
Se or lern nlo Torrebl�nca 
;i;rr.baja.da de 1:exico 
P-: ri s, ?ranci 'l 

I uy queri ·Jo tfo · 

Baltimore, ;;aryland, U. • A. 

Junio 4, 1932

Corroborendo el cablegrrur:a que te mand ayer y nuestros deseos que 

tenbo entendido te participó mi pa , quiero suplicarte nos hagas el 

fe.ver de que se me nombre escribiente en la EmbejrrJ.a de L�x�co en Berlín 

con un sueldo oue sea. suficiente parn nuestros €lstos. 

Por las cartas que adjunto te po'irás dar cuenta que he solicitado 

ayuda para :9oder terminar ciertos estudios superiores en física y matemá-

-:icas, con el propo si to de vol ver a !�éxico ,asi que los haya concluido. 

Una vez alli deseo identificarme de nuevo con le. vi¿a de nuestro país 

tomando parte activa en el desarrollo social y econ6ruco. Bspero llevar. 

a cabo estos planes fungiendo coi:io miembro de la Facultad de ln Universidad 

Nacional y como Ingeniero Electricista del Gobierno de 11.éxico. Para 

estos planes cuento con tu bondadosa ayuda. 

Apesar de todos mis esfuerzos de varios meses y de l::i. ce.rta del Dr. 

J ••. ,. Puig Ca.saurnnc que me tono la libertad de enviarte, mi solicitud no 

fue accedida. Por esto y porque el empleo que ten50 en la Universi'a.d de 

Johns Hopkins cor.10 cole.bor::idor de investi0aciones cient{ficas concluye 

con el mes de junio, ne urge conseguir empleo inmeditdamente. Li esposa 

�' �·o estamos dispuestos a volver a �.:éxico desde luego si fuera posible 

conseguir un empleo conveniente. Sin embe.rgo, preferiría terminar mis 

estudios antes de �ebresar, pues est�rí� de este rr.odo raejor preparado . 
r�ra llevar u cabo los planes ,_ue ahora me anirnan. 

\ 



Como escribiente en nuestra embajo.da en Berlín ,ienso dedicar al 

0studio todo el tier.;po :ue r.:e quede libre de mi l,rabajo asistiendo "· 

, lnses ya sea en la Universii�d de Berlin o en al�un� otra cer-

c�ne.. Asi ominaré en poco tiempo el i :lio1;m. aler:11Ín, tan indispensable 

en n:3.terir.s cient{!'icas, · llev-,.ré 'J. cabo mis planes de estudio. 

Entiendo c;ue ect-ls con tu fe.-;ri.lic1. ::;n vi-:je de desce.nso y de recreo, 

y sólo lo. ur¡;'"'nci., del caso ne obliga e. relirte a:-10ra este favor. Te o...;ra­

decerí::- i,incer:,.mente rre conte�,tc.ras por cablegrama si contamos con el 

empleo pr..r'.J el lº- de julio. i os sería Útil saber cu •. nto antes para ·poder 

h-icer los rrep::i.re.ti vos del vi..,je con tie::1po. 

Con �usto cprovecho esta oportunidad para expresarte mi agradeci­

-irnto por to'os tus favores y en particular por este nuevo que te pido. 

Bsperanos .ue el viaje les haya sido :livertido �' provechoso y c!ue 

muy pronto recobres tu salud. ecibe muy cs.ri osos S.'Üudos de nuestra 

t i t . --pqrue para i, u esposa, y ninas. Tu sobrino que te '3.prec·ia, 







Señor Fernando Torreblanca 
Embajada de l'léxico 
París, Francia 

i,:uy querido tío: 

:Saltimore, :.;aryland, U. s. A. 
Junio 6, 19 32 

Discutiendo ayer con papá la cuestión de mi empleo como escribiente 

en la Embajada de México en Berlín me dijo que cuando él te participó 

nuestros planes te expresaste f'avorableP1ente acerca de ellos. 

Tanto papá como nosotros teníamos entendidos que mi presente empleo 

continuaría hasta el 10. de agosto, pero habiendo sido notificado defini­

tivamente que tan sólo cuento con este mes y no teniendo en lo absoluto 

recursos con que sostenernos, me atrevo a molestarte un2. vez mas rogándote 

que por cablegrama arregles los trámites de mi norr.bram.iento. 

De nuevo quiero recordarte que estamos deseosos de regresar a México 

desde luego,en dado caso que no me sea posible terminar mis estudios en 

Berl{n Ó en al runa otra capital europea, ya sea París, Roma ó Londres. 

Con saludos cariñosos para tí y los tuyos recibe nuestro sincero 

agradecimiento. Tu sobrino que te quiere, 

s 
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Signification de• principales indications éventuelles 
pouvant figurer en tete de l'adresse 

D ... = Urgent. 
AR. = Remettre contre rec;u. 
P C. = Accusé de Réception. 
R P. = Réponse payée. 
T C. = T élé@ramme collationné. 
MP. = Remettre en maina proprea. 

XP:r •.... = Esprcs payé. 
NUIT •... = Remettre meme pendant 

la nuit. 
JOUR ..• = Remettre seulement 

pendant le jour. 
OUVERT = Remettre ouvert. 
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P.,R'l1IOULA l. Par!s,junio 21 da 1932. 

So�or Alfredo Baños,J�. 
2608 r.taryland Avanue 
Baltimore, Md., 
USA. 

Mi querido sobrino: 

Recibí tus telegramas y tus 
s.fectuosas cartas de fachas 4 y 6 de los 
corrientes junto con los anexos que me en­
viaste. 

Con toda pana te diré quaJ desde 
aquí, me as 1m,pos1ble atend�r tu pet1o1C;n pero
tan pronto como resr}se a Mexioo.tratare el 
asunto y me esforzará en obsequiar tus deseos. 

Mi esposa y yo les a.p;radecemos 
a ti y a tu señora sus buenos deseos y cari­
ñosos saludos que les retornamos. 

Tu tío que te aprecia. 
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Señor Fernando Torreblanca 
Embajada de México 
París, rancia 

I,:uy querido tío: 

Baltimore, 1:aryland, U. G ••• 
Junio 17, 1932 

Acabo de recibir por conducto de papá el cablegrama en que me dices 
que por correo contestas a mi petición, lo cual te a0radecemos sinceramente, 
pues ya bien sabes las razones por las que estamos ansiosos de definir nues­
tra si tu�.cicfo. 

uiero aprovech'lr esta ocasión para recordarte (¡Ue hace cuatro años re­
cibí mi título de ingeniero electricista; desde entonces, practicando mi 
profesión he adquirido experienci'3. y conocimientos que no dudo me capacitan 
para riar instrucción en ln UniversidDd Nacional y en la .B.:scuela de ln[,enie­
ría sobre asignaturas pertenecientes a mi ramo. Con 0usto te envío adjunto 
copias de dos artículos c.ue conciernen mis trabajos en la Universidad de 
Johns Hopkins¡ asimismo te pr.i.rticipo que en noviembre del o.ño pasado tuve 
el honor de leer ante una cqnvención de ingenieros que tuvo vorificativo en 
la Universidad de Harv<trd un artículo que describe parte de mis es-tulios. 

Al mencion<1r estos hechos quiero h'3.cer patente , ue no olvido que me ha 
silo posible completar mi carrera y �acer estos estudios gracias a la ayuda 
financiera que como pensionado de la Secretaría de Educación PÚblica recibí 
por varios años. "Ssto constituye unn deuda que deseo pat,ar dedicando el 
fruto de mis estudios en bien de nuestro país. Para mejor llevar a cabo es­
tos planes quisiera perfeccionarme en el idioma alemán y completar ciertos 
estudios ue me permitan obtener el título de Doctor en ilosofía (especia­
lizando en física y matemáticas). Creo de este modo estar mejor ureparado 
para identificarme una vez más con la vida nacional. Para consumar esto 
que sincere.mente anhelo solicito encarecidamente tu ayuda. 

Con cariñosos salu�os de nuestra parte para tí y los tuyos recibe de 
nuevo nuestro agradecirriento. nu sobrino, 



Predetermination of the A-C. · Characteristics 
of Dielectrics 

BY J. B. WHITEHEAD* and ALFREDO BA OS, JR.t 
Fellow, A.LE.E. 

Synopsis.-From the charge and discharge ciLrrenls of any type 
of dielectric under continuous potential it is possible to predict accu­
rately the loss, power factor and capacity at 60 cycles. This is done 
by an ernpirical determination of the equation for the relaxation 
function of the dielectric at a given temperature, followed by the 
application of Von Schweidler' s method. The method developed is 
available at any frequency, provided that the continuous potential 
charge and discharge currents may be measured over initial time 
intervals comparable with the alternating period. 
· It is shown that agreement of the relaxation function with the t-"

expression is not general, but on the conlrary, it is conjined to dielec­
trics showing negligible or no irreversible cond1Lction. 'l'he inade­
quacy of the t-" expression is proved on experimental and analytical
reasons. Chief among them is the failure of the t-11 expression to

lNTRODUCTION 

THE purpose of this paper is to give the experimental 
proof that the a-c. behavior of a dielectric at 60 
cycles may be accurately predicted from suitable 

d-c. measurements. The fact that dielectric loss may be
explained in terms of reversible absorption, or residual
charge, and anomalous conduction, as observed under
continuous potential, has led to several well known ex­
tensions to the alternating case of various theories
of dielectric absorption. Notable among these are
Wagner's 1 extension of Maxwell's stratified dielectric
and von Schweidler's2 extension of Pellat's theory.
Von Schweidler has deduced the expression for the di­
electric loss inan alternatingfieldfrom the equation of the
empirical absorption current-time relation as observed
under continuous potential. The work of F. Tank,3 

1915, apparently represents the first effort made using
von Schweidler's method for a direct check between
measured and computed losses. Since then other
checks on this method have been made by Whitehead,4 

Benedict, 5 and others. This paper discusses further the
possibilities and limitations.

