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Example 4.6.2. Let H = {hy,hy,h3}, A ={aj,as,a3} and I = {1,2}. The type function is described
as follows T~ (1) = {hy,hy,h3} and 1='(2) = {h }. The quotas are ¢! =2 and g*> = 1. The institutions

priorities are

1 1 1 1 1 1 1 1
i e
a hh h a hh h
—= and >
a h a
ay h3 az

Since h; is the unique household of type 2, in order to satisfy the mixité condition, we have that ¢;(h;)
for all assignment u. So, hy, h3 must be assigned through institution 1. This condition generates a
non-individually rational assignment because @ =,; ha, h3 for all j € {1,2}. Therefore, in this market
it does not exist an IR assignment that respects the mixité condition.

The NDAI and the existence of mixité sociale

The NDALI algorithm is also useful to identity the compatibility between fairness for the same type

and mixité sociale. According to Theorem 4.5.1 we have that

1. Mixité sociale and fairness for the same type are compatible if during the last iteration of the

NDALI algorithm there is no interrupters,

2. Suppose that a mixité sociale assignment exists. Fairness for the same type and mixité sociale

are not compatible if during the last iteration of the NDAI there are type 2 interrupters, and

3. An assignment that satisfies mixité sociale does not exist if some institution never reaches its

quota in the last iteration.

A condition for the existence of mixité sociale

A hyper-graph Y is an ordered pair ¥ = (V[{'], HE[{']) where V[V] is the set of nodes; and HE[Y] is
the set of hyper-edges é C V[Y].

Considering a subsidized housing market X = (I,H,7,D,Q,A,8,P, =), let H. = {h € H | aP,@ and i €
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t(h)} be the households of type i that prefers the apartment a to remain unassigned. With this infor-

mation, we can infer a demand matrix.
Definition 21. A demand matrix is a matrix D = (Ayg) such that Ay = Hg where oo € I and 3 € A.

Since INA = @ and institutions are not interested in other institutions, the demand matrix is in fact the
matrix of adjacency? of a bipartite hyper-graph. Formally, the bipartite hyper-graph induced by X
is a hyper-graph Y = (V[Y],HE[Y]) where the set of nodes is V[Y] = IUA, and the set of hyper-edges
HE[Y] is a subset of U;c;2{ %A We say that ¢ € HE[Y] is a hyper-edge if it satisfies the following

two conditions:
1. éC{i} xA,so|énI|=1,and
2. H! # & forall (i,a) € é.

Condition (1) says that hyper-edges must not contain more than one institution. Condition (2) is about
the relation between an institution and an apartment; that is to say, the institution i is interested in the
apartment a, both nodes in the same hyper-edge, if some household of type i demands the apartment
a.

A subset C C HE[Y] is a matching if no pair of hyper-edges in C has nodes in common. A node
v € V[Y] is covered by the matching C if v is element of a pair in some hyper-edge of C. An institution
i fills its quota whenever it is covered by a hyper-edge é with cardinality ¢;. A matching is perfect if it
covers all the nodes in the bipartite hyper-graph Y. Consider S C V[Y], the neighbourhood of S is the
set Ny (S) = {v € V[Y] | if there exist é € HE[Y] that covers v and an element s € S,s # v}. We say
that x is a neighbour of y if there exists a hyper-edge é that covers x and y. Since we do not consider
the existence of loops*, a single node is not its own neighbour. Therefore, S is not necessarily a subset

of it neighbourhood.

Example 4.6.3. Consider the hyper-graph Y with nodes V[Y]| = {i, j} U{ai,a2,a3,a4,as} and hyper-
edges HE[Y] = {é1,é,} where é; = {(i,a1),(i,a2), (i,a3)} and é; = {(j,a4),(j,as)}. Now, let S| =

3Consider x, y nodes in V[¥], the matrix of adjacency is a matrix (a,y) such that a,, # @ if and only if there is a

hyper-edge that contains x and y.
4For anode v € V[Y], aloop is the hyper-edge é = {(v,v)}.
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{i,ap} and S, = {i, j}. The corresponding neighbourhoods are

Ny(S1) ={i,a1,az,a3} and Ny[S>| = {ay,az,...,as}.
Note that S; C Ny (S1) and S» € Ny (S2).
The following example shows the construction of a bipartite hyper-graph.

