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𝑥 𝑙(𝑥)
𝜆(𝑙∗(𝑥)) = 𝛼 + 𝛽𝜆(𝑙(𝑥))𝑙(𝑥) 𝑙∗(𝑥) 𝜆(𝑙(𝑥))

𝜆(𝑙(𝑥)) = 𝑌(𝑥) = 12  ln (1 − 𝑙(𝑥)𝑙(𝑥) )
𝑝 𝜆(𝑝)

𝜆(𝑝) = 12  ln ( 𝑝1 − 𝑝)
𝛼 𝛽𝛼 𝛽

𝛼 𝛽𝛽 = 𝑌2−𝑌1𝑋2−𝑋1 𝛼 = −𝛽(𝑋1) + 𝑌1𝑌1(𝑥) 𝑌2(𝑥)



�̂�2(𝑥) = 𝛼 + 𝛽(𝑌1(𝑥))
𝑥

𝑙2(𝑥) = 11 + 𝑒2�̂�2(𝑥)

𝑛 = 2,3, … 



general es “la resistencia que tiene el hombre para evitar  la muerte disminuye a una tasa 

proporcional a ella misma, en el tiempo”

𝜇𝑥 = limℎ→∞ 𝑙𝑥 − 𝑙𝑥+ℎℎ 𝑙𝑥 = − 𝑑𝑑𝑥 ln (𝑙𝑥)



𝑑𝑑𝑥 1𝜇𝑥 = −ℎ 1𝜇𝑥ℎ
𝜇𝑥 = 𝐵𝐶𝑥

𝑥 ≥ 0, 𝐵 > 0, 𝐶 > 1 𝑥 𝑙𝑥)
𝑙𝑥 = 𝑘𝑎𝑏𝑥

𝑘 𝑎𝑏 𝑥𝑙𝑥 = 𝑘𝑎𝑏𝑥


𝑙𝑥
𝜇𝑥 = 𝐴 + 𝐵𝐶𝑥
𝑥 ≥ 0, 𝐵 > 0, 𝐶 > 1, A > −𝐵



𝑘 𝑆 𝐷 𝐶
𝑙𝑥 = 𝑘𝑆𝑥𝐷𝑐𝑥

𝑥 𝑙𝑥


𝑥
𝑙(𝑥) = 𝑘(𝑤 − 𝑥)



𝑙(𝑥) 𝑥 𝑘 𝑤
𝑙(𝑥) = 𝑎 − 𝑏𝑥 𝑏 > 0 𝑎 = 𝑙(0) 𝑤 = 𝑙(0)𝑏 0 < 𝑥 ≤ 𝑙(0)𝑏

𝜇(𝑥) = 𝑏𝑙(0) − 𝑏𝑥

𝑞𝑥 𝑛 = 𝑛 𝜇(𝑥) 



𝑌(𝑥) = 𝑘𝑎𝑏𝑥



𝐹(𝑥) = 𝑇𝐺𝐹 ∗ 𝐴𝐵𝑥

𝑎 𝑏
�̂�(𝑥) = 𝑎 + 𝑏 𝑉𝑆(𝑥)

𝑀
𝑀 = ∑𝑀𝑖𝑖 = 𝑁(𝑡 + 𝑛) − [𝑁(𝑡) − ∑𝐷𝑖𝑖 ] = 𝑁(𝑡 + 𝑛) − 𝑁(𝑡) + ∑𝐷𝑖𝑖𝑖 𝑡 𝑡 + 𝑛

𝑛 años más. Lo anterior expresa “la proporción de una población hipotéticamente cerrada 

que lograría sobrevivir de un censo a otro” 

𝑀(𝑡, 𝑡 + 𝑛)(𝑥 + 𝑛) = 𝑁(𝑡 + 𝑛)(𝑥 + 𝑛) − [𝑁(𝑡)(𝑥) ∗ (𝑛)𝑝(𝑥)](𝑛)𝑝(𝑥)𝑥 𝑡 𝑥 + 𝑛 𝑡 + 𝑛



𝑇𝑁𝑅
𝑟∗,

𝑟∗ 𝑟∗

𝑁(𝑎) = 𝑁(0)𝑒−∫ 𝑟(𝑥)𝑑𝑥𝑎0 𝑒∫ 𝑖(𝑥)𝑑𝑥𝑎0 𝑝(𝑎)
𝑁(𝑎) 𝑎𝑟(𝑥) 𝑥𝑖(𝑥) 𝑥𝑝(𝑎) 𝑎

𝑡 𝑝∗(𝑎)



𝑎𝑡
𝑝∗(𝑎) = 𝑒∫ 𝑖(𝑥)𝑑𝑥𝑎0𝑝(𝑎)

𝑁(𝑎) = 𝑁(0)𝑒−∫ 𝑟(𝑥)𝑑𝑥𝑎0 𝑝∗(𝑎)𝑝(𝑎)
𝑇𝑁𝑅∗ = ∫ 𝑝∗(𝑎) 𝑝(𝑎) 𝑚(𝑎)𝑑𝑎∞

0

𝑇𝑁𝑅



𝑋 𝐹𝑋(𝑥) = 𝑃(𝑋 ≤ 𝑥) 𝑥𝐹𝑋(0) = 0𝑋𝐹𝑋(𝑥)
𝑆𝑋(𝑥) =  1 − 𝐹𝑋(𝑥) =  𝑃(𝑋 > 𝑥) 𝑥 𝑆𝑋(𝑥)𝑋 𝑥

𝑋 𝑆𝑋(0) = 1 𝐹𝑋(0) = 0𝑓𝑋(𝑥) =  𝑑𝐹𝑋(𝑥)𝑑𝑥 = − 𝑑𝑆𝑋(𝑥)𝑑𝑥
𝑓𝑋(𝑥) 𝑥 𝜆𝑋(𝑥) =𝑓𝑋(𝑥)𝑆𝑋(𝑥) = − 𝑑𝑙𝑜𝑔(𝑆𝑋(𝑥))𝑑𝑥 𝜇𝑋(𝑥) 𝑥

ΛX(x) = ∫ 𝜆𝑋(𝑢)𝑑𝑢 = −𝑙𝑜𝑔𝑆𝑋(𝑥)x0



(𝑥, 𝑥 + 𝑑𝑥)𝑥 𝑓𝑋(𝑥)𝑑𝑥 = 𝑆𝑋(𝑥) 𝜆𝑋(𝑥) 𝑑𝑥𝑓𝑋(𝑥) = 𝑆𝑋(𝑥) 𝜆𝑋(𝑥)

𝑆𝑋(𝑥) = exp[−∫  𝜆𝑋(𝑢)𝑑𝑢𝑥0 ] = exp[−ΛX(x)]
lim𝑥→𝑜 𝐹𝑋(𝑥) = 0 lim𝑥→∞ 𝐹𝑋(𝑥) = 1

lim𝑥→𝑜 𝑆𝑋(𝑥) = 1 lim𝑥→∞ 𝑆𝑋(𝑥) = 0
𝑆𝑋(𝑥)

lim𝑥→∞ ΛX(x) =  lim𝑥→∞ ∫ 𝜆𝑋(𝑢)𝑑𝑢 = ∞∞
0



𝑆𝑋(𝑥) = ∫ 𝑓𝑋(𝑢)𝑑𝑢 = ∫ 𝜆𝑋(𝑢)𝑆𝑋(𝑢)𝑑𝑢∞0∞0

(𝑥, 𝑥 + 𝑛)𝑥 𝑞𝑡 𝑥 𝑡 𝑞(𝑥, 𝑥 + 𝑡) 𝑞𝑡 𝑥 

𝑞𝑡 𝑥 = 𝑃(𝑥 < 𝑋 ≤ 𝑥 + 𝑡|𝑋 > 𝑥) = ∫ 𝑓𝑋(𝑢)𝑑𝑢𝑥+𝑡𝑥∫ 𝑓𝑋(𝑢)𝑑𝑢∞𝑥
= ∫ 𝜆𝑋(𝑢)𝑆𝑋(𝑢)𝑑𝑢𝑥+𝑡𝑥∫ 𝜆𝑋(𝑢)𝑆𝑋(𝑢)𝑑𝑢∞𝑥 = 𝑆𝑋(𝑥) − 𝑆𝑋(𝑥 + 𝑡)𝑆𝑋(𝑥)

𝑆𝑋(𝑥) − 𝑆𝑋(𝑥 + 𝑡) 𝑥 𝑥 + 𝑡𝑚𝑡 𝑥 
𝑚𝑡 𝑥 = ∫ 𝜆𝑋(𝑢)𝑆𝑋(𝑢)𝑑𝑢𝑥+𝑡𝑥 ∫ 𝑆𝑋(𝑢)𝑑𝑢∞𝑥 = 𝑆𝑋(𝑥) − 𝑆𝑋(𝑥 + 𝑡)∫ 𝑆𝑋(𝑢)𝑑𝑢∞𝑥 𝑥 𝑥 + 𝑡𝑥

𝑝𝑡 𝑥 = 1 − 𝑞𝑡 𝑥 = 𝑆𝑋(𝑥 + 𝑡)𝑆𝑋(𝑥)𝑥0 < 𝑥1 < 𝑥2 < ⋯ < 𝑥𝑘 𝑥𝑖+1 − 𝑥𝑖 = ℎ𝑖
𝑆𝑋(𝑥𝑘) = 𝑒𝑥𝑝 [−∫  𝜆𝑋(𝑢)𝑑𝑢𝑥𝑘0 ] = 𝑒𝑥𝑝 [− ∑ ∫ 𝜆𝑋(𝑢)𝑑𝑢𝑥𝑖+1𝑥𝑖

𝑘−1
𝑖=0 ]



= ∏𝑒𝑥𝑝 [−∫  𝜆𝑋(𝑢)𝑑𝑢𝑥𝑖+1𝑥𝑖 ]𝑘−1
𝑖=0 = ∏ 𝑝ℎ𝑖 𝑥𝑖 𝑘−1

𝑖=0 = ∏(1 − 𝑞ℎ𝑖 𝑥𝑖 )𝑘−1
𝑖=0𝑋𝐸[𝑋] = ∫ 𝑥𝑓𝑋∞−∞ (𝑥)𝑑𝑥 = ∫ 𝑥𝜆𝑋∞−∞ (𝑥)𝑆𝑋(𝑥)𝑑𝑥

𝑉𝑎𝑟[𝑋] = 𝐸 [(𝑋 − 𝐸(𝑋))2] = 𝐸[𝑋2] − [𝐸(𝑋)]2
= ∫ 𝑥2𝑓𝑋∞−∞ (𝑥)𝑑𝑥 − [𝐸(𝑋)]2𝑋 𝑥 <0 𝑓𝑋(𝑥) = 0

𝑦𝑥 𝑆𝑋(𝑥) 
𝑀𝑒𝑥  =  𝑦 − 𝑥𝑦  𝑆𝑋(𝑦)𝑆𝑋(𝑥) = 0.5

 𝑋(𝑎, 𝑏]
𝑓𝑋(𝑥) = { 1𝑏 − 𝑎 ,   si 𝑎 < 𝑥 ≤ 𝑏      0 ,       𝑒𝑛 𝑜𝑡𝑟𝑜 𝑐𝑎𝑠𝑜



𝐹𝑋(𝑥) = { 1 ,            𝑠𝑖 𝑥 ≤ 𝑎   𝑏 − 𝑥𝑏 − 𝑎 , si 𝑎 < 𝑥 ≤ 𝑏0 ,            𝑠𝑖 𝑥 > 𝑏  

𝐸[𝑋] = 12 (𝑎 + 𝑏)
𝑉𝑎𝑟[𝑋] = 112 (𝑎 + 𝑏)2

𝑥
𝜆𝑋(𝑥) = 1𝑏 − 𝑥    𝑠𝑖 𝑎 < 𝑥 < 𝑏

𝑥
𝑞ℎ 𝑥 = 1 − 𝑆𝑋(𝑥 + ℎ)𝑆𝑋(𝑥) = ℎ𝑏 − 𝑥𝑎 = 0 𝑏 = 1



𝑓𝑋(𝑥) = 𝜆 𝑒−𝜆𝑥, 𝑐𝑜𝑛 𝜆 > 0, 𝑥 > 0
𝑆𝑋(𝑥) = 𝑒−𝜆𝑥

𝐸[𝑋] = 1𝜆
𝑉𝑎𝑟[𝑋] = 1𝜆2



𝜆 𝑥 > 0 𝑥 > 0𝑞ℎ 𝑥 = 1 − 𝑒−𝜆ℎ
𝑥 = 𝑐

𝑆𝑋(𝑥|𝑋 ≤ 𝑐) =  𝑒−𝜆𝑥 − 𝑒−𝜆𝑐1 − 𝑒−𝜆𝑐  si 0 < 𝑥 ≤ 𝑐
𝑥 = 𝑐𝑆𝑋(𝑥|𝑋 > 𝑐) = 𝑒−𝜆(𝑥−𝑐)  si 𝑥 > 𝑐





