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Abstract

This paper constructs a theoretical model about a unilateral market. This work studies a market
where agents can buy and sell goods at the same time. Agents have one and only one
indivisible good and money. Money is used to trade with other agents. The behavior of
the agents is described by a two-stage game. In the first stage of the game agents announce
prices and in the second stage agents report a ranking over the baskets after having seen the
price vector announced. The Top Trading Cycle is used to allocate the goods and money. The
first stage of the game is a non-cooperative game, and in the second stage to report their true
ranking is a dominant strategy, so the second stage is no strategic. The solution concept for
the game is the Bayesian equilibrium. We compute the Bayesian equilibrium for some
probability functions when we have n = 2 agents in the market. For these probability functions,
the Bayesian equilibrium exists and is unique. Finally, we discuss the problems that arise when

we try to generalize to the case n > 2 or to an arbitrary probability function.
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1 Introduction

The present work takes as its starting point the price setting behavior observed in the real
estate market. When an agent decides to sell her house, is usual that agents set the price. An
agent sets the price of her house by many reasons: she knows better than anyone the features
of her house, may be cheated if someone else sells her house, or just needs the money to cover
debts, or to buy a good at the same time. For example, it is common that a person decides
to sell her house because she wants to change their place of residence and needs money to
buy a new house. Then, what an agent does is to advertise in the media that your house is
for sale, showing her house to those interested and wait for someone to pay the price settled.
Agent adjusts the price of her house after a long time has passed without being able to sell
her house.

The real estate market is not the only one where agents sell their goods to buy a new
one. For example in the auto-mobile market, people sell their cars to the agencies and get
money to buy a new one in the same agency or in another. In recent years this situation
has become more common in video games and comic shops. People sell their video games
to the shops like Blockbuster, Gamers, Game Planet, etc. Shops have become buyers in the
market for video games. These shops pay an amount of money to people for their games and
people use money to buy a new game or something else. In comic shops, comic collectors
come together to swap cards, comics, etc. Depending on the collectible, the trade may or
may not include money. We must emphasize that in the comic case, the shop also serves as a
meeting place for people who want to sell their collections and buy special editions. Agents
set prices according to their preferences. The existence of different unilateral markets makes
increasingly important to study in these markets.

On the other hand, we know that the government intervenes in the real estate market
through taxes or subsidies, even in building, altering the behavior of the agents when they
set prices in the housing market. For example, in Mexico there exists Infonavit. Infonavit
is a government institution that provides loans to workers to purchase a house, but the role

played by Infonavit is more important. Infonavit played two roles: it is a buyer because it is



the owner of the house bought with the "Infonavit credit" until the worker clears the debt. And
Infonavit is a seller too: when a loan is cancelled for non-payment, Infonavit seizes the house
and then puts it on sale.

Traditional models related with the real estate market have problems to analyze the
government intervention and typically consider bilateral markets. Moreover, the literature
related to the real estate market presents theoretical limitations in its applications. This liter-
ature can be classified according to the following approaches: the cooperative games whose
solution concept is the core; the competitive approach that analyses the competitive equilibrium;
and the studies that suggest the existence of a bargaining process. In these areas
their solution concept involves serious problems to do comparative statics. The cooperative
approach proposes the core as a concept solution. The problem with the core, according to
Mas-Colell (1988, 151), is that "it is a concept a little proactive. This greatly facilitates the
ability to improve complaints and, consequently, often leads to an empty core. This lack of
consistency in the core concept led von Neumann and Morgerstern to reject it (more or less
explicitly) to propose a more sophisticated, the stable set". When we work with a competitive
approach, we find multiple equilibriums, which is the best? How to determine which to choose?
The cooperative approach does not indicate what price vector take and what not. And the
problem with bargaining models is that in the real estate market there is no bargaining process: a
real estate agent does not change the price of their house because a buyer does not have enough
money to pay or because they disagree with the price of a house.

With this motivation in mind, we construct a more realistic model. We consider agents
who have an initial endowment, which consists of money and an indivisible good. We call
"basket" to the endowment of an amount of money and a good. To simplify the model, agents
have one and only one indivisible good. Money in the economy is use to trade with other agents.
Each agent is identified by her valuation of each good in the market. The valuation vector is
drawn according to a probability function and captures the fact that goods are substitutes but not
homogeneous. Agents value the goods in the market independently and they only know their
own valuation vector.

Agents interact in a two-stage game. In the first stage agents set simultaneously the



price of their goods. Agents observe a price vector according to the prices announced in the
first stage, so in the second stage agents report their ranking over the set of available baskets.
The agents’ behavior depends on the money and the good obtained after trading with other
agents. To end the game, we use the top trading cycle (TTC) algorithm, described in "Shapley
and Scarf (1974)", to allocate the baskets. The TTC algorithm assign an amount of money and
a good to each agent, so when it stops, agents buy and sell a good. Finally, we propose the
Bayesian equilibrium as the solution concept for these situations. For two agents in the market,
we found that the Bayesian equilibrium exists and is unique for some specific probability
functions.