The continuous potential measurements, using the 
amplifier-oscillograph, give records on photographic 
films of the charge and discharge current-time relations 
for the interval of time 0.001 to 0.040 sec. after the ap­
plication of voltage or of short-circuit. The geometric 
transient, both on charge and discharge, confined by 
choice of circuit constants to extremely short intervals 
of time is, therefore, absent from such records. This 
permits the accurate determination of the reversible 
absorption current directly from the discharge records 

*Dean, chool of Engg., Johns Hopkin University.
tRe earch Assistant, Johns Hopkins niversity.
Presented at the Winter Convention of the A.I.E.E., New York,

N. Y., January 25-29, 1982.
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predict acwrately the variation of dielectric loss with frequency. 
A convenient and sujficient expression for the relaxation function 

is shown to be a sum of three exponentials. Further, experiment and 
analysis prove that the method of three exponentials predicts accu­
rately the a-c. behavior of a dielectric at 60 cycle 

The usual forms of irreversible conduction encountered are dejined 
and classijied. The case where the initial constant current does not 
obey Ohm's law has been considered analytically in its contribution 
to the a-c. behavior. 

The manner in which the complete a-c. behavior of a dielectric is 
accurately predicted from suitable d-c. measiLrements is illustrated by 
three typical sets of experimental data; paper, oil, and impregnated 
paper. 

* * * * * 

and of the irreversible conduction current as the differ­
ence between the corresponding ordinates of charge and 
discharge. 6 The usual measurements of charge and dis­
charge current taken with a galvanometer and beginning 
about a minute after the application of voltage or of 
short-circuit, give values which in most cases have no 
bearing on the a-c. behavior at commercial frequencies. 
The condition for suitable d-c. measmements for the 
accurate prediction of the a-c. behavior is that the range 
of time covered by the d-c. measurements must be of 
the same order of magnitude as the period of the alter­
nating wave. 

VON SCHWEIDLER'S ANALYSIS 

The several components of alternating current in a 
dielectric at a given frequency may conveniently be 
represented in a vector diagram. Fig. 1 shows the 
familiar Wagner diagram for a capacitor exhibiting the 
anomalous properties of reversible absorption and irre­
versible conduction in addition to the normal property 
of specific inductive capacity. Von Schweidler's method 
permits the computation from the curves of d-c. charge 
and discharge currents of each of the separate com­
ponents, thereby giving dielectric loss, phase difference, 
and the increase in capacity due to absorption. Under 
continuous potential the irreversible conduction current 
is usually characterized by a constant initial conduc­
tivity which is independent of the applied stress for low 
stresses and which is almost invariably larger than the 
final or normal conductivity. The contribution of the 
initial irreversible conduction to the alternating case is 
discussed in a later section. Reversible absorption 
under continuous potential is characterized by a decay­
ing current function of time 

ir(t) = ECo</J(t) (1) 

where E is the applied voltage, Co the geometric ca-
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pacitance, and <f>(t) the relaxation function correspond­
ing to the dielectric at a given temperature; it is mea­
sured directly in the d-c. discharge curve. Equation (1)

embodies Curie's8 well known laws; namely, that the 
ordinates of the absorption current-time relation be 
directly proportional to the applied voltage and to the 
dimensions of the capacitor. If these laws are obeyed 
then the Hopkinson7-Curie8 principle of superposition 
is applicable to the determination of the current under a 

I" 

E 

FIG.1-VE.CTOR. DIAGR.AM OF A CAPACITO!':. 5HOWING 
lttVE.it51BLE. A!1501tPTION ANO lli'..ltEVE.ltSte>LE CONDUC­
TION IN ADOITION TO 5PE.CIFIC INDUCTIVE. CAPACITY 

Curr(nt Vector Contri bution et 
I' 6(omt.tric Capacltance 
1; R.evqr3ible: Ab3orption 
ll lrrllvllrsible Conduction 

varying voltage. Von Schweidler's fundamental equa­
tion for the current, as dependent on any e.m.f. varia­
tion E(T) in the past, and as based on the principle of 
superposition, is 

1 d 
i(t) = E(o)<f>(t) + f -;¡:;- E(T)</>(t - T) dT (2) 

which he applies to determine the steady state for the 
case of the alternating sinusoidal applied potential. The 
additional admittance contributed to a capacitor by 
reversible absorption, in complex notation, is shown to 
be: 

Yr = wCo(B + iA)

where w = 2 1r X frequency and 

A = [
00 

cos wt . <f>(t) . dt 
) 

B = f sin wt . <f>(t) . dt
o 

THE RELAXATION FUNCTION 

(3) 

(4) 

Hopkinson, Curie, Tank, and others have reported ex­
perimental agreement of the relaxation function with 
the expression: 

<p (t) = {3t-n (5) 

von Schweidler gives in this case the values of the in­
finite integrals of (4), as: 

(1 - n)1r
A = w n-1 {3I'(l - n) cos 2 

converges for o < n < 1 
(1 - n)1r 

B = w 1H {3I' (1 - n) sin 2 

converges foro <n <2 

(6) 

In all the cases mentioned above the values of n given 
líe between O and l. Benedict5 shows from experiments 
with solid dielectrics the same type of agreement up to 
100 milliseconds. Whitehead, 4 however, has reported 
several cases of values of n> 1, which introduces a 
serious objection to the use· of the type of relaxation 
function given in equation (5). As an example, in tests 
on commercial abietic acid over a range of temperature, 
Whitehead9 has found that the discharge current-time 
relation is of the t-n type with values of n ranging from 
0.1 to 2.5. 

In spite of the wide spread experimental agreement 
with the t-n expression it is found to be inadequate for 
the accurate prediction of the a-c. behavior for the 
following reasons: 

l. Analytically, V\:,hen n> 1, the value of the A inte­
gral in (6) above <loes not converge and it becomes im-

.10 1----1---+-�-+-l��-t-----, 
113 1----1---+----j�+-l--.l>-.-----"11,----, 

2 4 '- e, 10 

MI LLISE.CON D5 
zo 40 

Fl6. '2-VARIATION WITH VOL TAGE. OF CHARGE ANO 015-
CHAltGE. CUR.RE.NT-TIME li'..C:LATION:S AT ,ooe. Di'.."1' PAPEi':. 
SPE.CIMEN A7. ILLU5TR.ATl:'.S AGltEEMENT WITH t-n 
tXPRESSION fOli'.. VALUES OF n > i. 

--o-..,._ Chaf'8( 
o - Di5che1rde 

possible to compute the increase in capacity due to 
absorption. 

2. Examination of the expression for the B integral
discloses a mode of variation of power factor with fre­
quency which is contrary to both theory and experi­
ment. The computed power factor will decrease, re­
main constant, or increase with frequency depending on 
whether the value of n is less than one, equal to one, 
or greater than one, but in no case will it show a power 
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factor maximum as required by experience based on 
well accepted theories. 

3. Experimentally, the negative power of time calling
as it <loes for infinite current at zero time, gives rise to 
computed losses which are usually in excess of the mea­
sured losses. 

4. Finally, the t-11 expression is by no means general,
for noted departures are found in many cases. 

Fig. 2 gives the current-time relations at three volt­
ages for a specimen of dry, unimpregnated paper show-

� 1.0 t---"<---f�--t--'-..-t---t-t----+---1 
ll.. .6 t--�;,o,,.+---,f-"'(>--�d--t----+---1 

� ., J-c:-:-::<:-:----+-�--t---��--+-_.,.._�-+-------l 

� �f---A---r'-P-.c-f--l-f-.-.,d----1 
� 

., 1 2 4 ' 6 'º 20 

MILLISECONDS 
40 

f!G. 3-VAlt\ATION WITH VOLTA6E Of D1SCHA1t6E CUltKENT 
TIME ICELATIONS AT 60°C. IMPKE6NA7ED PAPElt :SPfCIMEN 
C7. ILLU:STKATE:S DEPARTUl<'.E Ffi'.OM t-n E.l<.PKE:S:SIO"l. 

ing agreement with t- 11 expression for n > l. Dielectric 
loss in dry paper specimens is entirely due to reversible 
absorption as evinced by the equality of charge and dis­
charge currents. The irreversible conduction current 
even at 60 deg. cent. is too small to be detected by the 
amplifier-oscillograph. Fig: 3 gives the corresponding 
discharge current-time relations for the same paper 
specimen after impregnation with an oil whose electrical 
properties are described later. ote in this case the 
decided departure of the absorption (discharge) current­
time relation from the t-n expression. We find in 
general, that if acapacitor exhibits charge and discharge 
curves which are identical, that is, if its dielectric loss 
is due entirely to reversible absorption, then the em­
pirical current-time relation obeys the negative power 
law of equation (5). If, on the other hand, a capacitar 
shows measurable irreversible conduction, or if it is 
made to acquire it, either through elevation in tem­
perature or as in the case of a paper specimen, through 
impregnation, then the observed discharge current-time 
relation will differ materially from the simple t-n
expression. 