𝑆𝑋(𝑥) = 𝑒𝑥𝑝[−𝑒(𝑥+𝜉)/𝜃] −∞ < 𝑥 < ∞ 𝜃 > 0
1𝜃 = 𝑎 1𝜃 𝑒𝜉/𝜃 = 𝑅



𝑆𝑋(𝑥) = 𝑒𝑥𝑝 [− 𝑅𝑎 𝑒𝑎𝑥] −∞ < 𝑥 < ∞, 𝑅 > 0, 𝑎 > 0
𝜆𝑋(𝑥) = 𝑅𝑒𝑎𝑥

−∞ < 𝑥 < ∞ 𝑅 𝑎
𝑥 = 0𝑆𝑋(𝑥) = 𝑒𝑥𝑝 [𝑅𝑎 (1 − 𝑒𝑎𝑥)] 𝑥 > 0 𝑅 > 0 𝑎 > 0

𝜆𝑋(𝑥) = 𝑅𝑒𝑎𝑥
𝑅 = 𝑏 𝑒𝑎 = 𝑐𝜆𝑋(𝑥) = 𝑏𝑐𝑥𝐴

𝜆𝑋(𝑥) = 𝐴 + 𝑅𝑒𝑎𝑥 = 𝐴 + 𝑏𝑐𝑥



𝑆𝑋(𝑥) = 𝑒𝑥𝑝 [− (𝑥−𝜉𝜃 )𝑐] 𝑥 > 𝜉  𝜃 > 0 > 0
𝜆𝑋(𝑥|𝑋 > 𝜉) = 𝑐𝜃 (𝑥 − 𝜉𝜃 )𝑐−1 = 𝑐𝜃𝑐 (𝑥 − 𝜉)𝑐−1



𝜉 𝜃𝑐


𝑓𝑋(𝑥) = 1𝛽𝛼Γ(𝛼) (𝑥 − 𝜉)𝛼−1𝑒𝑥𝑝(−𝑥−𝜉𝛽 )      𝑐𝑜𝑛 𝑥 > 𝜉, 𝛼 > 0, 𝛽 > 0
𝜉 𝛽 𝛼

𝜉 = 0
𝑓𝑋(𝑥) = 1𝛽𝛼𝛤(𝛼) 𝑥𝛼−1𝑒𝑥𝑝(−𝑥𝛽)      𝑐𝑜𝑛 𝛼 > 0, 𝛽 > 0

𝐸[𝑋] = 𝛽𝛼𝑉𝑎𝑟[𝑋] = 𝛽2𝛼𝛼
𝑆𝑋(𝑥) = 1𝛽𝛼𝛤(𝛼)∫ 𝑡𝛼−1𝑒𝑥𝑝(−𝑡𝛽)𝑑𝑡 = 1𝛤(𝛼)∫ 𝑡𝛼−1𝑒𝑥𝑝(−𝑡)𝑑𝑡∞

𝑥/𝛽
∞

𝑥
 𝑋 𝑌 = log 𝑋𝑌 = 𝑙𝑜𝑔 𝑋 − 𝜎 𝜉 𝜎2

𝑋 𝑌 = 𝑙𝑜𝑔(𝑋 − 𝜉)



𝑓𝑋(𝑥) = (√2𝜋 𝜎𝑥)−1𝑒𝑥𝑝 [−12 (𝑙𝑜𝑔 𝑥 − 𝜉𝜎 )2]       𝑐𝑜𝑛 𝑥 > 0, 𝜎 > 0
𝐹𝑋(𝑥) = Φ(log 𝑥 − 𝜉𝜎 )

 𝑋
𝐹𝑋(𝑥) = 11 + 𝑒𝑥𝑝[−(𝑥 − 𝜉)/𝜃] , 𝑐𝑜𝑛 − ∞ < 𝑥 < ∞, 𝜃 > 0

𝜉 𝜃1𝜃 = 𝑏 𝜉𝜃 = 𝑎
𝐹𝑋(𝑥) = 11 + 𝑒𝑥𝑝[𝑎 − 𝑏𝑥] , 𝑐𝑜𝑛 − ∞ < 𝑥 < ∞, 𝑏 > 0

𝑆𝑋(𝑥) = 1 − 𝐹𝑋(𝑥) = 11 + exp(𝑏𝑥 − 𝑎) = 𝑒𝑎−𝑏𝑥𝐹𝑋(𝑥)
𝜆𝑋(𝑥) = −𝑑 log 𝑆𝑋(𝑥)𝑑𝑥 = 𝑏1 + exp(𝑎 − 𝑏𝑥) = 𝑏𝐹𝑋(𝑥)

𝑓𝑋(𝑥) = 𝜆𝑋(𝑥)𝑆𝑋(𝑥) = 𝑏𝑒𝑎−𝑏𝑥[1 + exp (𝑎 − 𝑏𝑥)]−2 = 𝑏𝐹𝑋(𝑥)[1 − 𝐹𝑋(𝑥)]
𝑙𝑜𝑔 𝐹𝑋(𝑥)1 − 𝐹𝑋(𝑥) = 𝑏𝑥 − 𝑎









𝑃𝑥 𝐹𝑥

𝑎 𝐵
𝑃𝑥 = 𝑥 − 𝑎𝐵 − 𝑎𝑎 𝐵𝑥



𝐾, 𝑎, 𝑏 𝑦 𝑑







𝑚𝑛 𝑥 𝑥 𝑥 +𝑛
𝑚𝑛 𝑥 = 𝑑𝑛 𝑥 𝐿𝑛 𝑥 𝑞𝑛 𝑥 𝑥 𝑥 + 𝑛
𝑞𝑛 𝑥 = 𝑑𝑛 𝑥 𝑙𝑥 𝑝𝑛 𝑥 𝑥 𝑥 + 𝑛



𝑝𝑛 𝑥 = 𝑙𝑥+𝑛 𝑙𝑥 = 1 − 𝑞𝑛 𝑥 
𝑙𝑥 𝑥𝑥 𝑙0

𝑙𝑥 = 𝑑𝑛 𝑥 𝑞𝑛 𝑥 𝑑𝑛 𝑥 𝑥 𝑥 + 𝑛𝑥 𝑥 + 𝑛𝑑𝑛 𝑥 = 𝑞𝑛 𝑥 ∗ 𝑙𝑥 = 𝑙𝑥 − 𝑙𝑥+𝑛𝐿𝑛 𝑥 𝑥 𝑥 + 𝑛
𝑥 𝑥 + 𝑛𝐿𝑛 𝑥 = 𝑛 𝑙𝑥+𝑛 + 𝑎𝑛 𝑥  𝑑𝑛 𝑥 = 𝑛( 𝑎𝑛 𝑥 ∗ 𝑙𝑥 + (1 − 𝑎𝑛 𝑥 ) ∗ 𝑙𝑥+𝑛)𝑎𝑛 𝑥 (𝑥, 𝑥 + 𝑛)𝑎𝑛 𝑥 = 1/2

𝑎𝑛 𝑥 

𝑎𝑛 𝑥 = 𝐿𝑛 𝑥 – (𝑛 ∗ 𝑙𝑥+𝑛)𝑑𝑛 𝑥 𝑚𝑛 𝑥 𝑞𝑛 𝑥 = 𝑛 ∗ 𝑚𝑛 𝑥 1 + (𝑛 ∗ 1 − 𝑎𝑛 𝑥 ∗ 𝑚𝑛 𝑥 )



𝑇𝑥𝑥 𝑥𝑥 
𝑇𝑥 = ∑ 𝐿𝑛 𝑖 𝜔

𝑖=𝑥 = 𝑇𝑥+𝑛 + 𝐿𝑛 𝑥 
𝑒𝑥 𝑥𝑥𝑥 𝑒0𝑥

𝑒𝑥 = 𝑇𝑥𝑙𝑥 

𝐿85+ = 𝑙𝑛 𝑥 𝑚𝑛 𝑥 = 𝑑𝑛 𝑥 𝑚𝑛 𝑥 = 𝑑85+1 = 𝑑85+

𝐿100+ = 𝑙100+m100+



ación, “en la mayor parte del rango los cambios proporcionales en las 

edad”



𝜇(𝑥) 𝑥
𝜇1(𝑥) = 𝐶 𝜇2(𝑥)1 2 𝐶
𝑙′1(𝑥)𝑙1(𝑥) = 𝐶 𝑙′2(𝑥)𝑙2(𝑥)𝑙(𝑥) 𝑥𝑙(𝑥) 𝑥 ln(𝑙1(𝑥)) = 𝐶 ln(𝑙2(𝑥)) 𝑙1(𝑥)𝑙2(𝑥) 𝑥



𝑓𝑋(𝑥) = 12 𝑠𝑒𝑐ℎ2(𝑥) = 2𝑒2𝑥 + 𝑒−2𝑥 + 2

𝑓𝑋(𝑥) ≥ 0 𝑥
𝑥 𝜇(𝑎) = − 1𝑙(𝑎) 𝑑(𝑙(𝑎))𝑑𝑎



∫ 𝑓𝑋(𝑥)∞−∞ 𝑑𝑥 = 12 ∫ 𝑠𝑒𝑐ℎ2∞−∞ 𝑥 𝑑𝑥 = 12 𝑡𝑎𝑛𝑥|−∞∞ = 12 𝑒2𝑥−1𝑒2𝑥+1|−∞∞ = 1 𝜋2/12
∫ 𝑥 𝑓(𝑥)∞
−∞ 𝑑𝑥 = 0

∫ 𝑥 𝑓2(𝑥)∞
−∞ − [𝑥𝑓(𝑥)]2𝑑𝑥 = 𝜋2/12

𝑓𝑋(𝑥) = 𝛽2 𝑠𝑒𝑐ℎ2(𝛼 + 𝛽𝑥)

𝑓𝑋(𝑥) = 2e2x + e−2x + 2



𝛼 = 0 𝛽 = 1𝐹𝑋(𝑥) = 12∫ 𝑠𝑒𝑐ℎ2𝑥 𝑑𝑥𝑥
−∞ = 12 𝑒2𝑥 − 1𝑒2𝑥 + 1|−∞

𝑥 = 11 + 𝑒−2𝑥𝛼 ≠ 0 𝛽 ≠ 1𝐹𝑋(𝑥) = 𝛽2 ∫ 𝑠𝑒𝑐ℎ2(𝛼 + 𝛽𝑥) 𝑑𝑥𝑥−∞ = 11+𝑒−2(𝛼+𝛽𝑥)

𝐹𝑋(𝑥) = 11+𝑒−2𝑥

𝑙𝑜𝑔𝑖𝑡𝑜 𝑃(𝑥) = 12 ln ( P(x)1−P(x)) = Y(x)
𝑃(𝑥)



𝛼 = 0 𝛽 = 1
𝑙𝑜𝑔𝑖𝑡𝑜 𝑃(𝑥) = 12 ln( 11 + 𝑒−2𝑥1 − 11 + 𝑒−2𝑥 ) = 12 ln ( 1𝑒−2𝑥) = 𝑥

𝛼 ≠ 0 𝛽 ≠ 1𝑙𝑜𝑔𝑖𝑡𝑜 𝑃(𝑥) = 12 ln ( 1𝑒−2(𝛼+𝛽𝑥)) = 𝛼 + 𝛽𝑥

𝑃(𝐴) = 𝐹𝑋(𝐴) = 11 + 𝑒−2𝐴𝑃(𝐴)
𝐴 = 12 ln ( P(𝐴)1 − 𝑃(𝐴))

 1 − 𝑙(𝑥)𝑙𝑥
 1 − 𝑙(𝑥)𝑙(𝑥)

𝑥 𝑙′1(𝑥)𝑙1(𝑥)  [1 − 𝑙1(𝑥)] = 𝐶 𝑙′2(𝑥)𝑙2(𝑥)[1 − 𝑙2(𝑥)]