The existing literature on real estate market research is intimately related to the classical
analyses of matching processes in markets. The classical papers in this area are David Gale
and Lloyd Shapley [2], Lloyd Shapley and Herbert Scarf [9], and Lloyd Shapley and Martin
Shubik [10]. Gale and Shapley [2] (1962) consider the preferences over the possible matches
as exogenous. They proposed the deferred acceptance procedure to show the existence of the
core for the marriage and college-admissions games. Later, Shapley and Scarf [9] used the top
trading cycles algorithm to find an equilibrium assignment of indivisible goods to people. Gale
and Shapley (1962); and Shapley and Scarf (1974) do not consider any compensation between
agents that are matched. Shapley and Shubik [10] studied the matching problem in a market
where there is a divisible good, and agents compensate each other with money for matching.
These three papers consider bilateral markets. Agents are divided into two disjoint sets. In
this kind of models, matching is only possible between agents from different sets.

Corominas-Bosch (2004) and Polanski (2007) propose that prices are set through a
bargaining process in a bilateral market. The information between buyers and sellers is
represented by a bipartite graph. These papers analyses the importance of the bipartite graph in
the competitive equilibrium and establish necessary and sufficient conditions on the network so
that the solution is the competitive equilibrium.

The main differences between our approach and the traditional literature are that
prices are set strategically; we do not consider a bargaining process; and the game ends after

stage two. As Quinzii (1982), we work with a unilateral market where all agents can sell and



buy at the same time, but, we suppose that each agent has an initial amount of money "large
enough". On the same line of this work, Pereira (2012) analyses economies with indivisible
goods and budget constrained with the introduction of a dynamic auction mechanism

This work is organized as follows. Section 2 introduces the necessary notation; ex-
plains the Top Trading Cycle Algorithm as an assignment procedure; describes the game
played by the agents; and defines the Bayesian equilibrium as our solution concept. Section
3 analyses the Bayesian equilibrium for two agents in the market. Theorem 3.1 is our main
result and establishes that the Bayesian equilibrium exists and is unique for three particular
probability functions. In Section 4 we discuss the problems that we have found to generalize
the results of Section 3. In particular we discuss the geometric problem when the number
of agents in the market is greater than two, and we study the theorem 3.1 for an arbitrary

probability function. Section 5 concludes the work and we propose some possible extensions.



2 The Model

Consider a market with two sets, a set A of agents and a set B of indivisible goods. Both sets
have n elements. A generic agent is represented by i = [, 2,..., n and we use b to refer to any
good. There is money in the economy to trade goods between agents. Each agent i has an initial

endowment ( mi’bi)’ where m; is an amount of money “large enough” and b, denotes the unique

good that the agent has.

The preference relation zi of agent i over RxB is represented by her utility function
ul.:R XB—R; i.e., "agent i at least prefers (w,b) to (w',b')” is denoted by (w,b)>;(@',b") , where
(w.b), (0'b") € R x B. Then (,b) =, (&,b'), and (@5) ~; (@.0) jndicate strict preference

and indifference respectively.

We suppose a quasi-linear utility function for each agent i:u,(®,b;;v,) = @+v. So, the
utility function depends on an amount @ of money and over a good bj’ given the state of nature v,
for agent i.

Each agent i has a valuation vji about the good bj for all j € A. The state of nature for

agent i is her valuation vector vl.=(v 17V 20 ...,vm.) er" . Let Vi be the set of states of nature of

an agent i. v, is a subset of R’ .

The state of nature is a vector v=(v 7 ...,vn) where viEVi for all i €A. If we use V to

represent the set of states of nature, then V 1s the Cartesian product of all sets Vl.: V= H:':]Vi ,

2
so that V is a subset of R . There exists a probability function f over the set of states of nature V.

We assume that the valuation vectors of agents are statistically independent. The state of nature

V is drawn from f; each agent i is told the realization Vi:Vi of her state, but she does not know

the states of other agents.

Each agent i sets the price p; of her good bi' Assume that agents put non-negative prices
for their goods. On the other hand, if agents observe the price vector p=(p 1,...,pn) , when

agent i sells her own good and buys good bj she obtains an amount of money ml.+pl.—p]..



An assignment is a function /" rhat assigns to each agent i an amount of money w; and a

good b_; , where o is a permutation of agents. Then, /-4—R xB and the allocation that i receives

(OGN

is I'(}) = (®,,b,;,) . The assignment I"is feasible when Z; o, < Z;;lmi L

2.1 Top Trading Cycle Algorithm

To describe the top trading algorithm, we first introduce some concepts from Graph Theory. As

before, let A = {1,...,n} be a set of agents indexed by i, (mi’bi) the initial endowment for each

agent i and p € R’ a price vector. Each agent has a preference relation over R x B. We define

the directed graph G(A, p) = (A, E(A, p)) whose nodes are A and whose (directed) edges E(A, p)
consist of the pairs (i, j) such that i, j € A and agent i prefers the basket (mi+pi_pj’bj) to any

other basket (m, + p, — p,,b,) in the market. The graph G(A,p) is the graph on A which results

when each agent in A points to her favorite basket (. ml.+pl.—pj, bj).

A Top Trading Cycle (TTC) is an ordered subset C={i of A for

Pzl =i/
which ( l]lJ +] ) is an edge of the graph G(A, p). A cycle may contain only a single node, when

some agent i prefers (mi’bi) to all other baskets in the market generated by p. The TTC

mechanism always determines an allocation, (see Appendix A).