THE METHOD OF THREE EXPONENTIALS 

A more general expression for the relaxation function 
which is not open to the analytical objections of the 
t-" type is a series of exponentials of the form 
<P (t) = f31e-a, t + f32e -a2t + . . . +f3ne -a,,t 

(7) 

for which the A and B integrals of (4) become 

(8) 

W{3 ¡ W{3 2 Wf3n 

B = w2 + a i
2 + w2 + al + · · ·

+ w2 + an
2 

Hopkinson, Steinmetz, Wagner, and others have found 
that three terms of equation (7) usually will suffice to 
express the empirical equation for the observed relaxa­
tion function. 

The resolution of a· given observed current-time rela­
tion into the sum of three exponentials is indeterminate 
and the two constants of each term may take wide 
ranges of values. Analytically this means that a set of 
six constants corresponding to the three exponentials is 
so chosen that the resultant equation will be satisfied by 
any six given points of the observed current-time rela­
tion. This implies six simultaneous equations involving 
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transcendental functions, the solution of which can only 
be obtained by graphical means. To illustrate with a 
concrete example, consider the 1,500-volt curve of 
Fig. 2 and resolve it into three exponentials by the 
method of successive residuals as outlined by J. Lipka. 10 

l. Redraw the curve in semilogarithmic coordinates;
that is, the logarithm of the current against the time in 
seconds. This is shown by the original curve in Fig. 4. 

2. At any arbitrarily chosen value of time, say 12
milliseconds in this case, draw a tangent to the curve 
terming this straight line thefirst exponential.
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3. By subtracting the corresponding ordinates of the
first exponential from the original curve obtain the first 
residual (see Fig. 4). Draw a tangent to this curve and 
note that its position is no longer arbitrary, but is de­
fined by the later part of the curve with points lying in a 
straight line. This straight line is termed the second 
exponential. 

4. By subtracting the corresponding ordinates of the
second exponential from the first residual obtain the 
second residual, which this time is completely defined by 
a series of points lying in a straight line and constituting 
the last and third exponential. Obviously, if the second 
residual had not been expressible as a straight line it 
would have been necessary to continue the method to a 
fourth or even a fifth exponential. In practise, however, 
this is seldom the case. 

5. For each exponential the intercept on the current
axis is a measure of the constant multiplier {3 and its 
slope a measure of the inverse time constant a. This 
permits the computation of the empirical current-time 
relation and its direct comparison with the observed 
curve. Table I gives such a comparison showing re-
TABLE 1-COMPARISON OF OBSERVED AND CALCULATED 

VAL ES OF CURRENT. THE METHOD OF THREE EX­
PONENTIALS. CHARGE AND DISCHARGE CURRENT­

TIME RELATION AT 1,.500 VOLTS 
Dry Paper Specirnen A-7 at 60 dcg. cent. 

Exponen tia! 
(1) .. 
(2). 
(3) 

a i (o) 
69 . . . O . 33 X 10-6 

.500. . l.45 X 10-6 
. .. 1,787 ............... .5.00 X 10-6 

Current: mjcroarnperes 

(/) CalculaLed Obscrvcd 
Time in 
seconds i1 (o)e-ª•' i2 (o)e-a,t i3(o)e-a3I i(I) i(I) 

O. 002. . O. 2875 ..... O. 5335. . . O. 1402. . .. O. 9612 ..... O. 960 
O .004 ..... O. 2504 ..... O .1962. . .O. 0039. . .. O .4505.. . . O .450 
0.006 ..... 0.2181 . .. 0.0722 . ... 0.0001 . .. 0.2904 ..... 0.290 
O .008. .o .1900. . O .0266. . .... O. 2166 ...... O. 215 
o. O 10 ..... O. 1655. . O .0098. . .... 0.1753 ...... o .171
O .012 ..... o. 1442. . O .0036. . .. O. 1478 ...... o. 145 

markable agreement for the range of time investigated. 
From equation (3) the components of current con­

tributed by reversible absorption at a given frequency 
and voltage are: 

Quadrature component Ir" = Alo" lIn phase component Ir' = Blo'' 
(9) 

where I0" = wECo, see Fig. 1, and where the A and B 
integrals are computed for a given frequency from the 
constants of the three exponentials by means of equa­
tions (8). The above values now permit the computa­
tion of the contribution of reversible absorption to the 
a-c. behavior, since A and B are simple functions of the
a's and {3's. Thus we have:

Phase defect angle tan 'Y r = l+A 
Dielectric loss Wr = wE2C0B 
Apparent capacitance C' = Co(l + A) ) (10) 

Equations (10) show the dependence of the computed 
a-c. behavior on the values of the A and B integrals.
These, however, for a given dielectric at a given tem­
perature are functions of the constants a and {3 and also
of the frequency. It therefore becomes important to
examine how wide a range of choice of the constants a
and {3 as related to the frequency is permissible for agree­
ment of computed and measured values. Assume there­
fore for simplicity a current-time relation of a single
exponential term and f:!Xamine the theoretical variation
with frequency of the A and B integrals which now
become:

A(w) 
a{3 ¡w2 + a2 

B(w) =
w{3 jw2 + a2

(11) 

By change of variable 
w 

e" a (12) 

A(w) 
e.(w) 

--�--==-----,!--------- �O( 

QUADRATUR.E. COMPONENT: A(w) 

-� -4 -� -z -1 O 

U.• Loge(�) 
F16.5-VAK.IATION WITH Fl'::.EQUENCY OF THE IN PHA5E AND 
Q.UAO�ATUIO:. COMPONENT:'.> OF A �IN6LE 1:.XPONENTIAL. 

obtain the relations 
{3 

A(u) = � e-u sech u

{3 
B(u) = � sech u j

(13) 

which when plotted as shown in Fig. 5 are useful in 
showing the symmetry of the functions. The contribu­
tion to the in-phase component attains a maximum 
equal to {3/2a at a value of frequency for which w = a. 
The value of B ( w) falls off rapidly as the ratio w / a 
departs either side from unity. For example, an expo­
nential giving its maximum contribution to the in-phase 
component at w = 100 would contribute only one­
tenth of the maximum value at either w = 5 or w 
= 2,000. This is readily deduced from Fig. 5. The 
variation with frequency of the in-phase component for 
a relaxation function expressible as the sum of several 
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exponentials is given by the summation of a number of 
curves of the type B(w) in Fig. 5, corresponding to the 
severa! exponentials. We have found that the maxi­
mum of a fourth exponential that might be introduced 
occurs at a frequency far ifrom the frequency being 

10.00 �---.--- �-�--�---,.---, 
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1'1<5. 7-VAltlATION WrTH "t; OF THE INVERS!".. TIME 
CUN:'>TANT "OC" OF EACH EXPON!::NTIAL 

studied, and that its contribution to the total in-phase 
component is negligible. The maximum of each con­
tribution occurs at a value of w egua! to the inverse 
time constant a of. that exponen tia!. Therefore only 
the exponentials with values of a in the neighborhood of 
r.,; at the frequency at which correlation is intended 

contribute an appreciable amount to the loss com­
ponent B(w). Thus for agreement between measured 
and computed losses at 60 cycles, where w = 377, the 
values of a range approximately from 50 to 2,000. The 
same reasoning may be applied to examine the time 
range within which the d-c. measurements will give 
accurate prediction of the a-c. behavior. It shows that 
the values of the a's obtained for the three exponentials 
mu�t range in the neighborhood of the value of w cor­
responding to the frequency at which correlation is 
intended. -This means that the range of time covered 
by the a-c. measurements must be of the same 'order of 
magnitude as the period of the alternating wave. 

ACCURACY OF THE METHOD 

It has been stated that the resolution of a current­
time relation into three exponentials is quite indeter­
minate. The constants of the three exponentials depend 

:<!l-

iO.O ,-----.,-----,--.-,--,----,----, 
8.0 1------+---+--t---+-t-----+---I 
6.0 t-----+-�-t--t--t-;;-t-----+----1 
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� 1.0 t-----+---11--'-l---+-t----'rl----i 
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t0 : MILLI.SECOND5 
FIG.6-VAR.IATION WITH "t�' Of THE CONSTANT 
MULTIPLIER. "f OF EACH l':XPONENTIAL. 

40 

entirely on the value of time to, of the empírica! dis­
charge current-time relation, at which the first tangent 
is drawn. Fig. 6- illustrates the point for the current­
time relation of Fig. 4 showing the first tangent drawn 
at two different values of to with the shaded areas indi­
cating in each case the neglected portions of the curve. 