𝜇1(𝑥)[1 − 𝑙1(𝑥)] = 𝐶 𝜇2(𝑥)[1 − 𝑙2(𝑥)]𝐶
𝑙(𝑥)

ln (1 − 𝑙1(𝑥)𝑙1(𝑥) ) = 𝛼0 + 𝛽0  ln (1 − 𝑙2(𝑥)𝑙2(𝑥) )
𝛼0 𝛽0 −∞ 𝑥 𝑙(𝑥) 

ln (𝑝𝑞)
𝑝 𝑞 1 − 𝑝 1212 ln (𝑝𝑞)

𝑝
𝑙𝑜𝑔𝑖𝑡𝑜 (𝑝) = 12 ln (𝑝𝑞)

 1 − 𝑙(𝑥)
𝑙𝑜𝑔𝑖𝑡𝑜(1 − 𝑙(𝑥)) = 12 ln ( 1−𝑙(𝑥) 𝑙(𝑥) )

𝑙(𝑥) 1 − 𝑙(𝑥)𝑙(𝑥)11−𝑙1(𝑥) 11−𝑙2(𝑥) 𝜇1(𝑥) 𝜇2(𝑥)𝑙(𝑥)



𝛼 𝛽 𝑥
YS(x) = 𝑙𝑜𝑔𝑖𝑡𝑜 𝑃𝑆(𝑥) Y0(x) = 𝑙𝑜𝑔𝑖𝑡𝑜 𝑃0(𝑥) Y1(x) = 𝑙𝑜𝑔𝑖𝑡𝑜 𝑃1(𝑥)𝑆 𝛼 = 0 𝛽 = 1

YS(x) = 𝑙𝑜𝑔𝑖𝑡𝑜 𝑃𝑆(𝑥) = 𝑥 𝛼 = 0 𝛽 = 1Y0(x) = 𝑙𝑜𝑔𝑖𝑡𝑜 𝑃0(𝑥) = 𝛼0 + 𝛽0𝑥 = 𝛼0 + 𝛽0YS(x)Y1(x) = 𝑙𝑜𝑔𝑖𝑡𝑜 𝑃1(𝑥) = 𝛼1 + 𝛽1𝑥 = 𝛼1 + 𝛽1YS(x)
Y1(x) − Y0(x) = (𝛼1 − 𝛼0) + (𝛽1 − 𝛽0)𝑥 = (𝛼1 − 𝛼0) + (𝛽1 − 𝛽0)YS(x)

Y1(x) YS(x) = Y0(x)−𝛼0𝛽0
Y1(x) = (𝛼1 − 𝛼0) + (𝛽1 − 𝛽0) Y0(x) − 𝛼0𝛽0 + Y0(x)

= 𝛼1 − 𝛽1𝛼0𝛽0 + 𝛽1𝛽0 Y0(x) = 𝑐 + 𝑑 Y0(x)
𝑐 𝑑

𝑙𝑜𝑔𝑖𝑡𝑜 𝑃𝐴(𝑥) 𝑃𝐵(𝑥)𝑐 + 𝑑 𝑙𝑜𝑔𝑖𝑡𝑜 𝑃𝐴(𝑥)



𝑥
𝑥𝑃(𝑋) = 𝐹𝑋(𝑥)

𝑥𝑃𝐴(𝑋) 𝑃𝐵(𝑋)



𝑥 𝜔𝑑(𝑥)



𝑑(𝑥) = 𝑙(𝑥)𝜇(𝑥) = −𝑑 𝑙(𝑥)𝑑𝑥

∫ 𝑑(𝑥) 𝑑𝑥𝑥
0 = ∫ −𝑑 𝑙(𝑥)𝑑𝑥𝑥

0 𝑑𝑥 = −𝑙(𝑥)|0𝑥 = 1 − 𝑙(𝑥)
1 − 𝑙(𝑥) ≅ 11+𝑒−2[𝛼+𝛽𝑙𝑜𝑔𝑖𝑡𝑜(1−𝑙𝑆(𝑥))] 1 − 𝑙𝑆(𝑥)

𝑑(𝑥) = 𝛽2  𝑑 𝑙𝑜𝑔𝑖𝑡𝑜(1−𝑙𝑆(𝑥))𝑑𝑥  sech [𝛼 + 𝛽 𝑙𝑜𝑔𝑖𝑡𝑜 (1 − 𝑙𝑆(𝑥))]
𝑙𝑜𝑔𝑖𝑡𝑜 (1 − 𝑙𝑆(𝑥)) = 𝛼 + 𝛽 𝑙𝑜𝑔𝑖𝑡𝑜 (1 − 𝑙𝑆(𝑥))𝑌(𝑥) = 𝛼 + 𝛽 𝑌𝑆(𝑥) 

𝛼𝛽
𝑙𝑜𝑔𝑖𝑡𝑜 𝑙(𝑥) = −𝑙𝑜𝑔𝑖𝑡𝑜[1 − 𝑙(𝑥)] 𝑥



𝑙(𝑥)
𝑙(𝑥)



𝛼 𝛽
𝑌𝑆(𝑥) 𝛼 𝛽𝑌𝑆(𝑥)𝑙𝑆(𝑥) 𝑌(𝑥) 𝛼 𝛼

𝛽𝛽
Brass menciona que “la tabla estándar de mortalidad debe ser algún tipo de promedio” (Brass, 1971:144)



𝛼𝛽

𝑌(𝑥) 𝑙(𝑥) 𝑥1𝑙𝑆(𝑥) = 0.5𝑥1 = 51. 𝑌(𝑥) 𝑙(𝑥)𝑥 → 0 𝑙𝑆(𝑥) = 1 𝑌𝑆(𝑥) → −∞0 < 𝑥 < 𝑥1 𝑙𝑆(𝑥) > 0.5 𝑌𝑆(𝑥) < 0𝑥 = 𝑥1 𝑙𝑆(𝑥1) = 0.5 𝑌𝑆(𝑥1) = 0𝑥1 < 𝑥 < 𝜔 𝑙𝑆(𝑥) < 0.5 𝑌𝑆(𝑥) > 0𝑥1 → 𝜔 𝑙𝑆(𝑥) = 0 𝑌𝑆(𝑥) → ∞





𝑌(𝑥) 𝑙(𝑥)𝛼 𝛽𝛼 > 0 𝑌(𝑥1) > 0 𝑙(𝑥1) < 0.5𝑙(𝑥1) 𝑙𝑆(𝑥) = 0.5 𝛼 < 0𝑙(𝑥1) > 0.5 𝑙(𝑥1) 𝑙𝑆(𝑥)𝑙(𝑥1)
. Interpretación del parámetro α

𝛽 = 1 𝑌(𝑥) − 𝑌𝑆(𝑥) 𝛼𝑙(𝑥) 𝑙𝑆(𝑥) 𝛽 = 1 𝛼 > 0



𝑌(𝑥) > 𝑌𝑆(𝑥) 𝑙(𝑥) < 𝑙𝑆(𝑥) 𝛼 < 0 𝑌(𝑥) < 𝑌𝑆(𝑥)𝑙(𝑥) > 𝑙𝑆(𝑥) 𝛽 = 1𝑙(𝑥) 𝛼 𝑙𝑆(𝑥)
. Interpretación del parámetro α cuando β=1

𝑌(𝑥) = 𝛼 + 𝛽 𝑌𝑆(𝑥)𝑌(𝑥) 𝑌𝑠(𝑥) 𝐷(𝑥)
𝐷(𝑥) = 𝑌(𝑥) − 𝑌𝑆(𝑥) = 𝛼 + (𝛽 − 1) 𝑌𝑆(𝑥)

𝑌(𝑥) − 𝑌𝑆(𝑥)



𝛽 ≠ 1 𝑥2 𝑌(𝑥) 𝑌𝑆(𝑥) 𝑙(𝑥) 𝑙𝑆(𝑥)
𝑌𝑆(𝑥2) = − 𝛼𝛽 − 1𝛽 > 1 > 0 𝛼 𝛼 > 0𝑌𝑆(𝑥2) < 0 < 𝑥 < 𝑥1 𝑥1 𝑙(𝑥1)𝑙𝑆(𝑥1) 𝑥1𝛼 < 0 𝑌𝑆(𝑥2) > 0 𝑥1 𝜔

de sobrevivientes l(x) cuando β>

𝛽 < 1
𝑌𝑆(𝑥2) = − 𝛼𝛽 − 1< 0 𝛼 > 0 𝑌𝑆(𝑥2) > 0 𝑥1 < 𝑥 <𝜔 𝛼 < 0 𝑌𝑆(𝑥2) < 0 0 < 𝑥 < 𝑥1 



cuando β<1

𝛽 > 1 𝑌(𝑥) 𝑌𝑆(𝑥) 𝛼 𝑥𝑙(𝑥)
𝑙(𝑥) 𝛽 < 1

𝐷(𝑥) (𝛽 − 1)
𝐷(𝑥)𝑙(𝑥)

𝐷(𝑥)



𝑙(𝑥) 𝑥12 𝑠𝑒𝑐ℎ𝑥(𝛼 + 𝛽𝑥)
− 𝛼𝛽 1𝛽 𝑥

12 ln ( 1 − 𝑙𝑆(𝑥) 𝑙𝑆(𝑥) ) = 𝛼 + 𝛽𝑥 = 𝑌𝑆(𝑥)
𝑥

− 𝛼𝛽
1𝛽 𝛽

𝛽
𝛼





𝑥

𝑥𝑙0 = 1



λ(













𝛼 𝛽
𝛼 𝛽 𝛽 = 𝑦2−𝑦1𝑥2−𝑥1 𝛼 = −(𝛽 ∗ 𝑥1) + 𝑦1



𝛼 𝛽

𝛽𝛼

𝑥 �̂�(𝑥) = 𝛼 + 𝛽 𝑌𝑆(𝑥)𝑌𝑆(𝑥)
𝑥

𝑙(𝑥) = 11 + 𝑒2�̂�(𝑥)





°

°





𝛼 𝛽

𝛽 𝛽 < 1
𝛽 > 1

parámetros α y β=0.6, República Mexicana, 1990

α=0.5 α=0 α=-0.5 α=-1



𝛽 𝛼
𝛽 > 0 𝛼 𝛼 > 0𝛼 < 0 𝛼

etros α y β=1, República Mexicana, 1990

α=0.5 α=0 α=-0.5 α=-1



parámetros α y β=1.6, República Mexicana, 1990

𝛼 = 0.5 𝛽 = 1.6. 𝛼 = 0.17399 𝛽 = 0.88175𝛼 = 0.5 𝛽 = 1.6

α=0.5 α=0 α=-0.5 α=-1



parámetros α y β=1.6

α=0.5 y β=1.6 α=0.1740 y β=0.8816



planteó Gompertz como “la resistencia que tienen las personas para 

disminuye a una tasa proporcional a ella misma en el tiempo” 

𝑚𝑥𝑛 = 𝑑(𝑥, 𝑥 + 𝑛)𝐿𝑥𝑛 = 𝑙𝑥 − 𝑙𝑥+𝑛𝐿𝑥𝑛 



𝑙𝑥 − 𝑙𝑥+ℎℎ 𝑥(𝑙(𝑥) ℎ → 0
limℎ→0 𝑙(𝑥) − 𝑙(𝑥 + ℎ)ℎ

𝑑 𝑓(𝑥)𝑑𝑥 = limℎ→0 𝑓(𝑥 + ℎ) − 𝑓(𝑥)ℎlimℎ→0 𝑙(𝑥)−𝑙(𝑥+ℎ)ℎ
 limℎ→0 𝑙(𝑥 + ℎ) − 𝑙(𝑥)ℎ = 𝑑 𝑙(𝑥)𝑑𝑥

𝑙(𝑥)
𝜇(𝑥) =  limℎ→0 𝑙(𝑥) − 𝑙(𝑥 + ℎ)ℎ 𝑙(𝑥) = 1𝑙(𝑥) limℎ→0 𝑙(𝑥) − 𝑙(𝑥 + ℎ)ℎ

𝜇(𝑥) = 1𝑙(𝑥) limℎ→0 𝑙(𝑥) − 𝑙(𝑥 + ℎ)ℎ = 1𝑙(𝑥) [− 𝑑 𝑑𝑥 𝑙(𝑥)] = − 𝑑 𝑑𝑥 𝑙(𝑥)𝑙(𝑥) = − 𝑑 𝑑𝑥 ln (𝑙(𝑥))
𝜇(𝑥) )𝑥  𝑙(𝑥)𝜇(𝑥)