The TTC algorithm, attributed to Gale in Shapley and Scarf (1974), is described below.
Suppose that agents observe p:

Step 1:

1. Each agent i points to her most preferred basket ( mi+pi_pj’bj)’ in A, resulting in the

graph Gl (A’ p) = (Aa E(A? p)) .
2. In each TTC of G,(A, p) the corresponding trade is performed: the members of each

TTC obtain the basket that are pointing to. After it, TTC is removed from the market. Let A ; be

the remaining set of agents after we remove the TTC. If A ]7ﬁ @ we follow to step 2.

! Since goods are not divisible, the set of feasible assignment of goods is described by the set of all permutation over
the set B.
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Step 2:
1. Each agent i €A ] points to her most preferred basket ( ml.+pl.—p]., bj) inA It resulting in

the graph G, (A, p) =(A,E(A,, p)).
2.In each TTC of G,(A, p) the corresponding trade is performed: the members of each

TTC obtain the basket that they are pointing to. Then, the TTC is removed from the market. Let

A 5 be the remaining set of agents after we remove the TTC. If A 2;/: g, step 2 is repeated using A2

instead of A 12

The algorithm goes on until no agent remains in the market.
This algorithm terminates in at most n steps, because of the finiteness of A and the fact
that at least one cycle forms at each step (see Appendix A). We use TTC[p] to refer to the

allocation generated by the TTC algorithm when agents observe a price vector p.

2.2 The Game

We consider a two-stage game. In the first stage, each agent i €A announces the price of her

good p, € P. =R, . In the second stage, all agents observe the price vector p=(p PPy, )
and each agent i reports a ranking of the baskets ( ml.+pl.—pj, bj ). The TTC mechanism is used to

compute the final allocation. Note that the TTC algorithm allows agent i to retain her good when
she does not belong to a TTC and she is not interested in any other good than her own; in this

case, agent i obtains the basket ( mi’bi)'

2.3 The Equilibrium

For the equilibrium characterization, we need some extra definitions and notation. A decision
rule of agent i is a function o Vl.—>Pi mapping states of nature into prices. Let a price vector p,

ﬂi(p ) denotes the ranking of the baskets (mi+pi_pj’bj) made by agent i. A pure strategy for
agent i is a pair («;, B, («)) where o is a decision rule and Bl.(a) is the ranking corresponding

to the price vector a:(a],az, ...,an)

11



Recalling that in the first stage each agent knows her state of nature, but does not observe

the state of other agents; our solution concept is Bayesian equilibrium.

Definition 2.1. A Bayesian equilibrium is a profile of pure strategies ((al.*,ﬂ* (a*)) |_,, where

a =(,...a) and S (@) = (B (a),..., 5,(a")), such that for each agent i

Ehuy(TTC|8* (af o (i) w)] = Ehuy(TT O[5 {0, a* ). 8° (0. 0® )](1); )

for all a; EPi and for all v; EVZ..

Alvin Roth in [;{Error! No se encuentra el origen de la referencia.] showed that the
TTC algorithm is strategy proof, i.e. it is a dominant strategy for each agent to reveal her true
preferences. So, given that in the second stage of the game described in 2.2 the TTC algorithm is
used to compute the final assignment, then the next proposition, which will be useful to compute

the Bayesian equilibrium, is true:

Proposition 2.2. In the second stage of the game described in 2.2 each agent reports her true

ranking of the baskets ( ml.+pi—pj, bj ).

Proof. We know that the TTC algorithm is strategy-proof. See [;Error! No se encuentra
el origen de la referencia.] for more details. Then, for each agent to reveal her true preferences
is a dominant strategy. So, agents have not incentives to deviate. Therefore, in the second stage

each agent reports her true ranking.

12



3 The Equilibrium for n =2

In this section we compute the Bayesian equilibrium of the game described in the previous
chapter for n = 2, so, we have a set of agents A = {1, 2}. Each agent i has private information

about her state of nature vl.:(v ) , where viEVi' We suppose that V1=( V] 1,V2 ] ) and

V..
i’ ji
V2=(V]2,V22) are independent random vectors. The probability function f.'V1><V2—>R is
common knowledge to the two players.

Remember the game described in the previous chapter. In the first stage, each agent i sets

p; the price of her good. As usual pl.ER + In the second stage agents observe all prices and report
a ranking over the baskets (mi+pi_pj’bj)' Finally baskets are assigned using the Top Trading
Cycle Mechanism. Then, the payment function for each agent i is:

.'.'.': I |"_.” _ rl"_:' I Jlil 'I.-l- II_'I: _ J-;: s .l-II ﬂr'.d !|_i —_ I||I _' |'::
Lo, By 1y ) {0

My + otherwise.

Since the second stage is strategy—proofz, all agents report their true ranking over the

baskets ( mi+pl.—pj, bj ) corresponding to the price vector announced in stage 1. So, to compute the

Bayesian equilibrium we only have to solve the non-cooperative game described in the first
stage.
To obtain the Bayesian equilibrium we analyze three different probability functions over

V]XVZ' First, we suppose two agents uniformly distributed; after it, we suppose that agents

exponentially distributed; and, finally, we suppose an agent uniformly distributed and an agent

exponentially distributed to capture different behavior.