Figs. 7, 8 ·and 9 give respectively for each exponential 
the variation with to of the inverse time constant a, 
the constant multiplier {3, and their ratio {3 / a. . This 
ratio is shown in Fig. 5 to be a measure of the maximum 
contributions to the in-phase and quadrature components 
with varying frequency. Figs. 7 and 8 are .significant 
in pointing out the definite depende11ce of the a and {3 
constants on the chosen value of to, while their ratio, 
as shown by Fig. 9, is found to be essentially indepen­
dent of to at least for the first and second exponentials. 
The upper curve of this figure gives the summation of 

\ 'J., 



ti WHITEHEAD AND BANOS 

the three ratios, which is seen to be independent of t0• 

From Fig. 5 and the equation (10) for the apparent 
capacitance it follows that this summation gives a mea­
sure of the dielectric constant at zero frequency, € 1, in 
terms of the geometric dielectric constant, e0, at infinite 
frequency. Specifically, the relation is 

€1 - €o f31 f32 {33 
-- = - + - + - (14) 

eo a1 a2 a3 

That this summation should prove independent of to 
further corroborates the sufficiency of three exponentials. 

While the constants of the three exponentials are 
definitely functions of to, the total contribution to the 
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a-c. behavior, as given by the in-phase and quadrature
components of current at a given voltage and frequency,
is essentially independent of to for a limited range of
values. This is illustrated in Figs. 10 and 11 which
show that for to beyond six milliseconds the in-phase
and quadrature components are essentially constant
even though the separate contributions of each ex­
ponential may vary widely. This is particularly true of
the in-phase component, Fig. 10, which is a measure of
the power factor, and therefore the one most readily
checked by experiment.· No· physica:l significance is to
be attached to the ,actqal, numerical values of the con-

stants of the three exponentials. They serve merely as 
an empirical means of computing the a-c. behavior. 
It is apparent from Fig. 10 that the optimum value of to 
líes in the neighborhood of the period of the alternating 
wave thus corroborating from another point of view the 
criterion of what constitutes suitable d-c. measurements. 

IRREVERSIBLE CONDUCTION 
The irreversible conduction current as observed under 

continuous potential with the amplifier oscillograph for 
sorne of the cable oils tested is characterized by an initial 
current which remains constant for approximately one 
second and then decays with time until it merges into 
the final conductivity. This initial constant current, 
when it obeys Ohm's law, gives directly the value of the 
in-phase component of current at the same effective 
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voltage. See Whitehead, u "The Conductivity of Insu­
lating Oils, II" for a complete account of this initial 
conductivity. 

In sorne of the impregnated paper specimens tested 
the irreversible conduction current does not obey Ohm's 
law, although it is still characterized by an initial con­
stant conductivity. In such cases the irreversible con­
stant current increases faster than the voltage as illus­
trated by the ty.pical example shown in Fig. 12. For 
analytical purposes express the observed current-voltage 
relation by means of the power series: 

i(e) = ae + be3 + ce5 + . . . (15) 

in which the coefficients may be directly determined 
from the observed current-voltage relation. To facili­
tate this, however, express the above relation thus: 

i(e) = 'Y sinhµe (16)
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where the 'Y and µ constants are chosen to give the best 
agreement with the observed curve within the voltage 
range required. Obviously µ is a function of the tem­
perature alone while 'Y is a function of the temperature 
and the dimensions of the capacitor. Expand equation 
(16) into a series

. [ (µe) 3 (µe)5 l i(e) = 'Y µe + -3-, - + -5-! - + . . .  J (17)

in which higher powers than the fifth may be neglected. 
To obtain the current-time relation for the alternating 

case substitute for the value of e in equation (17) its 
expression as a periodic sinusoidal function of time. 
This results in a power series of sin a, where a = ( wt 
+ 8), in which all the higher powers of sina may be
broken up into harmonic components by means of
Fourier's series. Thus, departure from Ohm's law
causes distortion of the current wave in which the fun­
damental term alone is of interest� when power factor
and dielectric loss measurements are made with a
bridge network employing a tuned vibration galva­
nometer or an a-c. galvanometer whose field exhibits only
the fundamental. Using effective values of current and
voltage and calling J/ (Fig. 1) the effective value of the
fundamental component of current contributed by irre­
versible conduction obtain from the above analysis the 
expression: 

J/ 
-yµE 

2 [l + cosh µE] (18) 

which is valid only when higher powers than the fifth 
may be neglected in equation (17). 

It must be noted that the current contributed to the 
a-c. behavior by irreversible conduction is exactly in
phase with the applied voltage and independent of the
frequency. Letting I" (Fig. 1) be the charging current
as measured at a given frequency and voltage, the con­
tribution of irreversible conduction to the a-c. behavior
is as follows:

Phase defect angle tan '1t; 
J/ 
I" 

(19) 
Irreversible loss W, = El/ 

where J/ is given directly by the initial constant current 
under continuous potential when Ohm's law is obeyed 
or is computed by (18) when the non-linear current­
voltage relation is determined according to equation 
(17). Table II gives the computed variation of power 

'l'ABLJ� 11-VARIAT'!ON WI'l'R VOLTAGE AND TEMPERATURE 
OF POWEH FACTOR DUETO 1H REVERRL8LE CONDUCTIO:'<. 

NO�-LINEAR CURRE,-T-YOL'l'AGE CfIARACTERISTlC 
lmpregnated Papcr Specimcn C-7 

Tcmp. 'Y 
dcg. cent. Amp. X 10-s µ 

Powcr r.,ctor 

500 volts 1,000 volts l,500 volts 

30. . 9. 5. . . . O. 00082 . O.00016 O.00017. . O. 00020 
45. . 20. 4 ...... O. 00076 .... O .00035. . . O. 00039 .... O .00047 
60. . 50. 8.. . .. O. 00072 . O. 00082 . O. 000!)0 .... O. 0010 l 

factor with voltage and temperature for the typical 
example shown in Fig. 12. 

EXPERCMENTAL PROCEDURE 

Continuous potential measurements and correspond­
ing 60-cycle a-c. measurements were made on a number 
of samples of oil, paper, and impregnated paper at volt­
ages of 500, 1,000, and 1,500, and at temperatures of 
30, 45, and 60 deg. cent. For a complete description of 
the constant temperature, drying, impregnating, and 
measuring tanks and of the test specimens see White­
head and Kouwenhoven,t2 "Fundamental Properties of 
Impregnated Paper." 

The measurements under continuous voltage include 
the determination of the charge and discharge current­
time relations with the aid of the amplifier-oscillograph. 
The amplifier increases the normal sensitivity of the 
electromagnetic oscillograph 105 times, giving a deflec­
tion on the photographic film of 1 mm. per 4 X 10-s 

VOL"TS 
FIG.12-VAR.IATION WITH TEMPE.R.ATUl':.E or 
C.Uli:.li:.E.NT-VOLTAGE. li:'..ELATIONS FO!i:. THE. INITIAL, 
CONSTAN,. 111:.11:.EVE�\ellE CONDUCT\ON 
CU�E.NT I M Pli:.EGNATE.D PAPE.li:. �PE.CIME.N C7 

amperes. The further development of the amplifier 
oscillograph, as applied to this work, is described by 
S. K. Waldorf 13 in a separate paper. 

The a-c. measurements include the determination of 
power factor and apparent capacitance using a modified 
Schering bridge whose power factor sensitivity is 
± 5 X 10-6• The development, theory, and special 
features of this bridge are described in a separate paper 
by Kouwenhoven and Baños. t4 

EXPERIMENTAL RESULT3 

Paper Specimens. Dry paper specimens revea] a di­
electric loss due entirely to reversible absorption; that 
is, the irreversible conduction current is not measurable 
as shown by the equality of charge and discharge cur­
rents in Fig. 2. Fig. 13 gives a typical pair of oscillo­
grams at a given temperature and voltage. From such 
oscillograms are computed the current-time relations 
shown in Figs. 14 and 15 which illustrate the respective 
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variations with voltage and ternperature. The insert 
in Fig. 14 shows how closely Curie's law is obeyed, while 
the insert in Fig. 15 illustrates the variation of the cur­
rent ordinates with ternperature. 

Table III gives the variation with temperature of the 
a and {3 constants of the absorption current-time rela­
tion for the dry paper specimen before and after im­
pregnation with an oil whose electrical characteristics 
are described in the next section. Interesting changes 

Fw. 13 

1.0 1.0 2 

� 
� 2 

v) 38 o.. .., 
� \.';, � .5 ..., 

� d u.J � a.. u 
2 � 12 
<1 1.0 ;DO 1000 1500 

VOLTS 

2 .5 

M1LU5E.COND5 
fl6.14-VAl<:.IATION WITH YOLTAGE OF CHAl<:.6E. AND 
DISCHAR.GE. CUl<:.l<:.ENT-,íME. R.ELATIONS AT ,;o•c 
Olí:., PAPE.R. SPECIME.N A7. 

of the constants are noted as result of impregnation. 
These diff erences are best appreciated by direct com­
parison of Figs. 2 and 3. Table IV gives the correlation 
of a-c. and d-c. measurements for the whole range of 
temperature and voltage explored. ote that in general 
the agreement between computed and measured losses 
is very close. 

Oil Specimens. Fig. 16 gives a set of typical charge 
oscillograms at 1,500 volts and at 30, 45, and 60 deg. 