∫ 𝜇(𝑦)𝑑𝑦𝑥
0 = −∫ 𝑑 𝑑𝑦 ln (𝑙(𝑦))𝑑𝑦𝑥

0



− ln[𝑙(𝑦)]|0𝑥 = − ln (𝑙(𝑥)𝑙(0))
∫ 𝜇(𝑦)𝑑𝑦𝑥
0 = − ln (𝑙(𝑥)𝑙(0))𝑙(𝑥)

−∫ 𝜇(𝑦)𝑑𝑦𝑥
0 = ln (𝑙(𝑥)𝑙(0))
𝑒−∫ 𝜇(𝑦)𝑑𝑦𝑥0 = 𝑙(𝑥)𝑙(0)

𝑙(𝑥) = 𝑙(0)𝑒−∫ 𝜇(𝑦)𝑑𝑦𝑥0

1𝜇(𝑥)
𝑑 𝑑𝑥 [ 1𝜇(𝑥)] = −ℎ [ 1𝜇(𝑥)]𝑑 𝑑𝑥 [ 1𝜇(𝑥)]1𝜇(𝑥) = −ℎ

𝑑 𝑑𝑥 ln ( 1𝜇(𝑥)) = −ℎ



∫ 𝑑 𝑑𝑦 ln ( 1𝜇(𝑦))𝑥
0 𝑑𝑦 = ∫ −ℎ𝑥

0 𝑑𝑦
ln [ 1𝜇(𝑦)]|0𝑥 = −ℎ𝑦|0𝑥

ln [ 1𝜇(𝑥)] − ln [ 1𝜇(0)] = −(ℎ𝑥 − 0)

ln [ 1𝜇(𝑥)1𝜇(0)] = −ℎ𝑥
ln [𝜇(0)𝜇(𝑥)] = −ℎ𝑥

𝜇(0)𝜇(𝑥) = 𝑒−ℎ𝑥
𝜇(𝑥) 𝜇(𝑥) = 𝜇(0)𝑒ℎ𝑥

𝜇(0) = 𝐵 𝑒ℎ = 𝐶 𝜇(𝑥) = 𝐵𝐶𝑥

𝑙(𝑥)
𝜇(𝑥) = 𝐵𝐶𝑥 = − 𝑑 𝑑𝑥 ln (𝑙(𝑥))



∫ 𝜇(𝑦)𝑑𝑦𝑥
0 = ∫ 𝐵𝐶𝑦𝑑𝑦𝑥

0
𝐺(𝑦) = 𝐶𝑦

⟹ ln𝐺(𝑦) = 𝑦 ln 𝐶 
⟹ 𝑑𝑑𝑦 ln 𝐺(𝑦) = 𝑑𝑑𝑦 𝑦 ln𝐶 

⟹ 𝑑𝑑𝑦 𝐺(𝑦)𝐺(𝑦) = ln𝐶
⟹ 𝑑𝑑𝑦 𝐺(𝑦) = 𝐺(𝑦) ln 𝐶

⟹ 𝑑𝑑𝑦 𝐶𝑦 = 𝐶𝑦 ln 𝐶
⟹ 𝑑𝑑𝑦 𝐶𝑦ln 𝐶 = 𝐶𝑦

∫ 𝐵𝐶𝑦𝑑𝑦𝑥
0 = 𝐵 ∫ 𝐶𝑦𝑑𝑦𝑥

0 = 𝐵 [ 𝐶𝑦ln 𝐶]|0𝑥 = 𝐵ln 𝐶 [𝐶𝑦]|0𝑥 = 𝐵ln 𝐶 [𝐶𝑥 − 1]
𝑙(𝑥)

𝑙(𝑥) = 𝑙(0)𝑒−∫ 𝜇(𝑦)𝑑𝑦𝑥0 = 𝑙(0)𝑒−∫ 𝐵𝐶𝑦𝑑𝑦𝑥0 = 𝑙(0)𝑒−[ 𝐵ln𝐶][𝐶𝑥−1] = 𝑙(0)𝑒[ 𝐵ln𝐶][1−𝐶𝑥]
= 𝑙(0)𝑒[ 𝐵ln𝐶 −𝐵𝐶𝑥ln𝐶 ] = 𝑙(0)𝑒[ 𝐵ln𝐶 ]𝑒[−𝐵𝐶𝑥ln𝐶 ]

𝐾 = 𝑙(0)𝑒[ 𝐵ln𝐶 ] 𝑎 = 𝑒−[ 𝐵ln𝐶] 𝑏 = 𝐶
𝑙(𝑥) = 𝐾𝑎𝑏𝑥





𝐹(𝑥) = ∑ 𝑓𝑖𝑥
𝑖=15

𝐹(𝑥) = 𝑇𝐺𝐹 ∗ 𝐴𝐵𝑥

𝑥𝐹(𝑥) 𝑥𝑇𝐺𝐹𝐴 𝐵



𝐹(𝑥)𝑇𝐺𝐹 = 𝐴𝐵𝑥

𝑙𝑛 (𝐹(𝑥)𝑇𝐺𝐹) = 𝐵𝑥 ln (𝐴)

−𝑙𝑛 (𝐹(𝑥)𝑇𝐺𝐹) = 𝐵𝑥 − ln (𝐴)
𝑙𝑛 [−𝑙𝑛 (𝐹(𝑥)𝑇𝐺𝐹)] = 𝑥 𝑙𝑛(𝐵) + 𝑙𝑛(−ln (𝐴))

𝑉(𝑥) = 𝛼0 + 𝛽0𝑥𝑉(𝑥) = 𝑙𝑛 [−𝑙𝑛 (𝐹(𝑥)𝑇𝐺𝐹)] 𝛼0 = 𝑙𝑛(−ln (𝐴)) 𝛽0 = 𝑙𝑛(𝐵)
𝐹𝑆(𝑥)𝑇𝐺𝐹𝑆𝑉𝑆(𝑥) = 𝛼𝑆 + 𝛽𝑆 𝑥

𝑉𝑆(𝑥) = 𝑙𝑛 [−𝑙𝑛 (𝐹𝑆(𝑥)𝑇𝐺𝐹𝑆 )]
𝑉(𝑥) 𝑉𝑆(𝑥)𝑥 𝑥

𝑥 = 1𝛽𝑆 𝑉𝑆(𝑥) − 𝛼𝑆𝛽𝑆



𝑉(𝑥) = 𝛼0 − 𝛼𝑆 𝛽0𝛽𝑆 + 𝛽0𝛽𝑆 𝑉𝑆(𝑥)
𝛼 = 𝛼0 − 𝛼𝑆 𝛽0𝛽𝑆 𝛽 = 𝛽0𝛽𝑆

𝑉(𝑥) = 𝛼 + 𝛽 𝑉𝑆(𝑥)
 𝑉𝑆(𝑥)𝑉(𝑥) 𝛼 𝛽

𝑉1̅(𝑥) = 𝛼 + 𝛽 �̅�1𝑆(𝑥)�̅�2(𝑥) = 𝛼 + 𝛽 �̅�2𝑆(𝑥) 𝑉(𝑥) 𝑉1̅(𝑥) 𝑉2̅(𝑥)
𝑉1̅(𝑥) = 𝑉(20) + 𝑉(25) + 𝑉(30)3
�̅�2(𝑥) = 𝑉(35) + 𝑉(40) + 𝑉(45)3

𝑋1̅̅ ̅ = 20 + 25 + 303 = 25
�̅�2 = 35 + 40 + 453 = 40

𝑉1𝑆̅̅ ̅̅ (𝑥) 𝑉2𝑆̅̅ ̅̅ (𝑥).



𝑃1 = (𝑉𝑆(20) + 𝑉𝑆(25) + 𝑉𝑆(30)3 , 𝑉(20) + 𝑉(25) + 𝑉(30)3 ) = (𝑉1𝑆̅̅ ̅̅ (𝑥), 𝑉1̅(𝑥))
𝑃2 = (𝑉𝑆(35) + 𝑉𝑆(40) + 𝑉𝑆(45)3 , 𝑉(35) + 𝑉(40) + 𝑉(45)3 ) = (𝑉2𝑆̅̅ ̅̅ (𝑥), 𝑉2̅(𝑥))

�̂� = �̅�2(𝑥) − �̅�1(𝑥)𝑉2𝑆̅̅ ̅̅ (𝑥) − 𝑉1𝑆̅̅ ̅̅ (𝑥)�̂� = �̅�1(𝑥) − 𝛽𝑉1𝑆̅̅ ̅̅ (𝑥)

𝛼 𝛽

𝑉(𝑥, 𝑡) = 𝛼(𝑡) + 𝛽(𝑡) 𝑉𝑆(𝑥, 𝑡𝑆)
𝑡𝑡𝑆







𝐹(𝑥) 𝑉(𝑥)
𝐹(𝑥) = ∑ 𝑓𝑖𝑥𝑖=15 𝑉(𝑥) = 𝑙𝑛 [−𝑙𝑛 (𝐹(𝑥)𝑇𝐺𝐹)]



𝑃1 = (20 + 25 + 303 , 𝑉(20) + 𝑉(25) + 𝑉(30)3 ) = (𝑋1̅̅ ̅, 𝑉1̅(𝑥))
𝑃2 = (35 + 40 + 453 , 𝑉(35) + 𝑉(40) + 𝑉(45)3 ) = (𝑋2̅̅ ̅, 𝑉2̅(𝑥))

�̂� = �̅�2(𝑥) − �̅�1(𝑥)𝑋2̅̅ ̅ − 𝑋1�̂� = �̅�1(𝑥) − �̂�𝑋1̅̅ ̅
𝑉(𝑥)

𝛼 𝛽
𝛼𝛽



𝑉(𝑥)
�̂�(𝑥) = �̂� + �̂�𝑥𝐹(𝑥)

V̂(x) = 𝑙𝑛 [−𝑙𝑛 (�̂�(𝑥)𝑇𝐺𝐹)]
⟹ 𝑒V̂(x) = −𝑙𝑛 (�̂�(𝑥)𝑇𝐺𝐹)
⟹ −𝑒V̂(x) = 𝑙𝑛 (�̂�(𝑥)𝑇𝐺𝐹)

⟹ 𝑒−𝑒V̂(x) = �̂�(𝑥)𝑇𝐺𝐹⟹ �̂�(𝑥) = 𝑇𝐺𝐹 𝑒−𝑒V̂(x)
�̂�(𝑥)

𝑓(𝑥) = �̂�(𝑥 + 1) − �̂�(𝑥)



𝑓(𝑥)



𝑓(𝑥)



𝑓(𝑥)









𝛼 𝛽



𝑉(𝑥) 𝑉𝑆(𝑥)



 𝑉𝑆(𝑥) 𝑉(𝑥)𝑉(𝑥)
�̂�(𝑥) = 𝛼 + 𝛽 𝑉𝑆(𝑥)�̂�(𝑥)  𝑉𝑆(𝑥)

𝛼 𝛽
. Valores estimados de los parámetros α y β con respecto al estándar 2010, 

𝛼𝛽
𝛼 𝛽𝑉𝑂(𝑥)



�̂� �̂� �̂�

𝑉𝐶,𝑡̂ (𝑥) = 𝑙𝑛 [−𝑙𝑛 (𝐹�̂�(𝑥)𝑇𝐺𝐹𝑡 )]
⟹ 𝑒𝑉𝐶,�̂�(𝑥) = −𝑙𝑛 (𝐹�̂�(𝑥)𝑇𝐺𝐹𝑡 )
⟹ −𝑒𝑉𝐶,�̂�(𝑥) = 𝑙𝑛 (𝐹�̂�(𝑥)𝑇𝐺𝐹𝑡 )

⟹ 𝑒−𝑒𝑉𝐶,�̂�(𝑥) = 𝐹�̂�(𝑥)𝑇𝐺𝐹𝑡
⟹ 𝐹�̂�(𝑥) = 𝑇𝐺𝐹𝑡 𝑒−𝑒𝑉𝐶,�̂�(𝑥)

𝑇𝐺𝐹𝑡 𝑡𝑇𝐺𝐹 𝑡



𝐹�̂�(𝑥)
𝑓�̂�(𝑥) = 𝐹�̂�(𝑥 + 1) − 𝐹�̂�(𝑥) 𝑓�̂�(𝑥)