3.1Two agents uniformly distributed

% See Proposition 2.1 in Subsection 2.3.
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First, we recall that the vector of valuations is a random vector Vi=( Vii’ le. ) . We now assume

that Vii and le. are independent random variables, valuation’s variables, uniformly distributed,
for i, j € {1, 2}. Without loss of generality we suppose that VI=V2=[ 0,1]%[0,1]. The marginal

distribution for each random variable is

1 if Uy [0, 1]
0 otherwise.
foralli,j €{1, 2}.
Given the assumptions made in the previous paragraph, the joint distribution for the

random variables le. and Vii is the function
(vus. g} € [0, 1]

3

foralli, j €{1, 2}.
By the Bayesian equilibrium definition and the function (1) we need to compute the

expected utility function for each agent i defined below:
Efw) = Ployg — py = vy, vy — By = vy }imy + by — py + v H
L= Plogs — Py = v, vy — 1 2 55))] (g + v0)
Note that agent i knows vji’ Vi and p; but does not know pj, vij and vjj. Agent i only

knows the distribution fV V. Rewriting the above expression
i’ ji
Elw] = Ppy < vp — v, vy — vy < —pa){ma + 0 — py + o)

1 — I I.r"': - !_il — Thi. |'_'|_:| — II|_'| - —fH LTy 4 T |

Inspired by the methodology of Auction Theory (see Appendix B), we look for the best

response of i when j uses a linear strategy, i.e. agent i supposes that pj:ajv]j_ijzj’ where aj, bj

are non-negative constants. This assumption is intuitively appealing because, the more I

appreciate the good that I have, I want to get more moneys; so, there exists a positive relationship

310,112 =[0,1]x[0,1]

14



between pj and the valuation ij'

On the other hand, the more I appreciate a good different from

mine, [ want to sell my own good fast to obtain the good bl.; so, the relation between vl.]. and pj is

negative.

Py L= <v l—v” V]]_Vl]<_p .) . This probability depends on the region on which we are integrating.
10 .
08 |- .
06 |- e
F
04 |- .
02 - 1
00 L | | | | ]
00 02 04 06 08 10
vii
Figure 1. Region 1. This region occurs when the intersection between the sets
[0,1]x[0,1], {(v., Vz]) Vi ] l]<vjl* v.}) and {(v., vl]) ]Jf z< p} is equal to
the empty set.
We have three possible regions of integration (see figures (1), (2) and (3)). Regions 1 and
3, illustrated in figures (1) and (3), correspond to trivial cases. In Region 1
P(p]<vJ Vo v]]— i —pl.):O , so the expected utility is Ef U; ] =Mty In Region 3
P(p] vﬂ—v” v]]— i —pl.):] , so the expected utility is E[ui]:mi+pi_pj+vji' When we are in

To obtain the expected utility function, we need to calculate

the probability

Regions 1 and 3, the first order condition 0E/u i]/@p ] is equal to O or I, respectively. This tells us

that any response is optimal.
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Then, we work with the most interesting case to compute the Bayesian equilibrium. We

consider the probability over Region 2 illustrated in figure (2). We calculate this probability as

follows:
Ial:!'_“ —|||_'| _' |"g:.|'|_:| — i ;" l"_i_'|:| Ihl:l'.'_]!'_i_i —IIJJ!':_i : l"_i| — !':|.!'__1_i — II'|_'| '; —||||:I
1—py 1
{ fr 1l:ir|'|1l:ir|'u
40 = Par Uy
. a0
_—;,'..“l — 417
1.0 [T T T T T T T T T T T T T T T T T T T T T
0.8 |- -
0.6 _
04| -
0.2+ -
00 _I 1 1 1 1 I_
0.0 0.2 0.4 0.6 0.8 1.0
Vil
Figure 2. Region 2. This region occurs when a]/b <I, so the intersection
between the sets [0,1]x[0,1], {(v ,v J:a ~V..} and

T J l] Vi Vi
v.):v.—v.<—p.} isdifferent from [0, ]]X[O 1] and to the empty set.
{(JJ U) i Vi p;l pty

substituting the above expression in equation 2, the expected utility function for agent i is:

k.
o s L
Elw E"”’ —1)7ims +p —py +op ) 4 IE t _?} {7 + T ).
To get the best response, the first order condition is
dE |
il | R
oy

16



then, we have to solve the next equation

e
bl -

_.ril T I:' _nlll_.:l:llll T II!!: I I:_1 I .ril:“:”il |“ _nll T !"I ']

]
|:h|

0.8 -

0.6 -

vij

0.4

0.0 1 1 L 1 L
0.0 0.2 0.4 0.6 0.8 1.0

vil

Figure 3. Region 3. This region occurs when the intersection between the
sets[0,1]x[0,1 vv .advv V. ~V.<p.

[O1]X10.1], ((vov Jiaw, =by <v.=v,) and ((v.ov )ov.=v, <=p,]
is equal to [0, 1]><[0 ]]

Therefore, the best response of i when j uses a linear strategy, p ]—a]v]]—bj lJ

]

——

Pyl ) =(1 4 2py + 2oy _EII_'I:

Analogously, we seek the best response of j when i uses a linear strategy pi:aivii_bivji’

where a and bi are positive constants. The best response of j when 7 uses a linear strategy is

1
pilm) §:1 b 2m + 2vyy — 2my) (4)

Solving the system formed by equations (3) and (4), the equilibrium is given by:

P = (5 + Bvw — dugy — Boge + dvyy)

Py 5 4 gy — dvgy — By + dvg)

1,

17



3.2Two agents exponentially distributed

The real estate market is a market with substitute goods, then a more realistic assumption is to

think that Vji and Vii are not independent for i, j € {1, 2}. So, the valuation Vji of agent i about

the good bj depends on the valuation of her own good.