'l'AllLI, lll-VAlllATJO:\' WITH 'l'EJ\l.PEHATt:HE 01<' TRI]; 

A\"J,RAGI]; "a·• AND "'f
f

' CONSTA'.'ITS L'.'I THE E:SLPIRICAL 

CüRRE:\'T-Tl:SIE lll!:LA'l'lOX 

i(I) = ECo\fJ,e-a,t +fJ,e-a,t +fJ.,e-a3/l 

Tcmp. r.o 
Spccimcn deg.cent. µµf e, 

Dry pap.-.1· 30 ... 741 .0.52 
A-7. 45 ... 7:il. .0.40 

60 ... 760 .0.31 

1 mprl'gn1trd 30 . 1,191 .0 .49 
paper C-7 45 . 1,200 .. 0.4-1 

60 . 1,209 .O.:i.5 

fJ, fJ., ª' 
.. 2.52 10.32 .. 112 . . . . 638 . 

. . 1.03 6.49 .. 94 . .. 614 
. l .37 .. 4.00 77 .. . . ,553 

.. 2.3:l 6.70. 95 ... 570. 

.. l.92 .. 6 .34. 59 . ... ,561 
. 1.32 :-! . 13 .. 30 . . . . 490 . 

. . . 2, 160 

... 2,067 

... l,797 

... 1, 27 

... 2,030 

... 1,635 

cent. for the cable oil used to impregnate the above 
paper specimen. It is noted that the charge current is 
characterized by a large initial constant current which 
accounts for the major part of the loss. Superimposed 
on this initial current is a smaller decaying current func­
tion of time which is reversible and, therefore, attribu­
table to dielectric absorption in oil. Fig. 18 shows the 
variation with temperature of the charge and discharge 
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FIG.15- VAl:.IATION WITH TEMPEK.ATU!i:.E. OF CHAR.6E. 
ANO D1SCHAR.6E. CUl:.1':ENT-TIME. li:.ELATIONS AT 1500 
VOLTS DR.Y PAPE!i:. SPECIME.N A7 

current-time relations at 1,500 volts. The equations for 
discharge show that the small element of dielectric 
absorption is expressible by a single exponential thus 
corroborating the results published by Whitehead11 

in "The Conductivity of Insulating Oils, II." Fig. 17 
gives the evidence that the initial constant current in the 
insulating oils tested obeys Ohm's law. 

Table V gives the comparison between severa! mea­
sured and corresponding computed losses for one oil 
specimen B-7. The data are typical and the close agree­
ment shown is further evidence of the soundness of the 
method used in computing the a-c. behavior. 

Impregnated Paper Specimens. Sorne of the changes 
brought about on a dry paper specimen by impregnation 
with an insulating oil have already been pointed out in 
Fig. 3 and Table III. Fig. 3 shows the effect of the 
condudivity of the insulating oil in increasing the 
absorption and changing its character. Fig. 19 gives a 
typical pair of oscillograms in which the presence of the 
irreversible conduction current is apparent in the charge 
record. This fact is better appreciated from the equa-
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TAULE I\T-ANALYSIS 011' POWEH FACTOR ANO DlELECTRIC LOSS AT 60 CYCLl,S BY CO;\IPlJTA'l'TON FROM D-C. 
CHARACTERI STI es

Paper Spccimcn A-7 

;.\leasured at 60 cycles Computcd from d-c. 

Temp dog. cent. 

1' 

60 .. 

30. 

Charging cu1Tl'11L 
Volt amp. x LO 6 Powcr factor 

f" tan"' 

500 .............. 14-1. ... . 0.00237. 
. . . . . . O .00237. 

0.00237. 
1,000. . .......... 288 .. 
1.500. . . . . . . . . . . . 432 .. 

Average. 

. ,500. 
1.000. 
1.500. 

AY ragc .. 

500 .. 
1,000 .. 
1,500. 

F10. 16 

. 1-12 
. . 28,5 . 

. 427 .. 

. 141 

.2 2. 

. 422. 

. .0.00237. 

0.00276. 
0.00276 . 
0.00276 . 

0.00276. 

0.00316. 
0.00346. 
0.003-16 . 

tions of charge and discharge given in Fig. 20, where the 
irreversible conduction current is seen to be the constant 
diff erence between charge and discharge currents. This 
constant irreversible conduction current <loes not obey 
Ohm's law, as shown by Fig. 12, and its contribution to 
the power factor has already been computed from theo­
retical considerations and given in Table II. 

Summary of Specimens. As an example of the 

DiolccLric 
loss 

watt X 10-6 

11· 

169 .. 
676 ... . 

. . l,,518 .. . 

197 
7 6 

... l,796 

1 n-phaso 
componom 
of current 

amp. X 10-6 

1,.1 

Power factor 

tan ll'r 

O .340. . .. O .00236 .. 
.o. 684.. . ...... o .00237 .. 

.... 1.047 ........ • .... 0.00242 . 

.0.00238. 

0.410 ... O .00288. 
0.830 .. 0.00291. 
1.289 ... O. 00302 ... 

. .. o .00293. 

0. 533 .0.0037 .. 
1.02-1. .. o. 00363. 

Diolcctric 
loss 

watt X 10-5 

H'r 

170 
684 

. .1,560 

20 5 
30 

. . 1,930 

266 
. .. l,02! 

2!3 . .
!)7-1. 

.2.192 ..... l . 5,5'l . O .00368 .. . ..... 2,33.5 

0.00169 

insight afforded by this method of analysis, Fig. 21 
gives the power factor as a function of temperature for 
the oil, paper, and impregnated paper specimens. The 
shaded areas represent the total increase in power factor 
with impregnation. Through the analysis of the dis­
charge current-time relations it is possible to resolve 
this increase into two components: 

l. The increase in reversible absorption brought
about by impregnation. 

150 ,-----,-------....------, 

,o 
,0 125 1-----+-----1--�,<--1 

)( 
a.: 

C,O ºC 
2 100 f------l-----"r--+-.1'----l 

1-z 75 1------1-----,,..--l------l 
UJ 
¡¡¿ 
¡¡¿ 50 t----+-r-----+-,.__----J 

1500 
VOLT5 

flG.17-VARIATION OF INITIAL CONSTANT 
CURRENT WITH VOLTA6E. OlL 5PEiCIMEN 67. 

2. The creation of the additional contribution of ir­
reversible conduction totally absent before impregna­
tion and directly attributable to the conductivity of the 
impregnating oil. 
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TABLE V-A. ALY, IS 01•' POWER FACTOR AND DIELECTRlC LO . .' AT 1,500 VOLTS AND 60 CYCLES BY CO::vlP TATIO. 
FROM D-C. CHARAC'l'ERlS'l'lC' 

Oil Spccimen B-7 

Computed from d-c. characteristic 

Reversible absorpUon Jrrcvor. ible conduotion Total 
lVfeasurccl ,iL 60 cyclc 

In phase I niU,il 
Charging Dielectric componont Diolcctric constant Diolcctric Diolcctric 

Temp. current Powe,· Ioss of current Powm· loss current Power loss Powcr lo -
deg. cent. amp. x 10-6 factor watt x10-6 amp. x10-6 facto,· watt x10-6 amp. x10·6 facLor watt X LO ·6 factor watt x10-6 

1' !" Lan ,¡, w Ir' Lan ,¡,, 

420 ...... O. 00346·. . 2,179 . . O. 065 ..... O.00016. 9 

l;' 

. 1.300. 

tan ,J,; 11'¡ t>an ,J,0 Wo 

. . . . 0.00312 . .... l.96.- . .0.0032 .2.063 
60.. . ... 421 ...... 0.00346. . . 2,1 4. . .. 0.145. . .o .00035.. . 21 .... 1.251. . 0.00297. . . . . 1,880 . .0.00332 . .... 2,008 

422. . O. 00374 ..... 2,357 ...... O. 102. . O. 00024 ...... 153. . 1.349. . C,.00320 . . . 2,025 . .. o .00344 . 

45 .. . . . 425 ...... O.00116 . 

430.. .0.00037. 
430.. .0.00034. 

30 . . .... 429. . . .. O. 00035. 
430 ...... o .00032 .. 
431 ...... 0.00032 .. 

739 .. .0.029. .0.000067. 

239. .0.027 .. . .o. 000064. 
219 . . . . . . 0.018. . 0.000042. 
225. . .. 0.019. . o .000043 .. 
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210. .0.032 .. . .0.000074. 
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port has made possible the active prosecution of a re­
search on the properties of impregnated paper from 
which the experimental results here reported have been 
taken. The authors also wish to acknowledge the in­
terest and careful work of Dr. S. K. Waldorf in the 
development and oper2.tion of the amplifier oscillograph. 
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CONCLUSlONS 

l. It is shown that for any type of dielectric the loss,
power factor and capacity at 60 cycles may be accu­
rately predicted from the charge and discharge cur­
ren ts under continuous poten tia!. 

2. T he method developed is available at any fre­
quency, provided that the continuous potential charge 
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and discharge currents may be measured over initial 
time intervals comparable with the alternating period. 

3. The nature of the relaxation function characteris­
tic of reversible absorption in dielectric has been dis­
cussed from the experimental and analytical points of 
view. 

.005 .------,-----,-----, 

IMPR.EGNATED PAPER. 