 𝛼 𝛽𝛼 𝛽
𝛽 = 1 𝛼𝛼 < 0𝛼 > 0 

𝛼 = 0 𝛽𝛽 > 0 𝛽 < 0



β = 1𝑉(𝑥) = 𝛼 + 𝛽 𝑉𝑆(𝑥)

α=

α=0

α=0.2



α = 0𝑉(𝑥) = 𝛼 + 𝛽 𝑉𝑆(𝑥)

β=1.2

β=1

β=0.8





𝑥
𝜇𝑥 = 𝐴 + 𝐵𝐶𝑥

𝑙𝑥 = 𝑘𝑎𝑥𝑏𝑑𝑥 𝑥 > 0

𝑦𝑥𝑚

…𝑦𝑥 𝑦0 𝑦1 𝑦2 𝑦3 … 𝑦𝑚−1

…𝑦𝑥 𝑦𝑚 𝑦𝑚+1 𝑦𝑚+2 𝑦𝑚+3 … 𝑦2𝑚−1



…𝑦𝑥 𝑦2𝑚 𝑦2𝑚+1 𝑦2𝑚+2 𝑦2𝑚+3 … 𝑦3𝑚−1

…𝑦𝑥 𝑦3𝑚 𝑦3𝑚+1 𝑦3𝑚+2 𝑦3𝑚+3 … 𝑦4𝑚−1

𝑦𝑥 log 𝑦𝑖 = log 𝑘𝑎𝑖𝑏𝑑𝑖 𝑖 = 0,1,2,3, … , (4𝑚 − 1)log 𝑦𝑖 = log 𝑘 + 𝑖 log 𝑎 + 𝑑𝑖 log 𝑏 𝑖 = 0,1,2,3, … , (4𝑚 − 1)
𝑆0 𝑆1 𝑆2 𝑆3𝑆0 = ∑ log 𝑦𝑖𝑚−1

𝑖=0 = ∑ log 𝑘𝑚−1
𝑖=0 + ∑ 𝑖 log 𝑎𝑚−1

𝑖=0 + ∑ 𝑑𝑖 log 𝑏𝑚−1
𝑖=0

∑ log 𝑘𝑚−1𝑖=0 = 𝑚 log 𝑘∑ 𝑖 log 𝑎𝑚−1𝑖=0 ∑ 𝑖𝑚−1𝑖=0
𝑚 𝑚(𝑚−1)2∑ 𝑖 log 𝑎𝑚−1

𝑖=0 = 𝑚(𝑚 − 1)2 log 𝑎
∑ 𝑑𝑖 log 𝑏𝑚−1𝑖=0 ∑ 𝑑𝑖𝑚−1𝑖=0 𝑑0 𝑑𝑚 𝑑0(𝑑𝑚−1)𝑑−1



∑ 𝑑𝑖 log 𝑏𝑚−1
𝑖=0 = 𝑑0(𝑑𝑚 − 1)𝑑 − 1 log 𝑏

𝑆0 = 𝑚 log 𝑘 + 𝑚(𝑚−1)2 log 𝑎 + (𝑑𝑚−1)𝑑−1 log 𝑏 𝑆1 𝑆2 𝑆3𝑆1 = 𝑚 log 𝑘 + [𝑚2 + 𝑚(𝑚−1)2 ] log 𝑎 + 𝑑𝑚(𝑑𝑚−1)𝑑−1 log 𝑏
𝑆2 = 𝑚 log 𝑘 + [2𝑚2 + 𝑚(𝑚−1)2 ] log 𝑎 + 𝑑2𝑚(𝑑𝑚−1)𝑑−1 log 𝑏
𝑆3 = 𝑚 log 𝑘 + [3𝑚2 + 𝑚(𝑚−1)2 ] log 𝑎 + 𝑑3𝑚(𝑑𝑚−1)𝑑−1 log 𝑏 𝑆0 𝑆1 𝑆2𝑆3 ∆𝑆0 ∆𝑆1 ∆𝑆2

∆𝑆0 = 𝑆1 − 𝑆0
∆𝑆0 = 𝑚 log 𝑘 + [𝑚2 + 𝑚(𝑚 − 1)2 ] log 𝑎 + 𝑑𝑚(𝑑𝑚 − 1)𝑑 − 1 log 𝑏 − 𝑚 log 𝑘

− 𝑚(𝑚 − 1)2 log 𝑎 − (𝑑𝑚 − 1)𝑑 − 1 log 𝑏
∆𝑆0 = 𝑚2 log 𝑎 + (𝑑𝑚−1)2𝑑−1 log 𝑏

∆𝑆1 = 𝑆2 − 𝑆1
∆𝑆1 = 𝑚 log 𝑘 + [2𝑚2 + 𝑚(𝑚 − 1)2 ] log 𝑎 + 𝑑2𝑚(𝑑𝑚 − 1)𝑑 − 1 log 𝑏 − 𝑚 log 𝑘

− [𝑚2 + 𝑚(𝑚 − 1)2 ] log 𝑎 − 𝑑𝑚(𝑑𝑚 − 1)𝑑 − 1 log 𝑏



∆𝑆1 = 𝑚2 log 𝑎 + (𝑑2𝑚 − 𝑑𝑚) (𝑑𝑚 − 1)𝑑 − 1 log 𝑏
∆𝑆1 = 𝑚2 log 𝑎 + (𝑑𝑚 − 1)𝑑𝑚 (𝑑𝑚 − 1)𝑑 − 1 log 𝑏

∆𝑆1 = 𝑚2 log 𝑎 + 𝑑𝑚 (𝑑𝑚−1)2𝑑−1 log 𝑏
∆𝑆2 = 𝑆3 − 𝑆2

∆𝑆2 = 𝑚 log 𝑘 + [3𝑚2 + 𝑚(𝑚 − 1)2 ] log 𝑎 + 𝑑3𝑚(𝑑𝑚 − 1)𝑑 − 1 log 𝑏
−𝑚 log 𝑘 − [2𝑚2 + 𝑚(𝑚 − 1)2 ] log 𝑎 − 𝑑2𝑚(𝑑𝑚 − 1)𝑑 − 1 log 𝑏

∆𝑆2 = 𝑚2 log 𝑎 + (𝑑3𝑚 − 𝑑2𝑚) (𝑑𝑚 − 1)𝑑 − 1 log 𝑏
∆𝑆2 = 𝑚2 log 𝑎 + (𝑑𝑚 − 1)𝑑2𝑚 (𝑑𝑚 − 1)𝑑 − 1 log 𝑏

∆𝑆2 = 𝑚2 log 𝑎 + 𝑑2𝑚 (𝑑𝑚−1)2𝑑−1 log 𝑏
∆2𝑆0  ∆2𝑆1
∆2𝑆0 = ∆𝑆1 − ∆𝑆0

∆2𝑆0 = 𝑚2 log 𝑎 + 𝑑𝑚 (𝑑𝑚 − 1)2𝑑 − 1 log 𝑏 − 𝑚2 log 𝑎 − (𝑑𝑚 − 1)2𝑑 − 1 log 𝑏
∆2𝑆0 = (𝑑𝑚 − 1) (𝑑𝑚 − 1)2𝑑 − 1 log 𝑏



∆2𝑆0 = (𝑑𝑚−1)3𝑑−1 log 𝑏∆2𝑆1 ∆2𝑆1 = ∆𝑆2 − ∆𝑆1
∆2𝑆1 = 𝑚2 log 𝑎 + 𝑑2𝑚 (𝑑𝑚 − 1)2𝑑 − 1 log 𝑏

−𝑚2 log 𝑎 − 𝑑𝑚 (𝑑𝑚 − 1)2𝑑 − 1 log 𝑏
∆2𝑆1 = 𝑑2𝑚 − 𝑑𝑚 (𝑑𝑚 − 1)2𝑑 − 1 log 𝑏

∆2𝑆1 = (𝑑𝑚 − 1)𝑑𝑚 (𝑑𝑚 − 1)2𝑑 − 1 log 𝑏
∆2𝑆1 = 𝑑𝑚 (𝑑𝑚−1)3𝑑−1 log 𝑏

𝑎 𝑏 𝑑 𝑑
∆2𝑆1 = 𝑑𝑚∆2𝑆0

𝑑𝑚 = ∆2𝑆1∆2𝑆0𝑑 = (∆2𝑆1∆2𝑆0)1/𝑚
𝑏

∆2𝑆0 = (𝑑𝑚 − 1)3𝑑 − 1 log 𝑏
∆2𝑆0  𝑑 − 1(𝑑𝑚 − 1)3 = log 𝑏



Antilog [∆2𝑆0  𝑑 − 1(𝑑𝑚 − 1)3] = Antilog (log 𝑏)𝑏 = Antilog [∆2𝑆0  𝑑−1(𝑑𝑚−1)3]𝑎log 𝑏
∆2𝑆0 = (𝑑𝑚−1)3𝑑−1 log 𝑏
log 𝑏 = ∆2𝑆0 𝑑 − 1(𝑑𝑚 − 1)3

∆𝑆0 = 𝑚2 log 𝑎 + (𝑑𝑚−1)2𝑑−1 log 𝑏
∆𝑆0 = 𝑚2 log 𝑎 + (𝑑𝑚 − 1)2𝑑 − 1 ∆2𝑆0 𝑑 − 1(𝑑𝑚 − 1)3

∆𝑆0 = 𝑚2 log 𝑎 + ∆2𝑆0 1𝑑𝑚 − 1log 𝑎
log 𝑎 = 1𝑚2 [∆𝑆0 − ∆2𝑆0 1𝑑𝑚 − 1]

𝐴𝑛𝑡𝑖𝑙𝑜𝑔 (log 𝑎) = 𝐴𝑛𝑡𝑖𝑙𝑜𝑔 ( 1𝑚2 [∆𝑆0 − ∆2𝑆0 1𝑑𝑚 − 1])
𝑎 = 𝐴𝑛𝑡𝑖𝑙𝑜𝑔 ( 1𝑚2 [∆𝑆0 − ∆2𝑆0 1𝑑𝑚−1])𝑘
𝑌𝑥 = 𝑘𝑎𝑥𝑏𝑑𝑥 𝑥 = 0,1,2, … , 4𝑚 − 1∑ (𝑌𝑥 − 𝑘𝑎𝑥𝑏𝑑𝑥)24𝑚−1𝑥=0 = 0



𝑉𝑥 = 𝑎𝑥𝑏𝑑𝑥

∑ (𝑌𝑥 − 𝑘𝑉𝑥)24𝑚−1𝑥=0 = 0
(𝑌𝑥 − 𝑘𝑉𝑥)2 = 𝑌𝑥2 − 2𝑌𝑥𝑘𝑉𝑥 + (𝑘𝑉𝑥)2𝑌𝑥 = 𝑘𝑉𝑥(𝑌𝑥 − 𝑘𝑉𝑥)2 = 𝑌𝑥2 − 2𝑌𝑥2 + (𝑘𝑉𝑥)2

(𝑌𝑥 − 𝑘𝑉𝑥)2 = (𝑘𝑉𝑥)2 − 𝑌𝑥2

∑ ((𝑘𝑉𝑥)2 − 𝑌𝑥2)4𝑚−1
𝑥=0 = 0
∑ ((𝑘𝑉𝑥)2)4𝑚−1
𝑥=0 = ∑ 𝑌𝑥24𝑚−1

𝑥=0𝑘2
𝑘2 = ∑ 𝑌𝑥24𝑚−1𝑥=0∑ 𝑉𝑥24𝑚−1𝑥=0 𝑌𝑥 = 𝑘𝑉𝑥𝑘 = ∑ 𝑌𝑥24𝑚−1𝑥=0∑ 𝑉𝑥24𝑚−1𝑥=0 𝑎 𝑏 𝑑  𝑘
𝑑𝑦



𝑌𝑥 = 𝑘𝑎𝑥𝑏𝑑𝑥 𝑥 = 0,1,2, … , 4𝑚 − 1
ln𝑌𝑥 = ln  (𝑘𝑎𝑥𝑏𝑑𝑥)ln 𝑌𝑥 = ln  𝑘 + 𝑥 ln 𝑎 + 𝑑𝑥 ln 𝑏