0 — :

vij

0.0 B

_1.0 L L L ! 1 L L L ! 1 ! ! L ! 1 L L L I
-1.0 —0.5 0.0 0.5 1.0

Figure 4. Region of integrati‘j)jn for Exponential Case
An even more general and realistic assumption is to assume that Vji and Vii are not
identically distributed. We suppose that Vji and Vii are independent and exponentially distributed
with parameters 'lji’ /ll.l.ZO respectively. The parameters /lji and iii can be different. Moreover, iji
can depend on 'lii’ capturing the fact that there is a relationship between Vji and V. The marginal

probability function for each random variable is

Agqt ety for vy = 0

fre e
.-I'_‘II.lI_IllI

I otherwise

and, by independence, the joint distribution is

18



-:II'||"II'_||'- 1 "-_‘lll'-|-| i T | rll::lr I:Il.”- I.-II::I E H . W H L

fvayu(va. o) 0 otherwise

The payment function and the expected utility function is the same that in the previous

section (see equations (1) and (2). When agents are distributed exponentially, what changes is the

probability P(, pjsvji_vii’ vjj—vijs—pi ) . Again, we compute this probability, and we suppose that

i uses a linear strategy, p.=a.v,,—b.v,,, with a., b. non-negative constants. In this case, we do
J gy p] V22 V12 b O g
not have trivial probabilities, and we only have one region of integration, see figure (4). So

Plvg — py = vu. vy — oy = vyy) = Plagvgy — byvyy < vp — vw, vy — 0y < — )

—_— =N . .
f f Aggage™ I du gy
0 Jpteyy

£ ‘.I'IFE.-IIl;J
':ll'_l_'l T .-Illz-l

substituting the above expression in equation (2), the expected utility function for each agent i is

I !' !"':F".-I'u-u ' N
Eluy ]L—IIIHI:?H: b — Py + ) 4 [; — e P L gy 4 .:lL|_'|J {114 + ),
g1 Ty

foralli, j €{1, 2}.
We follow the same process as in section 3.1 to obtain the equilibrium. The first order

condition is:

I [uy] i
opy
Then, we have to solve the next equation
e M Ay | P A Ag(me+ o) S ANy (mat -yt on)
Ay + Ay Agy + Ay Ay + Ay '

Therefore, the best response of 1 when j uses a linear strategy, py=av, Z—bv 12 is:

R e
i

19



Analogously, we seek the best response of j when 7 uses a linear strategy p=ay; ]_biVZ ]
where a; b, are non-negative constants. Also, we suppose that Vii’Vji are independent and
exponentially distributed with parameters 'lii’ /ljl.>0, respectively. Then, the best response of j

when i uses a linear strategy is

1+ ﬂ,ﬁpi + /1jl.vjj - /1jl.vij ©)
A.

Jt

pi(p)=

Solving the system formed by the equations (5) and (6), the equilibrium is characterized

Py [+ Agpdga(1 — Agergy + Aperyg) + Apdagtas — Agpedag vl /TAada(1 — Ag]]
Py [Agg + Al — Aoy + Ao} + Apdagrgy — Apadagtig] A A1 — Agg)

J

Note that parameters ’lii and 'ljj are not present in the equilibrium. This result may suggest

that assuming ’lij as a function of 'ljj is feasible. The question is: What is the meaning of the
exponential distribution parameter 4 in the real estate market?

We believe that 4 measures the agent’s willingness to buy houses with a low valuation.
We are not sure about this intuition because 4 is commonly used to describe waiting time

between counts.

3.3An agent uniformly distributed and an agent exponentially
distributed
We can also think that the valuation vectors, Vi and Vj’ are independent, but not identically

distributed. This is a more realistic assumption because agents do not value goods in the same
way.

In this section we suppose that Vii and le. are independent uniformly distributed;

therefore, the marginal distribution for Vii and Vji is

r if vy € 0, 1]

.IIIII | W | ik ._Ifl- !_il ]

1 otherwise.
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hence, the joint distribution for Vi is

1 if (v g € [0,1]2

fw, 'u,l'll I'_||I

8]

Ll otherwise.
On the other hand, we suppose that ij and Vij are independent and exponentially

distributed, with parameters /1].].20 and iijZO respectively. The joint distribution is

(EYTLATFR Py 4 o W N e
I-. . oy ]|_J-I__III=}|' 17=11 dl r|:|' I-"!_Ll"!l_l-l ._HI -"'-H_
L '|||'1_| :.'l.l.'l' E i)
. ] otherwise.
We consider the payment function and the expected utility function described in

equations (1) and (2) respectively.