RE.VE.R.SIBLE At:,,SOR.PTION 

0 30.,.. ----c'AOc-------:-1-50,-----,-J,o·c 

TEMPERATURE 
FIG.ZI -ANALY515 01"' POWER FACTOR. AT 1500 
VOLT5. IMPRE.6NATED PAPE.R SPEC.IMEN C7 
1�cre;ise in Power factor with lmprednation 

(1) lncrea3e in Reversible Ab:1orptio'R 
(Z) Contribution of Irreversible Conduct._., 

4. It has been shown that agreement of the relaxation
function with the t-" expression is not general, but on 
the contrary it is confined to dielectrics showing negli­
gible or no irreversible conduction. The inadequacy of 
the t-" expression has been proved on experimental and 
analytical reasons. Chief among them is the failure of 

the t-11 expression to predict accurately the variation of 
dielectric loss with frequency. 

5. The method of three exponentials has been de­
veloped as a convenient and suffi.cient expression for the 
relaxation function. The suffi.ciency and accuracy of 
three exponentials has been proved both analytically 
and experimenta}ly. 

6. Irreversible conduction does not obey the principle
of superposition. The usual forms of irreversible con­
duction encountered have been defined and classified. 
The case where the initial constant current does not 
obey Ohm's law has been considered analytically in its 
contribution to the a-e. behavior. 

7. The manner in which the complete a-c. behavior
of a dielectric is accurately predicted from suitable d-c. 
measurements has been illustrated by three typical 
sets of experimental data, paper, oil, and impregnated 
paper. 
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A High Sensitivity Power Factor Bridge 
BY W. B. KOUWENHOVEN* 

Member. A.LE.E. 

Synopsis.-This paper describes an a-c. bridge of high precision, 
used f or power factor measurements in one of the dielectric investiga­
tions being carried on at the J ohns I-Iopkins University. The bridge, 
a modijied f orm of the Schering bridge, pos ses ses several novel fea­
tures and advantages. The cletecting instrument is a moving coil 
a-c. galvanometer; its field excitation is supplied f rom a phase
shifting transformer, which permits obtaining independent ratio and
phase angle balances. A shielded transformer electrostatically iso­
lates the galvanometer from the bridge circuits.

'l'his bridge is completely shielded and guarded and the analytical 

TIIE Schering bridge is probably the most widely 
used a-c. bridge for the measurement of the ca­
pacitances and phase defect angles of dielectrics 

under high-voltage gradients. In a study of the 
properties of high-voltage cables carried on in the 
Electrical Laboratories of the School of Engineering of 
The J ohns Hopkins University we have used a com­
pletely shielded and guarded Schering bridge1 for a 
number of years. 

About two years ago, under the auspices of the 
Utilities Research Commission, an investigation was 
begun of the properties of cable compounds and papers 
and of the characteristics that occur after impregnation. 
In this work it became necessary to modify the Schering 
bridge inordertoobtain thedesiredrange and sensitivity. 
The bridge that finally resulted is completely shielded 
and guarded and possesses severa! novel features. 

A bridge has been developed in which it is possible to 
balance the guard circuits without the use of a second 
galvanometer or disturbing in any way the main gal­
vanometer connections. It is shown that in this bridge 
it is not necessary to balance the guard circuits for phase 
but only for magnitude. 

THE BRIDGE 

A diagram of the bridge connections is given in Fig. 1, 
where C1 is the specimen and C2 the air capacitor. The 
latter is adjustable and its high-tension plate is so 
mounted that any leakage currents from it flow directly 
to ground and not into its guard circuit.2 Both the 
specimen and the air capacitor are provided with guard 
ring electrodes. The leads from their main or mea­
suring electrodes to the points A and B of the bridge 
are one-eighth inch (3. mm.) brass rods shielded by one 
inch (2.54 cm.) diameter tubes. The central conductors 
are supported at approximately three-foot (1 meter) 
intervals by small hard rubber washers. Each shielding 
tube is connected to its proper guard ring as may be 
seen from the figure. 

*Professor of Electrical Engineering, J ohns Hopkins U niversity.

tResearch Assistant, Johns Hopkins University.

Presented al the Winter Convention of the A.I.E.E .. New York,
N. Y., January 25-29, 1932.
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theory of the resulting mesh connection is given in the paper. The 
mathematical treatment is general and may be applied to any similar 
network. A full cliscussion is given of the eff ects upon the balance 
relation of various sources of error, for example, as failure to balance 
guard circuits properly and the presence of leakage resistance between 
measuring and guard circuits. Experimental verijication of the 
equations is presented. 

Power factors of specimens of cable material have been measured 
ranging from 0.00007 to 0.16 with a maximum variation of 
± 0.000005. 

The capacitance between the main electrode with its 
Iead and the guard ring with its shield is 470 µµf for the 
specimen and 490 µµf for the air capacitor. It is essen­
tial for accurate measurement that the insulation re­
sistance of these two capacitances be maintained 
equal to infinity, as measured with the Megger. 

The physical arrangement of the apparatus is such 
that the specimen and air capacitor may be quickly 

A' 
A 

AIR CAPACITOR 
C2 

Frn. 1-ÜALVANOMETER Cmcu1T--DIAGRAM OF CoNNECTIONS 

interchanged. It is also a simple matter to disconnect 
the specimen and substitute an air capacitor in its place 
for making check measurements. 

One feature of this bridge, originally used by Harts­
horn3 in low-voltage work, is the use of two variable air 
capacitors Cs and Cq in parallel with the S and Q arms 
respectively. The capacitance Cq consists of the vari­
able capacitor shown in the figure plus the capacitance 
to ground of the detector arm shield, which is con­
nected to the point B of the bridge. In normal opera­
tion Cq is kept at a fixed value and balance is obtained 
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by varying Cs, a variable calibrated air capacitor. The 
use of the capacitor Cq permits the neutralization of the 
fixed capacitance of the bridge and the measurement of 
very small values of power factor. 

As Cq includes certain fixed capacitances it is neces­
sary to determine its value. This is accomplished by 
substituting an air capacitor for the specimen, and 
balancing by adjusting Cs, using a 1 to 1 bridge. Then 
the two high-voltage air capacitors are interchanged and 
the balance checked. The same value of Cs should hold 
for both cases to within the sensitivity of the bridge, a 
phase angle whose cosine is ± 5 X 10-6. Under these 
conditions and a ratio of one to one the value of Cq
equals that of Cs, the calibrated air capacitor. 

The detector is a Leeds and Northrup a-e. moving 
coil type of galvanometer, which is connected to the 
bridge through an electrostatically shielded transformer, 
as shown in Fig. 2. The magnetic field of the galvanom­
eter is excited from the secondary of a phase shifting 
transformer. The deflection of the galvanometer de­
pends upon the phase relation between its magnetic 
field and the current in its moving coil. When these 

!'HICLDtD 
Tl'Á,o,¡5roeMf� 

Pt1A5C. 5HIP'T1NO Tl'AN:)rC)lt1.11t.t. 

Fw. 2-ÜALVANOMETER CrncUIT-DIAGRAM OF CON ECTIONS 

two are in phase the deflection is a maximum and when 
they are in quadrature zero. 

In balancing any impedance bridge two conditions 
must be satisfied, the ratio or magnitude balance and 
the phase balance. The currents produced by these two 
factors are in quadrature and it is a simple matter to 
bring the galvanometer field into phase with either com­
ponent by adjusting the position of the secondary of the 
phase shifting transformer. This feature enables the 
operator not only to balance the bridge for either ratio 
or phase angle separately and independently, but also 
to adjust properly the magnitude of the guard resis­
tances, R1 and R8, without either disturbing the connec­
tions of the main galvanometer or the use of a second 
detector. 

A variable mutual inductance is connected in series 
with the galvanometer to neutralize the e.m.f. induced 
in its moving coil by the a-c. field. The value of the 
mutual inductance is adjusted so as to keep the gal­
vanometer reading on the scale, that is, by making the 
electrical and mechanical zeros coincide. Balance of 
the bridge is obtained when there is no change in the gal-

vanome�er deflection4 upon reversa! of the input e.m.f.
The simple balance relations of this bridge are: ratio

C1 = C2 S/Q (1) 
and the phase angle if 1, of the specimen 

if 1 = w Cs S - w Cq Q (2)
Where w equals 2 1r times the frequency. 

The power supply for the bridge and the primary of
the phase shif ting transformer are taken from a three 
ph.ase "General Electric Company" sine wave generator
dnven by a motor supplied by the University storage 
battery. The sensitivity of the bridge is ample and for 
phase angle corresponds to an angle whose cosine is 
5. X 10-5• Values of capacitance ranging from 40 JJ,µ,f 
to 1,500 µµf and specimen power factors from 0.007 
to 16 per cent have been successfully measured. The 
bridge is usually operated at 60 cycles and 1,500 volts 
alternating current. 