Example 4.6.4. Consider the market H = {hy,h,h3,ha,hs}, I = {1,2,3} and A = {a1,a2,a3,a4}.
The type function is described by t=! (1) = {h1,ho}, 7 1(2) = {h3,hs} and 7= (3) = {h3,hs}. House-

holds preferences are the following

Py Pn, Ppy Py, Py

1 3

ay ay a4 az a

a) as [75) ay as

a3 a4 a; a) a4
The corresponding demand matrix is:
aj ap as aq

1 h hl,hz h1,h2 hy
2 h3hy h3  h3,hy

3 h3,hs & h3,hs h3,hs
Consequently, an hyper-graph is V =IUA and HE = {é;,é,,é3,é4} where
e = {(1,&1),(1,614)}
& = {(1,611),(1,612),(1,613),(1,614)}

é3 = {(2,611), (Z,Clz), (27a4)}

éy = {(3,611), (3,613)}-
Previous hyper-graph is represented in the Figure 4.1.

Observation 4.6.1. In the previous example, all hyper-edges have a; as a common node and only a;.

Therefore there is no matching with cardinality more than 1. So, each hyper-edge is a matching.
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€:

€:

€.

3

Figure 4.1: The institutions and apartments are represented by a node. The hyper-edges are illustrated as a

box with its corresponding nodes.

Now, finding an assignment that satisfies the mixité condition is equivalent to finding a matching
1. that covers all the nodes in V[Y] N/, and 2. such that the cardinality of the hyper-edge é that
covers each i is equal to g; + 1. Our objective is finding a condition that guarantees the existence of a

matching with cardinality /.

Recall that a bipartite hyper-graph includes hyper-edges of all cardinalities. Then, perfect matchings
in a bipartite hypergraph cover all the institutions, but cannot satisfy the mixité condition. In order to

avoid this problem, we focus our attention on a specific bipartite hyper-graph.

Definition 22. Considering a subsidized housing problem (I,H,t,D,0,A,d,P,,n), a subsidized
housing hyper-graph A is an ordered pair (V[A], E[A]) such that V[A] = I UA is the set of nodes, and
the set of hyper-edges is E[A] = {& C Ujc, 214 | #(6NA) = g; if i € é}.

Remark 1. The subsidized hyper-graph does not always exist. For example, consider a market with
only one institution, three households and two apartments. If an apartment is not acceptable for all the
households, all the hyper-edges in the induced hyper-graph cover the institution and the acceptable
apartment. So, there are no hyper-edges such that #(éNA) = 2, that is to say, the subsidized hyper-

graph does not exist. Moreover, the mixité condition is never reached.
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We need some condition over the size of the market to guarantee the existence of hyper-edges that

cover the quota of each institution.

A subsidized housing market satisfies the hyper-edge condition if for all apartments b # a, there

exists a household /!, € H! such that h!, ¢ H,.

Proposition 4.6.1. If a subsidized housing market satisfies the hyper-edge condition, then the subsi-

dized hyper-graph exists.