We look for the best response of i when p.=a.v..—b.v.., where a,, b, are non-negative
Ja Ty e

constants. To obtain the expected utility for agent i, we integrate over the region illustrated in

(4), because V] is exponentially distributed. Then

P['!'_u — Py 2 Ty Ty — Py = "'_|_1:' P[“ Uyy — 'IJ1‘!':_| = Ugy — Uy, gy — Tyy = —Py)

f f I'._|_|.-:'|z_;ll' h' 13 1'||I-!z_||ll-!_|_|
I'.'-.Il_li

"-|_|F'|!|

—J_
A+ Ay
substituting this expression in (2) we get
T c !"“F'l :I" 1r 1 5 . 3
Eluy] Wi... My Py — Py + ) + ('I_ —F 1.:_‘.':'1__11,”_].__'_1 1 }LE}}[JJJE F o)
11 ‘
The first order condition
O 1y
any 0

generates the equation

e NP ), i r""-‘?",ﬁu”l”{.'.l.l; b uyg) - r;‘-'P‘.l_”,'l.z_,i:rri, Py — Py + Uy
.-I'n_;l_| 1 .-:'||_;I .-:||_1_;I | .]|.|_1 :ll._|_'| T .-I'|1_|

0

The best response of i when j uses a linear strategy is:

14 .-:'||.;I_r.|_| 1 .-:'||_;I|"|| —.-I'nz_;ll"_'“

PPy Mg
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Moreover, we seek the best response of j when i uses a linear strategy pi=aivii_bivji’
where a bi are non-negative constants. By assumption, Vii’ le. are independent and uniformly
distributed over [0, 1]. Then, the joint distribution of Vi is the probability over the region

indicated in the first case
: P b
_ ) 1 if (v v) € [0,1]
.fll'ﬁll;-lrl_'ull' Ui )
I otherwise.

To obtain P( vji_p >v., v..—pl.ZV. ) we integrate over the region illustrated in figure (2):

J i Jj

Plog —py = vu, iy — i = vyy) = Plagwe — oy < vy — vyt — v < —py)

Jf Jf 1y eb
i Pi+Ug
|

—py — 1)
Elp_l' ¥

Then, the expected utility function is

g
. 1, o, . 1 L .
ETuy] El_j.l_l-— 1 (g + py — p + vy) 4 (E | J'-'_r__g'r') (my + vyy)

By the first order condition

aE [uy]
. 0
Ipy
we have to solve the equation:
5 — P+ + (1= prl(my +vgg) + (=14 pyd{my + py — pu+ vy
The best response of j when i uses a linear strategy, pi=aivii_bivji’ is
P 1 .'] Ty Ty 2 o "H'I
Pyl E'._ b oy + 2ty — sty ) LAt

Solving the system formed by the equations (7) and (8), the equilibrium is given by:

3
P 1 4 _.:'|_ k :1|'|; — ?-!';J’—jl"_n 4 2'".1.1
i

2
py=14 ﬂ b 2uy — Juyg — vy 4+ 2oy,
1
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As in Section 2.2, the parameter /Ijj is not present in the equilibrium, but the intuition

respect to the parameter iij remains unclear.

3.4 Summary

In previous subsections we find some common features in the Bayesian equilibria calculated.
These features are summarized in the following theorem. To state the theorem, we need more

notations. To refer to the probability functions over the set V=V]><V2 used in subsections 3.1,

3.2, and 3.3 we use f It f2, and f3. Also, since the second stage of the game is strategy-proof, we
denote by S (p) the true ranking reported by each agent i after see the price vector p.

Theorem 3.1. Let set of agents A = {1,2}. Agents play the game described in subsection 2.2.

Suppose that the state of nature of each agent is drawn according to a probability function

f.'V]><V2—>R, witth{f],f2,f3}. Then:

1. When an agent j assumes that the agent i uses a linear strategy on vji and Vi ie.
pi=aivii—bivﬁ with a, bl.ER + and al/bl.< 1, there exists a unique symmetric Bayesian
equilibrium.

2. Consider«p]*,ﬂi*(p))(p;,ﬂ;(p))), where p* =(p;,p,), the symmetric Bayesian
equilibrium of the gameforfE{fI,fZ,f3}. Then:

e § = r .

(@) SEL =~ Ognd EL = 0, forall i, j € A
=i ek N | -

; o " e § .

(b)) L < 0ad i < 0, forall 4, j € A

Note that equilibria reflect the basic principles of Nash equilibrium: each agent meets and
adopts her best strategy, and everyone do a correct prediction about the strategies of others.

Also, this theorem shows that there is a positive relation between the price p; and Ve vjj'
The positive relation between p; and v is intuitive. On the other hand, it is obvious that agent i
knows that pj increases as vjj increases. Then agent i raises p; when she anticipates an increase in

vjj' This can be a measure of i to earn more money when j wants to increase p. through vjj’ ie.

when j wants to earn more money. The negative relation between p; and vji can be explained as
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follows: agent i wants to sell her house as soon as possible because her interest in j’s house has

increased. However, the negative relationship between p; and Vij results counter-intuitive. If
agent j increases her valuation about bi’ it is natural to think that she has more willingness to buy
bi’ so agent i could take advantage of this situation and increase p; But theorem shows that, in

this case, the price decline. We investigate further on these insights in a future paper.
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4 Two generalizations

The results obtained in Section 3 can be generalized in at least two ways. First, when we tried to
find the equilibrium when 7 is greater than 2, we identify a geometric problem to compute the
Bayesian equilibrium. In this Section we illustrate this problem for n = 3.

The second problem is related to Theorem 3.1. In particular, we analyze whether

Theorem 3.1 can be generalized to any probability function f for n = 2.

4.1 The Equilibrium for n > 2

We consider the geometric problem with n = 3. Suppose that we have a set of agents A = {1, j, k/.