ÜPERATION OF THE BRIDGE 
In the operation of the bridge the first step is the 

proper adjustment of the phase shifting transformer. 
This is attained in the following manner: 

Using the specimen, C1, and air capacitor, C2, in the 
high-voltage arms, and having set the ratio arms Q and 
Sto 5,000 ohms each, as tentative values, low-voltage is 
applied to the bridge. Then the operator proceeds to 
find by tria! the phase shifter setting which will give a 
mínimum deflection when the ratio arms are upset by, 
say, 1,000 ohms in 5,000. This gives the approximate 
phase shifter setting for the phase angle balance. The 
phase shifter is then thrown through 90 deg. to the 
"ratio" setting and the ratio balance roughly deter­
mined. The process is then repeated until it is possible 
to have an unbalance of severa! thousand ohms in the 
ratio arms remain undetected when the phase shifter 
is in the "phase angle" setting. These adjustments give 
accurately the phase angle and ratio settings of the 
secondary of the phase shifting transformer. 

In balancing the bridge all four low-voltage arms, 
Rs, S, Q, and R1, are set at sorne tentative values. With 
the phase shifter on the ratio setting and Q at 5,000 

ohms, S is adjusted to the nearest ohm. If Q and S
diff er materially from each other the spacing of the 
standard air capacitor is varied to bring the bridge 
closer to a one to one ratio. 

Once a satisfactory ratio of Q and S is obtained, the 
operator proceeds to balance the guard circuit of the 
specimen. With the phase shifting transformer in the 
ratio position the operator connects the points B - B'
of the bridge by means of a short lead and then adjusts 
the guard resistance, R1, until the upset in balance 
caused by this procedure disappears. With R1 at its 
proper value for magnitude balance, the operator re­
moves the short circuit from across B - B', places it on 
A - A' and proceeds to adjust R8 in the same manner 
as R1. These adjustments of R1 and Rs are for mag­
nitude only and not for phase. The magnitude balance 
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is thus obtained using the main galvanometer as a de­
tector, but without disturbing its connections in any 
way. The proof of the correctness of this procedure will 
be discussed later. 

capacitar circuit. The operator éi0 expresses the impe­
dance of the galvanometer arm of the bridge. 

After the proper settings of R1 and R8 are obtained, 
the ratio balance is once more checked; usually the 

Using·the cyclic currents of Maxwell5 we obtain a set 
of six simultaneous equations. Table I below gives the 
coefficients of the cyclic currents of the generalized 
mesh. 

TABLE 1-THE COEFFIOIENTS OF THE CYCLIC CURRENTS 

Mesh............. i . . . . . . . .. .. . D . • . • • • • • . .  • • w . . . . . .. .. .. • :z: • • • • • • . • • • • 11 .. • • • • • • • • • • ;: ............. u
A A' D........... O . . . . . . . . . . . • O .••......... - a2 ....•..• (iis + a, + Ü10) ....•.. - ii10 . . . . . . . . . . . • O .......•....• O 
A B D ....... ,, ... - ªº., .. ,.,,.,., - a¡,,., ..... ,, (a¡ + Ü2)., ........ - ª2 . . . . . . . . . .  , 0 . , , ... , . , .. , 0 ....... , , . , , . 0 
B B' D. . . . . . . . . . • o ........ cii1 + ª' + a9). . . . . . . . - a1 . . . . . . . . . . . . o . . . . . . . . . . . o . . . . . . . . . . . . - ª• . . . . . . . . . . . . .  i'f, 
A A' C.. .. . .. .. . . - ª• . . . .  . . . . .  . .  . O .. .. . . . .. .. .. - ii, .. .. .. . .. .. . - ii10 ........ (a, + iie + Ü10). . .. . . .. O ............. O 
A B C .......• (iio + iia + ii,J........ O .........•. (aa + a,J.......... O ..........• - a, . . . . . . . . . . . .  - a, . . . . . . . . . . . . . .  O 
B B' e.. . . .. .. .. . . - ª' . .  . . . . .  . .  . .  . - a9 . .. .. .. .. . . . - ª' . . . . . .  . . . . . . o .. . . . . . . . . . o ........ c7,, + a1 + au> ......... a1 

balance is not off more than five ohms in 5,000, unless 
the preliminary settings of R1 and R8 were considerably 
out. 

The full test voltage is now applied to the bridge and 
the operator obtains the final ratio balance, after re­
checking the guard resistances for magnitude balance. 
The phase shifter is then rotated through 90 deg. to the 
phase angle position and the phase balance obtained by 
adjusting the variable air capacitor, C.. 

The current, i, through the galvanometer circuit 
may be obtained by the solution of the simultaneous 
equations by means of determinants. For balance the 
galvanometer current must equal zero and this will only be 
fulfilled when the determinant for the numerator is zero. 

The power factor of the specimen is calculated in 
accordance with equation (2). It will be shown that 
this simple relation gives the correct value of the power 
factor, despite the fact that the guards have been bal­
anced for magnitude only; provided the leakage resis-

o 

Frn. 3-GENEHALIZED MESH DIAGHAM 

tances existing between the guarding systems and their 
respective measuring circuits are infinity. 

MESH DESIGN 

The mesh diagram of the bridge is given in Fig. 3. 
This diagram is a general one and may be applied to 
almost any shielded bridge. The complex impedance 
operators are represented by éi i, éi2, etc. Where a 1, a2, 
éia and éi4 represent the measuring circuits of the bridge, 
and éi5, éi6, éi1, and éis the guard circuits. The operator éi 1 
belongs to the measuring circuit of the specimen and a,5 
to its guard. In like manner éi2 and éi6 belong to the 
measuring and guard circuits of the air capacitar, respec­
tively. The operator a,9 represents the impedance 
existing between the measuring and guard circuits of the 
specimen and éi10 performs the same function for the air 

Solving this determinant and equating to zero the 
complete balance relation is obtained, equation (3), for 
the generalized network, namely 

éis éig + éi1 (éi1 + éis + éig) 
0,7 0,9 + 0,5 ( 0,3 + 0,7 + 0,9) 

éis ii10 + éi5 (éi4 + éis + éi10) 
• éi6 ii10 + éis (éi2 + éio + ii10) (3) 

Equation (3) may also be expressed in another form, 
(4), which is usually more convenient to use. 

0,7 
éis + éi1 + -_- (éi1 + éis) ag 

0,5 
éi6 + éis + -_-a 10 
- + - + éisª6 ªª --

éi10 

(éi4 +

(éi2 +

éis) 
(4) 

éi5) 

The terms on the right hand side of equations (3) and 
(4) are correction terms that express the factors intro­
duced into the simple bridge relation by the presence 
of the guard circuits. These equations may be ex­
pressed in the form of 

Where k 1 = 

and 

0,7 
0,5 + 0,7 + -_-ag 

- + - + ªº as a1 --
0,9 

(5) 

(éi1 + a,5) 

(a,3 + éi1) 
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It is interesting to note that if the guard circuits are 
balanced with respect to their corresponding bridge 
circuits, i. e.,

that the generalized expression reduces to the simple 
bridge relation given in 

(6) 

If no guard circuits are used in the bridge or if the 
impedances expressed by iio and ii10 are equal to in:finity, 
equation (4) again reduces to (6) the simple balance 
relation for a wheatstone network. 

Equation (6) contains the complex operators of the 
four arm impedance bridge; each operator having the 
general form R ± jX. The balance of the bridge 
requires two adjustments, ratio and phase6 as stated in 
the introduction. The ratio and phase balance rela­
tions, readily deduced from equation (6), are given (7)

below: 

l (7) 

Where Z 1, Z2, etc., are absolute values and </>1, </>2, etc., 
are the corresponding phase angles of their respective 
complex impedance operators. 

In like manner the correction terms k1 and k2 of 
equation (5) are complex quantities for which K 1 and 
K2 are their respective absolute values and </>K1 and 
</>K2 their phase angles. For the guarded and shielded 
bridge the general balance relations are (8)

1 
1;Q + i w cq = Q ci - i <J>q)

1 
G,4 = 1/ s + j w c. = s (1 - j </>.) 

iis = 

1 m 1 -· e 1h - i) = -0 e"' 1 - f) w Cs w 1 

J 
w Cs 

ii1 = R1 (l - j </>1) = mi Q (1 - j <!>1) 
iis = Rs (1 - j </>s) = m2 S (1 - j </>s) 

1 

1 

(9) 

Where P1 is the equivalent series resistance to account 
for the loss in the specimen capacitor C 1; f 1 equals 
wC 1P 1, the phase def ect angle of the specimen; the 
angle <pq equals wCqQ, the phase angle of the a3 arm, and 
</>. equals wC,S, the phase angle of the a4 arm. The 
angles <!>1 and <l>s express the respective phase angles of 

CORRECTION TERMS 

(8) the R7 and R8 arms and are mainly due to capacitance to
earth of the shielding. The capacitance of the high­
tension electrode of the specimen to its guard is C s and
f5 its phase defect angle, and the capacitance of the high

It is evident from equation (8) that the simple ratio 
and phase angle balance relations mentioned under the 
description of the bridge must be modified to take care 
of the correction terms, k1 and k2 introduced by the 
presence of the guarding and shielding circuits and that 
these terms must be evaluated. 

It is well to point out here that these correction terms 
are actually present in every four arm impedance bridge. 
In unshielded bridges their evaluation is impossible. 
The use of guards and shields serves to give definite 
values to these terms and to make their accurate de-
termination feasible. 