Proof. For each institution i, we have to prove the existence of at least one hyper-edge € such that
icéand#(éNA) =g

Consider an apartment a and an institution i. Since the market satisfies the hyper-edge condition,
there exists a household k!, € H}, such that i), ¢ H; for all b # a. In other words, H., N H} = & for all
a # b, there exists h, € H, such that h, € H. and h, ¢ H; for all apartment b # a. Moreover, it is clear

that H # @. Consequently, all the apartments are demanded by the institution i. Therefore, there

exist % hyper-edges ¢ that covers institution i and #(é N A) = ¢;. That is to say, the subsidized
hyper-graph exists. []

For simple graphs, the Hall’s theorem® establishes a necessary and sufficient condition to guarantee
the existence of a perfect matching in simple bipartite graphs. The generalization of the Hall’s Theo-
rem for hyper-graphs remains as an open question. However, there exist sufficient, but not necessary,

conditions that determine the existence of a perfect matching in a hyper-graph.
A transversal is a subset T C V with the property that ENT # & for all E C HE. We denote by n[Y]

the maximum cardinality of a matching in ¥, and t[Y] the maximum cardinality of a transversal of Y.

Remark 2. Let r > 2. A bipartite hyper-graph satisfies the Haxell’s condition if 6N /| = 1 and

|eNA| <r—1forallé € HE.

SHall’s Theorem. Consider a bipartite hyper-graph ¥ such that |¢| = 1 for all ¢ € E[Y]. A perfect matching exists if
and only if #5 < Ny (S) for all S C N[Y].
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It is important to note that subsidized hyper-graphs satisfies the Haxell’s condition by definition: an

hyper-edge ¢ is a subset of {i} x A for some i € I and its cardinality is equal to g;. So,

énl|=1and

|eNA| <g*+1—1forall é € HE, where ¢* is the highest quota.

Theorem 4.6.1. If Y = (V,HE) is a subsidized hyper-graph that satisfies the hyper-edge condition

and t(Yc) > (2r—3)(|C| — 1) for every C C I, then a perfect matching exists.

Proof. This is the application of Theorem 3 in Haxell (1995) for subsidized hyper-graphs. U
Previous theorem ensures the existence of a permutation of apartments such that each institution i
is assigned ¢g; apartments. However, we have not solved the subsidized housing problem. We need

to ensure the existence of enough households to be assigned one apartment from one and only one

institution.

A subsidized market satisfies the labelled condition if there exists a household 4!, € H! such that

i ¢ Hl{ for all apartments b € A and j # i.

Therefore, to guarantee the existence of at least one assignment that satisfies mixité, a subsidized

housing market must satisfy the following condition.

A subsidized housing market satisfies Mixité Existence Condition if there exists /4!, € H! such that
1. K, ¢ Hj for all apartment b # a.,
2. hi ¢ H] forallac Aand j eI\ {i}, and
3. 1(Ye) > (2¢* —3)(|C| — 1) for every C C I, where Y in the correspondent subsidized hyper-

graph.

The subsidized housing market described in Example 4.3.1 does not satisfy the Mixité Existence

Condition because t!(1) = {hy} and i, € T-1(1). That is to say H! NH? # @.
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4.6.2 Analysis of Fairness

We can ensure the existence of at least one fair for the same type assignment.
Proposition 4.6.2. There always exist at least one fair for the same type assignment.

Proof. Randomly, we can choose a matching 0 between institutions and apartments such that no
apartment remains unassigned. Then, as in a School Choice problem, we run the following Deferred
Acceptance algorithm:

For each household h, consider A, = {a € A: 07 1(a) € t(h)}.

Step 1. Each household demands her most preferred apartment in A;. Among the households that
demand each apartment a, the pairs (0! (), a) tentatively accept the highest priority household under

>_2" (@)

. The pair rejects the other households.

Step t. Each household that was rejected in the previous step demands her most preferred apartment in
Ay, that has not rejected her. Among the households that demand each apartment a and the households
tentatively accepted in the previous step, the pairs (8~ !(a),a) tentatively accept the highest priority

(@)

-1
household under >—2 . The pair rejects the other households.

The assignment produced by previous procedure in denote by ¢34, For some household £, suppose

the existence of a household /' such that
QA (R )P4 (h) and @; (1) € t(h).

By construction of the algorithm, the households 4 and 4’ demand the apartment @4 (/') in some steps

t, ' € N. Without loss of generality, we assume that ¢ < t. Consequently, the institution 8! (a)
-1
(a)

assigns the apartment a to the highest household under >2 . Thus, we conclude that
r 87!
h =, h.
Therefore, ¢SP4 is a fair for the same type assignment. [

The existence of interrupters induces loss in fairness.