𝑑𝑑𝑌𝑥 ln 𝑌𝑥 = 𝑑𝑑𝑢 (ln  𝑘 + 𝑥 ln 𝑎 + 𝑑𝑥 ln 𝑏)
𝑑𝑑𝑌𝑥 ln 𝑌𝑥 = 1𝑌𝑥 𝑑𝑌𝑥

𝑑𝑑𝑘 ln  𝑘 + 𝑑𝑑𝑎 𝑥 ln 𝑎 + 𝑑𝑑𝑏 𝑑𝑥 ln 𝑏 + 𝜕𝜕𝑑 𝑑𝑥 ln 𝑏= 1𝑘 𝑑𝑘 + 𝑥𝑎 𝑑𝑎 + 𝑑𝑥𝑏 𝑑𝑏 + 𝜕𝜕𝑑 𝑑𝑥 ln 𝑏
ln 𝑑𝑥 = 𝑥 ln 𝑑

𝜕𝜕𝑑 ln 𝑑𝑥 = 𝜕𝜕𝑑 𝑥 ln 𝑑1𝑑𝑥 𝜕𝑑𝑥 = 𝑥𝑑 𝜕𝑑𝑑𝑥
𝜕𝑑𝑥 = 𝑥 𝑑𝑥 𝜕𝜕𝑑

= 1𝑘 𝑑𝑘 + 𝑥𝑎 𝑑𝑎 + 𝑑𝑥𝑏 𝑑𝑏 + 𝑥 𝑑𝑥 𝜕𝜕𝑑 ln 𝑏
1𝑌𝑥 𝑑𝑌𝑥 = 1𝑘 𝑑𝑘 + 𝑥𝑎 𝑑𝑎 + 𝑑𝑥𝑏 𝑑𝑏 + 𝑥 𝑑𝑥 𝜕𝜕𝑑 ln 𝑏𝑑𝑌𝑥 



𝑑𝑌𝑥 = 𝑌𝑥𝑘 𝑑𝑘 + 𝑥 𝑌𝑥𝑎 𝑑𝑎 + 𝑑𝑥 𝑌𝑥𝑏 𝑑𝑏 + 𝑥 𝑑𝑥 𝑌𝑥 𝜕𝜕𝑑 ln 𝑏
𝑥1 = 𝑑𝑌𝑥𝑥2 = 𝑌𝑥𝑥3 = 𝑥𝑌𝑥 = 𝑥𝑥2𝑥4 = 𝑌𝑥𝑑𝑥 = 𝑥2𝑑𝑥 𝑥5 = 𝑥𝑌𝑥𝑑𝑥 = 𝑥3𝑑𝑥 𝑐2 = 𝜕𝑘𝑘 𝑐3 = 𝜕𝑎𝑎 𝑐4 = 𝜕𝑏𝑏 𝑐5 = ln 𝑏 𝜕𝜕𝑑

𝑥1 = 𝑐2𝑥2 + 𝑐3𝑥3 + 𝑐4𝑥4 + 𝑐5𝑥5
𝑑𝑌𝑥𝑐2 𝑐3 𝑐4 𝑐5∑𝑥1𝑥2 = 𝑐2 ∑𝑥2𝑥2 + 𝑐3 ∑𝑥2𝑥3 + 𝑐4 ∑𝑥2𝑥4 + 𝑐5 ∑𝑥2𝑥5∑𝑥1𝑥3 = 𝑐2 ∑𝑥2𝑥3 + 𝑐3 ∑𝑥3𝑥3 + 𝑐4 ∑𝑥3𝑥4 + 𝑐5 ∑𝑥3𝑥5∑𝑥1𝑥4 = 𝑐2 ∑𝑥2𝑥4 + 𝑐3 ∑𝑥3𝑥4 + 𝑐4 ∑𝑥4𝑥4 + 𝑐5 ∑𝑥4𝑥5∑𝑥1𝑥5 = 𝑐2 ∑𝑥2𝑥5 + 𝑐3 ∑𝑥3𝑥5 + 𝑐4 ∑𝑥4𝑥5 + 𝑐5 ∑𝑥5𝑥5



𝐴 = |
|∑𝑥2𝑥2 ∑𝑥2𝑥3 ∑𝑥2𝑥4 ∑𝑥2𝑥5∑𝑥2𝑥3 ∑𝑥3𝑥3 ∑𝑥3𝑥4 ∑𝑥3𝑥5∑𝑥2𝑥4 ∑𝑥3𝑥4 ∑𝑥4𝑥4 ∑𝑥4𝑥5∑𝑥2𝑥5 ∑𝑥3𝑥5 ∑𝑥4𝑥5 ∑𝑥5𝑥5|

|

𝑉 = |𝑐2𝑐3𝑐4𝑐5|

𝐺 = |
|∑𝑥1𝑥2∑𝑥1𝑥3∑𝑥1𝑥4∑𝑥1𝑥5|

|

𝑉 𝑉 = 𝐴−1𝐺 𝑐𝑗
𝑘 𝑎 𝑏 𝑑 𝑘1 = 𝑘(1 + 𝑐2)𝑎1 = 𝑎(1 + 𝑐3)𝑏1 = 𝑏(1 + 𝑐4)𝑑1 = 𝑑 (1 + 𝑐5ln 𝑏 )



𝑘𝑖 𝑎𝑖 𝑏𝑖 𝑑𝑖 𝑖𝑖 + 1𝑘𝑖+1 = 𝑘𝑖(1 + 𝑐2𝑖+1)𝑎𝑖+1 = 𝑎𝑖(1 + 𝑐3𝑖+1)𝑏𝑖+1 = 𝑏𝑖(1 + 𝑐4𝑖+1)𝑑𝑖+1 = 𝑑𝑖 (1 + 𝑐5𝑖+1ln 𝑏 )
𝑥

𝑧𝑥 = (𝐾1 − 𝑦𝑥)𝑦𝑥 = 𝐾𝑎𝑥𝑏𝑑𝑥

𝑧𝑥𝑦𝑥𝐾1
𝑏 = 1

𝑦𝑥 = 𝐾𝑎𝑥𝑎 = 1𝑦𝑥 = 𝐾𝑏𝑑𝑥





𝑡
𝑥

… … 𝑘𝑦 +𝐻𝑁𝑉1,15 𝐻𝑁𝑉2,15 … 𝐻𝑁𝑉𝑗,15 … 𝐻𝑁𝑉𝑘𝑦+,15 𝐻𝑁𝑉•15 𝑀15𝐻𝑁𝑉1,16 𝐻𝑁𝑉2,16 … 𝐻𝑁𝑉𝑗,16 … 𝐻𝑁𝑉𝑘𝑦+,16 𝐻𝑁𝑉•16 𝑀16𝐻𝑁𝑉1,17 𝐻𝑁𝑉2,17 … 𝐻𝑁𝑉𝑗,17 … 𝐻𝑁𝑉𝑘𝑦+,17 𝐻𝑁𝑉•17 𝑀17⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮𝑥 𝐻𝑁𝑉1,𝑥 𝐻𝑁𝑉2,𝑥 ⋱ 𝐻𝑁𝑉𝑗,𝑥 ⋱ 𝐻𝑁𝑉𝑘𝑦+,𝑥 𝐻𝑁𝑉•𝑥 𝑀𝑥⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮𝐻𝑁𝑉1,50 𝐻𝑁𝑉2,50 … 𝐻𝑁𝑉𝑗,50 … 𝐻𝑁𝑉𝑘𝑦+,50 𝐻𝑁𝑉•50 𝑀50𝐻𝑁𝑉1• 𝐻𝑁𝑉2• … 𝐻𝑁𝑉𝑗• … 𝐻𝑁𝑉𝑘𝑦+• 𝐻𝑁𝑉•• 𝑀



𝑥 𝑥𝑗 𝑓𝑗,𝑥 = 𝐻𝑁𝑉𝑗,𝑥/𝑀𝑥
𝑥

𝑓𝑗,𝑥 = 𝐻𝑁𝑉𝑗,𝑥/𝑀𝑥
… …𝑥 𝐻𝑁𝑉1,𝑥/𝑀𝑥 𝐻𝑁𝑉2,𝑥/𝑀𝑥 ⋱ 𝐻𝑁𝑉𝑗,𝑥/𝑀𝑥 ⋱ 𝐻𝑁𝑉𝑘𝑦+,𝑥/𝑀𝑥

𝑗
𝑥 𝑗

𝐹𝑗,𝑥 = ∑ 𝑓𝑗,𝑥50
𝑥=15



𝑥 𝑗 𝑥𝑗
𝑓𝑗,15 𝐹𝑗,15𝑓𝑗,16 𝐹𝑗,16𝑓𝑗,17 𝐹𝑗,17⋮ ⋮ ⋮𝑥 𝑓𝑗,𝑥 𝐹𝑗,𝑥⋮ ⋮ ⋮𝑓𝑗,50 𝐹𝑗,50

𝑥 𝑗
𝐹𝑗,𝑥 = 𝑦𝑥 = 𝐾𝑎𝑥𝑏𝑑𝑥

 𝑎𝑥𝑥 𝑥𝑥
𝑥 𝑏𝑑𝑥 𝑎 > 1

ℝ) (0,∞) 0 < 𝑎 < 1



ℝ)(0,∞)𝑎 = 1 𝑎𝑥 = 1 𝑘𝑏𝑑𝑥 𝑥𝑘
𝑦𝑥 = (𝑥 − 𝑥0)𝑚 𝐾𝑎𝑥𝑏𝑑𝑥

𝑥0(𝑥 − 𝑥0)𝑚


𝐾1 − 𝑧𝑥 = 𝐾2𝑎𝑥𝑏𝑑𝑥

𝑧𝑥 = 𝐿𝑆𝑥𝑇𝑆0 − 𝐿𝑆0 𝐿𝑃𝑥𝑇𝑃0 − 𝐿𝑃0⁄
𝐿𝑆𝑥 𝐿𝑥𝑇𝑆0 𝑇0



𝐿𝑃𝑥 𝐿𝑥 𝑃𝑇𝑃0 𝑇0 𝑃

𝑁𝑥 5 𝑁 = 𝑃𝑥 5 𝑥 𝑥 + 5
𝐿5 𝑥𝑠𝑇0𝑠 = 𝑃5 𝑥𝑠 𝑥 𝑥 + 5

𝑃𝑥 5 1 − 𝑃𝑥 5 = 𝑃5 𝑥𝑠1 − 𝑃5 𝑥𝑠 ∗ 𝑘11 − 𝑘1𝑀𝑥𝑀𝑥 = 𝐾𝑎𝑥𝑏𝑑𝑥

𝑃5 𝑥𝑂 = 𝐿5 𝑥𝑂𝑇0𝑂 𝑥𝑥 + 5𝑃5 𝑥𝑠 = 𝐿5 𝑥𝑠𝑇0𝑠 𝑥 𝑥 +5
𝑃5 𝑥𝑂1 − 𝑃5 𝑥𝑂 = 𝑃5 𝑥𝑠1 − 𝑃5 𝑥𝑠 ∗ 𝑘11 − 𝑘1𝑀𝑥𝑀𝑥 = 𝐾𝑎𝑥𝑏𝑑𝑥



𝑥
𝑙𝑥 = 11 + 𝑒𝑘1−𝑀𝑥𝑀𝑥 = 𝐾𝑎𝑥𝑏𝑑𝑥

𝑘 𝑎 𝑏𝑑
𝑁𝑔𝑡 = (𝐾1)1 + 𝑀𝑡

𝑁𝑔𝑡 = 𝐾2 + (𝐾1 − 𝐾2)1 + 𝑀𝑡𝑀𝑡 = 𝐾𝑎𝑡𝑏𝑑𝑡 𝑔

(𝐻1) (𝐻2)𝑁𝑔𝑡(𝐻2) = 𝑁𝑔𝑡(𝐻1)𝑀𝑡



𝑥
𝑟(𝑥′𝑠) = 𝑔𝑠(𝑥′𝑠)1 − 𝐺𝑠(𝑥′𝑠)

𝑥′𝑠 = (𝑥 − 𝑥0)𝑚
𝐺𝑠(𝑥′𝑠) = ∫ 𝑔𝑠(𝑥𝑠)𝑥′𝑠0 𝑑𝑥𝑠

𝑥𝑔𝑠(𝑥𝑠)𝐺𝑠(𝑥′𝑠)𝑥0 𝑚

𝑥 𝐸𝑥𝑥
𝐸𝑥 = 100 000 11 + 𝑒𝑘1−𝑀𝑥𝑀𝑥 = 𝐾𝑎𝑥𝑏𝑑𝑥 𝐸𝑥

𝑥



𝑥0

𝑡 = 6𝑥𝑥0

𝑐0 = 6𝑥0𝑥0 𝑐0𝑥0 𝑥0 + 1 2𝑥02𝑥02𝑥0 + 1 3𝑥0 3𝑥0 + 1
𝑦𝑥

𝑥 = log [−log𝑎log 𝑒 ∗ log 𝑏 ∗ log 𝑑]