Agent i has private information about her state of nature vl.=( Vo vji’ Vi ) , where v, EVi is a subset
of R3. Also, the valuation vectors of j y k are unknown to agent i. We suppose that
VI:(VI]’VZZ’V.?]) , V2:(VI2,V22,V32) and VSZ(VIS’VQS’VSS) are independent random
vectors. The probability function f:V ] ><V2>< Vj,—»R is common knowledge to the three players.
Remember the game described in Section 2. In the first stage, each agent i sets Pp the
price of her good. As usual piGR + In the second stage, agents observe all prices and report a
ranking of the baskets (mi+pi_pj’bj)' Since the TTC algorithm is used to allocate the baskets,

agents report their true ranking, see Proposition 2.2.

The payment function for agent i is:
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my+m—py+op if 4

g, By oy ) = <

my+ Py — P+ v if 4

my + if

Uy — Py = Ty and Uy — Py 2 Vg — Pie

Uy — Pk = Uyy and Py — Pie > Uy —
gk — Py = Ugg and v — py = Uyk — Py
'I.I'

Vg — Py = vy and vy — py 2> vy

Uik 2 Ty — Py and vy = vy — Py

Vig — P = g and vy — Py = v — py
vik — Py = vk and vye — Py P Uha — e
vy — i = vyy and vy — P > vy — i
Vv

Upp — P = By and vy — Iy = v

gy 2 Uy — Py and vy F vy — P

{ Py = Uy — Py and vy P Uy — P

Symbol V means “or”, i.e. since there are more than two possible ways to earn an amount of

money, we must join the possible events.

Define the sets 4 It A P and 4 3as follow

W

By — Py = vy and vy — Py > vy — P
Uiy — P = vyy and vy — P 2 vy —

vek — Py = Uik and v — Py 2 Uy — Py

g — Py = vy and vy — m > vy

Uk = Uik — Dy And vk 2 Uik — Py
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Ui — Pl = Ui and Ui — P = U — Iy
Uk — Py = Uki and Ujk — Pj = Uln — Pi

Uy — Iy ;" "._'I_'I and |':: — : "ll.:__‘ — P

Uy — Pl = Uy and gy — py = vy

Tyy = Uy — Py And myy 2 Uy — P
j = iy — Py and Ty 2~ Vg — Pk

Ay { thy = Ty — Py and vy > vy — P }
If we follow the procedure to find the equilibrium as in Section 3, we have to calculate the
following expected utility function defined below
Elw] = Prida)(ma + p — py + vp) + Pr{da)(m + ;o — pe + o) + Pr(Aa)(m + i),
To compute the probabilities over 4 It A P and 4 g we follow Fubini’s theorem®, if we want
to get the probabilities on the sets 4 It A P and 4 3 We need to visualize the region over the which

we should integrate. Appendix C shows a region of integration used in Fubini’s Theorem when n

= 3. Remembering the model, agent i does not know vj, Vi pj nor p . So, agent i does not know
8 variables. Inspired by Auction Theory, we can eliminate variables pj and Py assuming that

there is a relationship between how an agent sets the price and her valuation vector, i.e. agent i

believes that agents j and k use strategies pj:g(vj) and pk:h(vk) , respectively, where

g:Vj—>R, h:Vk—>R are continuous functions. In Section 3 we suppose that g and & are linear

functions as particular case. On the other hand, there is a probability function f:VCR6—>R of

common knowledge and the valuation vectors are independent. Then the sets 4 I V| 5 and 4 3

* Fubini’s Theorem for n=2. Let f, g:X—R be continuous functions such that g(x)<f(x) for all x€X, and let
D={(x,y)eR"" :xeX,g(x) <y< f(x)}. Let ®:D—R be a continuous function. Then

||I- g J||r |Ir‘||rI - ﬂ:-l:.g.l.:fg.;l dx.
413 A N A gz

L

To more information about Fubini’s Theorem and its applications see Jerrold E. Marsden and Anthony Tromba,
Vector Calculus, (Madrid, Pearson Educacion, 2004) 324-339.
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describe the region over which we integrate, so this region are contained in R6. This is our
geometric problem: How to describe a region of integration contained in R6? It is impossible to

visualize sets in R6 and determine the region on which to integrate. However, that we cannot

visualize the region does not imply that the probability of the event described by 4 It Y| 2 and 4 3

does not exist theoretically.

Therefore, when n > 2, our problem is to determine the region of integration because we

have sets of dimension nZ—n. We would like to find a way to simplify this region of integration

to calculate the probability and verify if the Bayesian equilibrium is also unique when n > 2.

4.2 Arbitrary probability function

At the end of Section 3 we raised the question of whether it is possible to generalize Theorem 3.1
for any probability function f. Suppose that A = {I, 2} and we consider the same payment

function as in Section 3

My + Uy — Py + if Uy — Py = i and vyy — Pi = Ty

ey | e, £y )
iy -+ otherwise.

We suppose that V] and V2 area random independent vectors. There is a probability

function f:V 1% V2—>R.