Proposition 4.6.3. If there are not interrupters, the i"PAl is fair.
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Proof. We proceed by contradiction. Consider the existence of a blocking pair triad (4, a,i) such that
1. aPy@PA(h),
2. a7 b, form some b € OVPA(j),
3. in, (8P~ 1(a), or i = (8NPY) "1 (a),
4. h=i @, orh =i 0 ! (a,i).
Case L If a = b, we have that a € 8(i). By construction of the NDAI, we know that

(¢'(a,i)) ! = maxH!

-
forallz € {1,...,t,4 }. Moreover, the apartment a is acceptable for household 4 and i € T(h), so there

exists step * such that i € H' . Since @(h) # (i,a), we conclude that
¢ '(a,i) =, h.

Since there is no Type 1 interrupters, previous paragraph induces a contradiction because h >/,

0! (a,i).
Case IL. If a # b, since aP, < and i € t(h), there exists step * such that

heH" and a € A,

Moreover, a € 6(j), for some institution j # i, because a ¢ 6(i). By construction of the NDAI

algorithm, in some step ¢’ > t* we have that
. .
ac Ch,'(Ai- , >—114) ﬂChj(Aj, >-IJ4)
This implies that
jnaia
which is a contradiction because we assume that in,0~!(a) = j and there are not type 2 interrupters.

In any case the contradiction arises because we assume the existence of a blocking triad. Therefore,

NDAI

the assignment is fair. [

Conversely statement is not always true, that is to say, there are interrupters even if the @A/ is fair.
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Example 4.6.5. Let H = {h,hy}, I = {1,2} and A = {a;,a, }. Households preferences are

Py, Py,
P = ap ai
ay ap

The type function is described by T-1(1) = {h1,h} and T-1(2) = {h,}. The institutions quotas are

q1 = g2 = 1, and priorities institutions are

1 1 1 2 2 2
>_A >_a1 >_a2 >_A >a1 >_a2

1 2
= an h hy and == an hy ho

ar hy ai

Finally, we assume the following apartments priorities T,, = Ty, : 1,2.
Running the NDALI algorithm, in first step of the NDA phase we have that
Hy!' = {h,h},H}! = {ho}, and H,] = H;] = @.

Since 17,2, we tentatively get the triad

(hl,al,l).

Consequently, household 45 is rejected from apartment a;.

At second step, households that demand an apartment, according to its type, are
H,> ={m},H;? =@, and H,} = H} = {hy}.

Since ap }‘ ay, household £ is rejected. The tentatively triad is

(hz,az, l).

At step 3, after eliciting households demand, we have that

Hy) = Hg) = @,H,) = {h1,ho} and H, = {ha}.
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Since 17,,2 and hy >;2 h1, the final assignment in the first NDA stage is

h hy
“IIVDA | o &
g 1

Previous assignment does not satisfy the mixité condition. Moreover, institution 2 can assign apart-
ment a, to household h,. Therefore, (hy,az,1) is a type 2 interrupter triad. Consequently, we actualize
institutions priorities

21 20 11 10
A =0 \a2, 4 =>4 -

Running a second round of the NDA phase with priorities ='= (>='!,=21), the final assignment is

hy hy
W2 | | =P
1 2

Also, note that ¢"PA7 is fair and satisfies the mixité condition, even in the presence of type 2 inter-

rupters.

4.7 Concluding Remarks

We model the subsidized housing problem in Paris as a three sided market. Specifically, we assume
that institutions have priorities over the total pool of subsidized apartments, and apartments have pri-
orities over the set of institutions. However, both assumptions are not formalized in the real problem
and can be not necessary. We would like to investigate if a fair for the same type assignment that

respects mixité sociale exists in a simpler model that do not consider these priorities.
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