𝑓(𝑎) = 𝐶(𝑎 − 𝑆)(𝑆 + 33 − 𝑎)2 𝑆 ≤ 𝑎 ≤ 𝑆 + 33
𝑓(𝑎) 𝑎𝑆𝐶 𝑠 𝑠 + 33𝑓(𝑎) 𝑎 𝑠 𝑠 + 33𝑓(𝑎)



𝐶𝑠 𝐶 𝑠
𝑠 = 15 𝑠 + 13.2𝑠 = 15

𝑎 𝐹(𝑎)
𝐹(𝑎) = ∫ 𝑓(𝑥)𝑑𝑥𝑎

𝑠𝑓(𝑥) 𝑐 𝑑 𝐹(𝑑) −𝐹(𝑐) 𝐹(𝑥) 𝑐 𝑑 (𝑑 − 𝑐)
𝑓 𝐹𝑓(𝑥) 𝑠 �̅�

𝑘𝑖
𝐹𝑖 = Φ𝑖 + 𝑘𝑖𝑓𝑖

𝑓1𝑓2 �̅�



Φ𝑖 = 5∑𝑓𝑗𝑖−1
𝑗=0𝑗 = 20, 25, 30, … , 50𝑓𝑖

alcanzar las edades de 20, 25, 30, …, hasta 50 años

�̅� = 3𝑆 + 2𝑏5
𝜎 = 𝑏 − 𝑆5

𝐷 = 112  𝑐 (𝑏 − 𝑆)4
𝐷 𝑆 𝑏 𝑐

𝑆 = �̅� − 2𝜎𝑏 = �̅� + 3𝜎
𝑐 = 12𝐷(𝑏 − 𝑆)4





Σ



�̅�𝜎2(𝜎)

     𝑓(𝑎)  =  0.00002 (𝑎 –  14.3060)  ((14.3060 + 33) −  𝑎)2 





𝑓𝑥5 















𝛼1



𝜇2𝜆2 𝛼2
𝜇3𝜆3 𝛼3𝑐

𝑀(𝑥) = 𝑎1𝑒−𝛼1𝑥 + 𝑎2𝑒−𝛼2(𝑥−𝜇2)−𝑒−𝜆2(𝑥−𝜇2) + 𝑎3𝑒−𝛼3(𝑥−𝜇3)−𝑒−𝜆3(𝑥−𝜇3) + 𝑐
𝑥 = 0,1,21,… , 𝑧𝛼1𝛼2𝜆2𝜆3𝛼3𝑐𝑥𝑙𝑥ℎ𝑥𝑟



𝑋𝐴𝐵

𝑎1 𝛼1 𝑎2 𝛼2 𝜇2 𝜆2𝑎3 𝛼3 𝜇3 𝜆3 𝑐𝛼1 𝛼2 𝜇2 𝜆2 𝛼3 𝜇3 𝜆3𝑎1 𝑎2 𝑎3 𝑐



𝑐
𝑥𝑋𝑋 = 𝑥ℎ − 𝑥𝑙 𝑥ℎ𝑥𝑙 𝐵

𝐸 = 1𝑛 ∑ �̂�(𝑥) + 𝑀(𝑥)𝑥1𝑛 ∑ 𝑀(𝑥)𝑥 ∗ 100



𝑇𝐵𝑀

𝐴 𝐴𝑥𝑥𝑙 𝑥 − 𝐴𝑥
𝑥 − 𝐴𝑥

𝑎1 𝑎2 𝑎3 𝑐𝜇2 𝜇3𝛼1 𝛼2 𝜆2 𝛼3 𝜆3𝛿1,𝑐 = 𝑎1𝑐 𝛿1,2 = 𝑎1𝑎2 𝛿3,2 = 𝑎3𝑎2 𝛽1,2 = 𝛼1𝛼2 𝜎2 = 𝜆2𝛼2 𝜎3 = 𝜆3𝛼3

𝑇𝐵𝑀



�̅� 𝑥𝑙 𝑥ℎ 𝑥𝑟𝑋 𝐴 𝐵
, “el cociente 𝛿1,𝑐 = 𝑎1𝑐𝛿1,2 = 𝑎1𝑎2 𝛿3,2 = 𝑎3𝑎2

remanente entre los tres (o dos) componentes” 

𝜇2

𝑎2 𝑎1 𝑎2𝑎1𝛿1,2 = 𝑎1𝑎2
𝛿1,2

𝛿3,2 = 𝑎3𝑎2 𝜆3



𝛣 𝑔 ℎℎ𝑔

𝜎2 = 𝜆2𝛼2(ℎ𝑔)
𝜎2 = 𝜆2𝛼2 ~𝐵𝑔 ÷ 𝐵ℎ = ℎ𝑔~ 𝜎2

𝜎3 = 𝜆3𝛼3

𝛼1 𝛼2𝛽1,2 = 𝛼1𝛼2



𝛼1 𝛼2 𝜇2 𝜆2 𝛼3 𝜇3 𝜆3𝑎2 𝛼2 𝜇2 𝜆2
𝛼3

“

”(Rogers & Castro, 





𝑎1 𝑎2 𝑎3 𝑐
𝜆2�̅�

𝑥𝑙 𝑥ℎ 𝑥𝑟𝑋𝑥ℎ 𝑥𝑙 𝐵𝑎1 𝑎2
(𝛿1,2 = 𝑎1𝑎2)

(𝜎2 = 𝜆2𝛼2)



𝛽1,2 = 𝛼1𝛼2

𝑓2(𝑥) 𝑓2(𝑥) = 𝑎2𝑒−𝛼2(𝑥−𝜇2)−𝑒−𝜆2(𝑥−𝜇2)
𝛼2 𝜆2 𝑦ℎ 𝑥ℎ = 𝜇2𝛼2 ≠ 𝜆2

𝑥ℎ = 𝜇2 − 1𝜆2 ln [𝛼2𝜆2]
𝑦ℎ = 𝑎2 [𝛼2𝜆2]𝛼2 𝜆2⁄ 𝑒−𝛼2 𝜆2⁄

𝑎2 𝜇2𝜆2 > 𝛼2 𝑥ℎ > 𝜇2 𝜆2 = 𝛼2
𝑥ℎ = 𝜇2𝑦ℎ = 𝑎2𝑒 𝜇2 𝑥ℎ𝑥ℎ 𝛼2 𝜆2 𝑦ℎ𝜇2 𝑎2𝛼2 𝜆2



𝑥ℎ 𝛼2 𝜆2𝛼2 𝑥ℎ 𝑥ℎ𝜆2 𝛼2 𝜆2 𝑥ℎ𝑥ℎ 𝑥ℎ
𝑦ℎ 𝛼2 𝜆2𝛼2 = 𝜆2 𝜆2

𝑓2(𝑥) 𝛼2 𝜆2
𝑓2′(𝑥)𝑓2(𝑥) = −𝛼2 + 𝜆2𝑒−𝜆2(𝑥−𝜇2)

−𝛼2 𝛼2𝜆2
𝑥ℎ𝑦ℎ 𝑎1𝑒−𝛼1𝑥ℎ𝑐 𝑦ℎ𝑥ℎ𝑀(𝑥ℎ) ≅ 𝑎1𝑒−𝛼1𝑥ℎ + 𝑦ℎ + 𝑐𝐴

𝛼1 𝛼2𝑥ℎ
𝑎1𝑒−𝛼2 (𝑥2−𝜇2)



𝑎1𝑒−𝛼2 𝑥1𝛼1 = 𝛼2
𝐴 = 𝑋2 − 𝑋1 = 𝜇2 + 1𝛼2 ln ( 1𝛿1,2)

𝜇2 𝛼2 𝛿1,2













𝑎1𝑒−𝛼1𝑥

𝑎2𝑒−𝛼2(𝑥−𝜇2)−𝑒−𝜆2(𝑥−𝜇2)

𝑎3𝑒−𝛼3(𝑥−𝜇3)−𝑒−𝜆3(𝑥−𝜇3)















𝑎1𝑎2 𝑎3 𝑐
𝑎1𝑎2



𝑎3 𝑐
𝛼1 𝛼2 𝜇2 𝜆2 𝛼3 𝜇3 𝜆3𝛼1

𝛼2𝛼3
𝜇2

𝑥ℎ𝑥𝑙 𝜇3
𝑥𝑟𝜆2

𝑥ℎ 𝑥𝑙𝜆3

𝑥𝑟





𝑎𝑥𝑛 + 𝑏𝑥𝑛−1 + ⋯+ 𝑗𝑥 + ℎ𝑛 𝑛 + 1



ℝ 𝑛𝑛 + 1




𝑎𝑥10 + 𝑏𝑥9 + 𝑐𝑥8 + 𝑑𝑥7 + 𝑒𝑥6 + 𝑓𝑥5 + 𝑔𝑥4 + ℎ𝑥3 + 𝑖𝑥2 + 𝑗𝑥 + 𝑘









𝑥
𝑥𝑥







𝑛 + 1 𝑛 + 1𝑃𝑖(𝑥𝑖, 𝑦𝑖)𝑦𝑖 = 𝑓(𝑥𝑖) 𝑖 = 0,1, … , 𝑛 𝑓
𝑥0 < 𝑥1 < 𝑥2 < ⋯ < 𝑥𝑛

𝑠𝑖(𝑥) 𝑖 =0,1, … , 𝑛 𝑓 [𝑥𝑖 , 𝑥𝑖+1] 𝑖 = 0,1, … , 𝑛 −1
𝑠𝑖(𝑥) = 𝑎𝑖𝑥3 + 𝑏𝑖𝑥2 + 𝑐𝑖𝑥 + 𝑑𝑖𝑆(𝑥) [𝑥0, 𝑥𝑛]𝑠0(𝑥), 𝑠1(𝑥),… , 𝑠𝑛−1(𝑥)𝑆(𝑥) = 𝑠𝑖(𝑥) [𝑥𝑖 , 𝑥𝑖+1] 𝑖 = 0,1, … , 𝑛 − 1



𝑆(𝑥), 𝑆: [𝑎, 𝑏] → ℝ 𝑎 = 𝑥0 𝑏 = 𝑥𝑛 𝑛 + 1 (𝑖 =0,1,2, … , 𝑛) 𝑛 4𝑛
𝑆(𝑥) [𝑥𝑖, 𝑥𝑖+1]𝑠𝑖(𝑥) [𝑥𝑖, 𝑥𝑖+1] 𝑖 = 0,1, … , 𝑛 − 1 𝑠𝑖(𝑥)[𝑥𝑖 , 𝑥𝑖+1] 𝑆(𝑥𝑖) = 𝑦𝑖 ∀𝑖 = 0,… , 𝑛

𝑆𝑗(𝑥𝑗) = 𝑦𝑗                  𝑆𝑗+1(𝑥𝑗+1) = 𝑦𝑗+1 ∀𝑗 = 0,1, … , 𝑛 − 1
𝑆(𝑥) 𝐶2 (𝑎, 𝑏)𝑆(𝑥) 𝑆𝑘′(𝑥𝑘+1) = 𝑆𝑘+1′(𝑥𝑘+1) ∀𝑘 = 0,1, … , 𝑛 − 2

𝑆𝑘′′(𝑥𝑘+1) = 𝑆𝑘+1′′(𝑥𝑘+1) ∀𝑘 = 0,1, … , 𝑛 − 2

𝑆′′(𝑥0) = 𝑆′′(𝑥𝑛) = 0
nodos finales, y se dice que el spline es una interpolación segmentaria “natural”. Entonces, 



𝑎1𝑥13 + 𝑏1𝑥12 + 𝑐1𝑥1 + 𝑑1 = 𝑦1𝑎1𝑥23 + 𝑏1𝑥22 + 𝑐1𝑥2 + 𝑑2 = 𝑦2𝑎2𝑥23 + 𝑏2𝑥22 + 𝑐2𝑥2 + 𝑑2 = 𝑦2𝑎2𝑥33 + 𝑏2𝑥32 + 𝑐2𝑥3 + 𝑑2 = 𝑦3𝑎3𝑥33 + 𝑏3𝑥32 + 𝑐3𝑥3 + 𝑑3 = 𝑦3𝑎3𝑥43 + 𝑏3𝑥42 + 𝑐3𝑥4 + 𝑑3 = 𝑦4