The equilibrium price VeCtOI‘(p]* , pz) is implicitly defined by the following equation

system:
O 4
. 107}
Wl _ l
.;rp_w
where the expected utility function is defined by
Elw] = Ploy — py = g, Uyg — Py = Ogq My + By — Py + U 4
-1 o' II I-I I ol I -1 -'I [11 :I
1 - 'r:":!jl — Py = Ug. Uy — Py 2 Ugy) )){My + Ty
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On the other hand, as in the first price auction of Appendix B, to compute the best response,

agent i has to believe that the agent j uses a strategy pj=pj( vij’vjj)' Since agent i only knows the

probability function f, then P’ =Pr(p jWsv) Sy =V, v, —v, <—p;) represents the
probability to trade with agent j when i believes that j uses the strategy pj:p( vij’ vjj)

Applying the chain rule to (11), we can compute the derivative respect to p; So we have

the following system

apt . art
——(my +py —pa— v )+ P! —vryy— =10
am ' dp1 (12)
::.L“E (m . ; - | JrJE » ':-”r: 0

Following Section 3, we suppose that agent i believes that agent j acts pj:pj( vj); we can
suppose that
Ao (vepe)  pglvery.p)
WY (mape) g (o 0g.0)
where h/,h} and g|,g.. Also, h/, h}, g, and g} are the functions that describe the region on

which integrates, when i suppose that j uses a strategy pj=p( Vij’v jj)

To determine the relationship between p; pj with v 7] We have to differentiate (12) with

respect to v, ;. Then, we solve the following system

(Pt — po — va1) [‘fﬁfil dm & P! f.J,ug] ) apPl 8py AP 9p B f_"_
ST TN Bpy vt 8pdm Brn dp dryn - Opa doil Om
-!'ILI[HQPI dp1 | Fpl c'}m) 0
dpf dvy  Opedp ooy
) (P Ay 8 P? A aP? gpy  aP? o
\P2— Pl — Vi I[.Fﬂ,':-[il: Sy c'.i',ng .f'3-!'|1) U Bm dvn | B dvn
. I[ FPE iy ) P2 dpg ) 0
+ dpith vy dps don

(13)

29



apl and épZ
Vi ovy,

To determine the sign of we need to know more about the expressions

o' o P o*P* 0P’
2 b

op; ~ op,  op;  op,

. Unfortunately, the previous expressions depends on the relation

between P], PZ and p Py Again, we have a geometric problem because P! is determined by the

functions A, h;, g, and g, which describe an elemental region.

The previous problem arises when we want to know the sign of the relation between p ]
and Von Vops Vo The same occurs for Py Also, we need information about the probability
function f. Therefore, if we want to generalize Theorem 3.1, we have to study the elemental

i

region described by A/, h;, g and g;. We will deal with this problem in future work.
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5 Concluding Remarks

We construct a model for the real estate market that considers a non-cooperative behavior
between agents. Also, we break with traditional models assuming that agents can act as buyers
and sellers. Therefore, our solution concept involves the idea of a matching between agents
belonging to the same set.

For two agents in the market, we calculate the Bayesian equilibrium taking different
probability functions and different behavior of the agent. The cases analyzed preserve the
relationship between the prices and the valuations of the agents on the goods in the market. Also,
the Bayesian equilibrium exists and it is unique.

When we have more than three agents, to compute the Bayesian equilibrium we faced a

geometric visualization problem. We hope to solve this problem in future work.
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Appendix A The Existence of Top Trading Cycle

The Top Trading Cycle algorithm always ends up in an allocation, because we always can find a
TTC in each step of the algorithm.
Proposition. Let a finite set of agents A = {1,..., n} be indexed by i. Each agent has one and only

one indivisible good @, Let Q be a set of indivisible goods. Agent i has a preference relation
denoted by ">’i over Q. After each agent announces her most preferred good in Q, at least there is

aTTC.
Proof. We proceed by contradiction. After each agent announces her most preferred good

in Q, there is no Top Trading Cycle. Then, agent i 1 points to agent i2, where ilqéiz because there
are no cycles. Following this process, we have that i, points to i . where i +17élj for all
je{l,....k} because there are no cycles. Hence, i points to i ., such that i +1¢1j for all

JE{1,2,...,n}, which is a contradiction because there are only n agents.
The previous proposition tells us that in each step of the TTC algorithm there is at least a
Top Trading Cycle. So, the algorithm is well defined. Therefore, the TTC algorithm always

generates an allocation.
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Appendix B An Example from Auction Theory

We will sketch the way auction theory looks at the Bayesian equilibrium in first price auctions.

We consider only two bidders, / and 2. Let v ]>0 denote the value for player 1. Suppose that

player 1 believes that the other bidder’s values is uniformly distributed over [0, 1]. Each agents

bids a; EAZ.:R + The pay-off function

vi—a
2

if ay > a
if

22 if

wla, v) = ]

Also, player 1 believes that the other bidder uses strategy oc(v2)=av2 , so the expected utility

function for player 1, if player 1 bids b, is

v — b
(v — bjprob{l winz) + Oprob(1 loses) + ——prob{tic)

|:! — I-":'nl l‘i"'llrl'l:'-' o

v—b

arg )+ = g |

|: o — '-.-:|_r:-_--|:.'||: g o r'-_.'|_l ]

Maximizing implies setting the first derivative equal to zero

h a—h

Solving for b

Therefore, this is the best response for 1 when she believes that 2 uses strategy avs. And itis a

Bayesian equilibrium because the best response for 2 when 1 uses the strategy v ]/2 is v2/2 by

symmetry.
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Appendix C A Region of Integration

Fubini’s Theorem requires of a region to integrate. Let f and g be continuous function from R to
R.Leta, b € R, we say that D:{(x,y)eiR|a£x£b,g(x)£y£f(x)} is a region which is

not a Cartesian product between intervals, this region is illustrated by the next figure

A 4

Figure 5 Elementary Region on n = 2.
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