𝜕𝜕𝑥 𝑎1𝑥23 + 𝜕𝜕𝑥 𝑏1𝑥22 + 𝜕𝜕𝑥 𝑐1𝑥2 + 𝜕𝜕𝑥 𝑑1 = 𝜕𝜕𝑥 𝑎2𝑥23 + 𝜕𝜕𝑥 𝑏2𝑥22 + 𝜕𝜕𝑥 𝑐2𝑥2 + 𝜕𝜕𝑥 𝑑2𝜕𝜕𝑥 𝑎2𝑥33 + 𝜕𝜕𝑥 𝑏2𝑥32 + 𝜕𝜕𝑥 𝑐2𝑥3 + 𝜕𝜕𝑥 𝑑2 = 𝜕𝜕𝑥 𝑎3𝑥33 + 𝜕𝜕𝑥 𝑏3𝑥32 + 𝜕𝜕𝑥 𝑐3𝑥3 + 𝜕𝜕𝑥 𝑑3
𝜕2𝜕𝑥 𝑎1𝑥23 + 𝜕2𝜕𝑥 𝑏1𝑥22 + 𝜕2𝜕𝑥 𝑐1𝑥2 + 𝜕2𝜕𝑥 𝑑1 = 𝜕2𝜕𝑥 𝑎2𝑥23 + 𝜕2𝜕𝑥 𝑏2𝑥22 + 𝜕2𝜕𝑥 𝑐2𝑥2 + 𝜕2𝜕𝑥 𝑑2
𝜕2𝜕𝑥 𝑎2𝑥33 + 𝜕2𝜕𝑥 𝑏2𝑥32 + 𝜕2𝜕𝑥 𝑐2𝑥3 + 𝜕2𝜕𝑥 𝑑2 = 𝜕2𝜕𝑥 𝑎3𝑥33 + 𝜕2𝜕𝑥 𝑏3𝑥32 + 𝜕2𝜕𝑥 𝑐3𝑥3 + 𝜕2𝜕𝑥 𝑑3

𝜕2𝜕𝑥 𝑎1𝑥13 + 𝜕2𝜕𝑥 𝑏1𝑥12 + 𝜕2𝜕𝑥 𝑐1𝑥1 + 𝜕2𝜕𝑥 𝑑1 = 0
𝜕2𝜕𝑥 𝑎3𝑥43 + 𝜕2𝜕𝑥 𝑏3𝑥42 + 𝜕2𝜕𝑥 𝑐3𝑥4 + 𝜕2𝜕𝑥 𝑑3 = 0

𝐶 = 𝑋−1𝑌



𝐶 =
|
|
|
|𝑎1𝑏1𝑐1𝑑1𝑎2𝑏2𝑐2𝑑2𝑎3𝑏3𝑐3𝑑3

|
|
|
|

𝑋 =

=

[  
   
   
   
   
   
  𝑥13 𝑥12 𝑥1 1 0 0 0 0 0 0 0 0𝑥23 𝑥22 𝑥2 1 0 0 0 0 0 0 0 00 0 0 0 𝑥23 𝑥22 𝑥2 1 0 0 0 00 0 0 0 𝑥33 𝑥32 𝑥3 1 0 0 0 00 0 0 0 0 0 0 0 𝑥33 𝑥32 𝑥3 10 0 0 0 0 0 0 0 𝑥43 𝑥42 𝑥4 1𝜕𝜕𝑥 𝑥23 𝜕𝜕𝑥 𝑥22 𝜕𝜕𝑥 𝑥2 𝜕𝜕𝑥 1 − 𝜕𝜕𝑥 𝑥23 − 𝜕𝜕𝑥 𝑥22 − 𝜕𝜕𝑥 𝑥2 − 𝜕𝜕𝑥 1 0 0 0 00 0 0 0 𝜕𝜕𝑥 𝑥33 𝜕𝜕𝑥 𝑥32 𝜕𝜕𝑥 𝑥3 𝜕𝜕𝑥 1 − 𝜕𝜕𝑥 𝑥33 − 𝜕𝜕𝑥 𝑥32 − 𝜕𝜕𝑥 𝑥3 − 𝜕𝜕𝑥 1𝜕2𝜕𝑥 𝑥23 𝜕2𝜕𝑥 𝑥22 𝜕2𝜕𝑥 𝑥2 𝜕2𝜕𝑥 1 − 𝜕2𝜕𝑥 𝑥23 − 𝜕2𝜕𝑥 𝑥22 − 𝜕2𝜕𝑥 𝑥2 − 𝜕2𝜕𝑥 1 0 0 0 00 0 0 0 𝜕2𝜕𝑥 𝑥33 𝜕2𝜕𝑥 𝑥32 𝜕2𝜕𝑥 𝑥3 𝜕2𝜕𝑥 1 − 𝜕2𝜕𝑥 𝑥33 − 𝜕2𝜕𝑥 𝑥32 − 𝜕2𝜕𝑥 𝑥3 − 𝜕2𝜕𝑥 1𝜕2𝜕𝑥 𝑥13 𝜕2𝜕𝑥 𝑥12 𝜕2𝜕𝑥 𝑥1 𝜕2𝜕𝑥 1 0 0 0 0 0 0 0 00 0 0 0 0 0 0 0 𝜕2𝜕𝑥 𝑥43 𝜕2𝜕𝑥 𝑥42 𝜕2𝜕𝑥 𝑥4 𝜕2𝜕𝑥 1 ]  

   
   
   
   
   
  

𝑌 =
|
|
|
|𝑦1𝑦2𝑦2𝑦3𝑦3𝑦4000000 |

|
|
|



𝑋 𝑌𝑋 𝑋−1𝐶




𝑋 𝑌𝑋−1 𝑋𝑋−1 ∗ 𝑌 𝐶



5.4647 ∗ (𝑥1)3 + (−0.00000000000003) ∗ (𝑥1)2 + (−2055.22) ∗ (𝑥1) + 18768 = 18,768 𝑥1 = 0









𝑀(𝑥) = 𝑎1𝑒−𝛼1𝑥 + 𝑎2𝑒−𝛼2(𝑥−𝜇2)−𝑒−𝜆2(𝑥−𝜇2) + 𝑎3𝑒−𝛼3(𝑥−𝜇3)−𝑒−𝜆3(𝑥−𝜇3) + 𝑐

      



𝑥 𝑀(𝑥) 𝑌(𝑥)

𝐶 = 𝑋−1𝑌







𝛼 𝛽
𝛼𝛽

𝑉(𝑥)





























∞

∞

















°

°



°

°



°

°









 𝑎1



𝑎2

𝑎3



𝑐

𝛼1



𝛼2

𝛼3



𝜇2

𝜇3



𝜆2

𝜆3







“ ” 

𝑥
𝐹(𝑥)

𝑟(𝑥) = 𝐹′(𝑥)1−𝐹(𝑥)
𝑟(𝑥) = 0.17𝑒−4.411𝑒−0.309𝑥



𝐹1(𝑥) = 𝐹(𝑥) + 𝐹’(𝑥)𝑟𝐹1(𝑥) 𝐹(𝑥)𝐹1(𝑥) 1 − 𝑒−𝑟𝑥
𝐹(𝑥) = ∫ 𝐹1(𝑧)𝑟𝑒−𝑟(𝑥−𝑧)𝑑𝑧𝑥0

𝐹′(𝑥) = 𝐹1(𝑥)𝑟 − 𝑟 ∫ 𝐹1(𝑧)𝑟𝑒−𝑟(𝑥−𝑧)𝑑𝑧𝑥
0 = 𝐹1(𝑥)𝑟 − 𝑟𝐹(𝑥)

𝐹1(𝑥) 𝑟
𝑟1(𝑥)𝐹1(𝑥) 𝑥 → ∞𝐹1(𝑥) 𝑟1(𝑥)

𝑟 =  0.174



𝑟1  =  0.174 +  0.309𝑟2 =  0.174 +  2 (0.309)𝑟3  =  0.174 +  3 (0.309)
𝐹𝑛(𝑥)

𝐹𝑛(𝑥) = 𝐹𝑛−1(𝑥) + 𝐹𝑛−1(𝑥)𝑟𝑛−1
1𝑟𝑛−1 1𝑟2𝑛−1 ∑ 1𝑟𝑛−1∑ 1𝑟2𝑛−1 −∞

𝐹𝑛(𝑥)

𝑋𝑛 = 𝑎 + ∑ (𝑍𝑗 − 1𝛼+(𝑗−1)𝜆)𝑛𝑗=1
𝑍𝑗 1𝛼+(𝑗−1)𝜆𝑋𝑛



𝑋𝑛 = 𝑎 + ∑ (𝑍𝑗 − 1𝛼+(𝑗−1)𝜆)𝑛𝑗=1 𝑛 → ∞
�̅�(𝑥) = 𝜆Γ (𝛼𝜆) 𝑒−𝛼(𝑥−𝜇)−𝑒−𝜆(𝑥−𝜇)

𝜇 = 𝛼 + (1𝜆)𝜓 (𝛼𝜆) Γ 𝜓 = Γ′ Γ⁄
𝑋𝑛 �̅�(𝑥) 𝑛 → ∞

�̅�(𝑥) = 𝜆Γ(𝛼𝜆) 𝑒−𝛼(𝑥−𝜇)−𝑒−𝜆(𝑥−𝜇)

�̅�(𝑥) = 𝛼 {∑ Γ(𝛼𝜆)Γ(𝑗+𝛼𝜆 ) 𝑒−𝜆𝑗(𝑥−𝜇)∞𝑗=0 }−1

�̅�(𝑥) = 𝛼 {∑ Γ(1+𝛼𝜆 )Γ(𝑗+1+𝛼𝜆 ) 𝑒−𝜆𝑗(𝑥−𝜇)∞𝑗=0 }−1
�̅�(𝑥) 𝑟(𝑥)



𝑎𝛼 𝜆�̅�(𝑥)
�̅�(𝑥)𝑎 𝛼 𝜆

𝑛 → ∞
�̅�(𝑥) = 𝑎 + ∑ (𝑍𝑗 − 1𝛼+(𝑗−1)𝜆)∞𝑗=1

= ∑𝑍𝑗𝑚
𝑗=1 + 𝑌𝑚

𝑌𝑚 = 𝑎 − ∑ 1𝛼+(𝑗−1)𝜆𝑚𝑗=1 + ∑ (𝑍𝑗 − 1𝛼+(𝑗−1)𝜆)∞𝑗=𝑚+1�̅� 𝑌𝑚𝑌𝑚 ∑ 𝑍𝑗𝑚𝑗=1  𝑔𝑚(𝑥) ℎ𝑚(𝑥)



�̅�(𝑥) 𝑔𝑚(𝑥)ℎ𝑚(𝑥)
𝑔𝑚(𝑥) = 𝜆Γ (𝑚 + 𝛼𝜆 ) 𝑒−(𝛼+𝑚𝜆)(𝑥−𝜇)−𝑒−𝜆(𝑥−𝜇)

𝑔𝑚(𝑥) = 𝜆Γ(𝑚+𝛼𝜆 ) 𝑒−(𝛼+𝑚𝜆)(𝑥−𝜇)−𝑒−𝜆(𝑥−𝜇)

ℎ𝑚(𝑥) = 𝜆Γ(𝑚+𝛼𝜆 )Γ(𝛼𝜆)(𝑚−1)! (1 − 𝑒−𝜆𝑧)𝑚−1𝑒−𝑎𝑥
𝑌𝑚 𝑚

𝑔𝑚(𝑥)
�̅�(𝑥)

�̅�(𝑥)



gm(x)

�̅�(𝑥) ℎ3(𝑥)𝑔3(𝑥)
𝑠𝑒−𝑠𝑥 (𝑟 − 1)! (1𝑠)𝑟 ℎ𝑚(𝑥) (𝑟 −1)! ∑ {𝛼 + (𝑗 − 1)𝜆}−𝑟𝑚1 �̅�(𝑥) (𝑟 − 1)! ∑ {𝛼 + (𝑗 − 1)𝜆}−𝑟∞1ℎ3(𝑥)𝑔3(𝑥) �̅�(𝑥)



(𝑟 − 1)! ∑{𝛼 + (𝑗 − 1)𝜆}−𝑟3
1ℎ1(𝑥)�̅�(𝑥)