In order to evaluate the correction terms we must 
substitute the values of the general operators given 
below}nto equation (5)

side of the air capacitor to its guard is Cs. In the opera­
tors we have assumed that the phase defect angles of the
specimen and its guard are the same, namely that f 1 

equals f5, and also that both.,the air capacitor C2 and
its guard C6 have zero phase defect angles.2 The ca­
pacitance existing between the measuring circuit and
the shielding circuit of the specimen is Co and the
corresponding capacitance for the air capacitor is C 10, 
Both of these capacitances, Co and C 10 have leakage
resistances, Wo and W10 respectively. In normal opera­
tion these leakage resistances Wo and W10 must equal
infinity as already mentioned.

Substituting the values of the general operators into
the equations for the correction terms we obtain the
corresponding complex values of k1 and k2 equations
(10) and (11)
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--� In equations (10) and (11) the"term expressed by <I> is 
<I> = wC2S = wC1Q 

A study of the expressions for the correction terms 
shows that the majority of the terms in the numerators 
and denominators are alike. They differ, however, only 
in certain terms in both their real and imaginary parts. 

These complex expressions for k1 and k2 are, therefore, 
of the general form 

(12) 

and 
(a2 - 'Y2) - i (/32 + 02) k2 = ----------

a2 - i /32 
(13) 

Where the a terms denote those that are alike in their 
z:eal parts in both the numerators and denominators 
and the {3 terms apply to those imaginary terms in the 
respective numerators and denominators that corre­
spond. The 'Y ando terms in (12) and (13) include only 
those terms by which the respective numerators and 
denominators differ. 

The absolute values and the phase angles of the cor­
rection terms introduced by shielding and guarding the 
bridge may be expressed as follows: 

(14) 

(15) 

and 

(16) 

(17) 

Taking into account the phase angles of the correc­
tion terms, we may write the generalized expression (8) 

for the power factor of the specimen as follows: 
1/¡¡ = wC,S - wC(JQ - (<PK1 + </>K2) 

(18) 

ANALYSIS OF THE CORRECTION TERMS 

In the analysis of the correction terms four cases that 
involve the accuracy and method of operation of the 
bridge are discussed. 
Case1 

Case 1 considers the eff ect of failure to balance the 
guard circuits for phase. It belongs to the normal 
operation of the bridge in which the guard circuits are 
balanced for magnitude only, and the leakage resis­
tances W9 and W10 are assumed equal to infinity. In
this case the normal operators are the general operators 
givén in equation (9) with the exceptions of a,g and a 10, 
which here become: 

\q, 
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Case2 

G,9 

- i a 10 = - ---
w C10 

Case 2 considers the phase angle error introduced by 
the failure to balance the guard circuits for magnitude 
as well as phase, provided that the leakage resistances 

Case 3 

Case 3 considers the phase angle error introduced by 
the presence of leakage resistances W9 and W 10 in the 
capacitances Cg and C 10, between the measuring circuits 
and their guards, provided that the guard resistances 
have the proper value for magnitude balance. In this 
case, the general operators of equation (9) hold. 

Case 4 

Case 4 considers the conditions and ratio errors that 
TABLE II 

Case a1 ª' °'l {J¡ 

mi Q (1 -j <1>1) j <I> [ l + �: (1 + m1) ] + '1'1 1 w e, 1 

2 81 mi Q (1 -i<1>1) j 81 <I> [ 1 + �: (1 + m¡) J + '1'1 w e, 1 

1 <1>[1 + �: (1 +m1)]- ii, <1>1(1 +m1) +'1'1[1 + i, (1 +m1)] Q m1 Q (1 -j <1>1) 1 1 + -w; (1 + mi) + j w e, w, 

4 81 m1 Q (1 - J <1>1) 

Case as --
1 m2 S (1 -j <f>s) 

-

2 8s m1 S (1 - i <t>s) 
--

o 

a10 
j 

w C10 
j 

w C10 

- <1>1 

a2 

[ C10 J <I> 1 + C¡ (1 + m2) 

[ C10 J 8s <I> 1 + Ci (1 + m2) 

1 

fJ, 

1 

1 

1 m, S (1 -j <f>s) -1- +Jw C10 [ C10 J <I> 1 + "e; (1 + m2) s s -� <f>s(l +m2) 1 + W10 (1 + m2) 
W10 

4 8s m2 S (1 -i <t>s) o 

W9 and W 10 still remain infinite. Let 81 represent the 
ratio of the actual value of guard resistance R1 to the 
proper value for correct magnitude balance, that is: 

Similarly 

R1 8 - --
7 - m1 Q 

Ra 8a = m2S 
Then, the conditions expressed under this case modify 
the general operators as follows: 

G,9 = 

- J 
a10 = - ---w C10 

in which 81 and 8a obviously become unity when the 
guard circuits are properly balanced for magnitude. 

- <f>s 1 

exist when the corners of the bridge are tonnected to­
gether, i. e., A to A', as is customary in balancing the 
guard resistances R1 and Ra (See Operation). Under 
these conditions the operators involved become: 

a1 = 81 m1 Q (1 - i </J1) 
as = 8a m2 S (1 - i </Ja) 
G,9 = Ü 
a10 = O

To obtain the phase angle and ratio errors produced 
by the conditions as outlined in these four cases, substi­
tute the corresponding operators in the expressions for 
k 1 and k2 (5) and determine the respective values of a, 
{3, 'Y and ó terms (12) to (17) inclusive for each case. 

Table II below gives for the four cases the values of 
the phase angle and ratio errors, together with the 
modifying operators causing the errors; and the corre­
sponding expressions for the a, {3, 'Y, and ó terms .. In 
working out the values shown in this table the results 
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were simplified by neglecting the product of two phase 
angles when added to or subtracted from unity. 

In most cases this entails an approximation of less 
than one part in 10,000 .of the factor involved, and is, 
therefore, fully warranted since it means an approxima­
tion in the phase angle relation of the bridge of the 
order of one part in one hundred million. 

EXPERIMENTAL VERIFICATION OF EQUATIONS 
Case 1

A study of the phase angle and absolute value errors, 

Substituting the proper values in the expressions for 
<PK1 and <PK2 of Case 1, Table II, and assuming as an 
extreme case that </>1 and <l>s are zero, the following 
phase angle errors are obtained: 

<PK1 = + 6.7 X 10-:9 

<PK2 = - 26.3 X 10-9 

These are seen to be negligible when compared with 
the phase angle sensitivity of our bridge ± 5 X 10-6• 

This numerical example is only one of many that 
TABLE II 

1'1 
o 

Cg C¡ <I> (81 - 1) 

Q w;- (t/>q - t/>1) 

(t/>q -87 t/>1) 81 (1 + m1) 
1'2 

o 

C10 C,<I> (Os -1) 
s 

W10 (</>, -</>a) 

(</>, -Os t/>s) Os (1 + m2) 

61 

Cv C¡ <I> (t/>q -t/>1) 

C9 Cg C¡ <I> (t/>q -87 t/>1) + C¡ <l>'I'¡ (81 -1) 

Cg 
Ci<l>(</,q - t/>1) 

(81 - 1) 
e7 (1 + m1) 

62 
C10 Ci <1> (t/>s -</>a) 

Cto C, <I> (</>, -ºª t/>1) 

C10 C, <I> (</>, -</>al 

(Os -1) Os (1 + m2) 
Table II, shows that the failure to balance the guard 
circuits for phase causes no error in the ratio balance 
since K1 and K2 here equal unity, and only a negligible 
phase angle error: 

The latter is shown to be true in the following typical 
numerical example of the measurement of the power 
factor at 500 volts 60 cycles of an impregnated paper 
specimen at 30 deg. cent. Complete data are gi ven below. 

Standard Air Capacitor Specimen 
C2 = 1110 X 10-12 farad C 1 � 1159 X 10-12 farad
C,- = 2815 X l0-12 farad C q = 889 X 10-12 farad
C 10 = 489 X l0-12 farad C9 469 X 10-12 farad 
R8 = 9909 ohms R7 = 8216 ohms 
S = 5219 ohms Q = 5000 ohms 
m2 = Rs/S = 1.899 m 1 = R¡/Q = 1.643
<1>. = w c. s = 0.00554 </J q = w cq Q = 0.00168 

<I> = wC1Q = wC2 S = 0.00218 
f 1 = w c. s - w c º Q = 0.00386 

K1 

1 

1 

1 

81 (1 + m1} 
(1 + 2 m, 81 + m12 872)! 

K2 
1 

l 

1 

(1 + 2 m2 ea + m22 Bs2) i Os (1 + m2) 

t/>kl 
Cv [ Cg 

J + C. 1 + C. (1 + m1} <1>2 (t/>q - t/>1) 
Cp 

+C¡ <I> (01 - 1) 

(t/>q - t/>1) + Wv -- + (1 + m1} 

(t/>q - t/>1) + l +01 m, 
t/>1<2 

C10 [ C10 J - e; 1 + Ci (1 + m2) <1>2 (<1>8 - t/>s) 

C10 --<1> (Oa -1) e, 
(</>, - </>a) - W10 + (1 + m2) 

(</>, - </>a) - l +·Os m2 
could be presented and fully justifies our method of 
operating the bridge in which no attempt is made to 
balance the guard circuit for phase. It might also be 
stated in further justification of our practise that the 
capacitances to earth of the shields which are in parallel 
with R1 and Rs, respectively, serve to reduce this error 
still further. 
Case 2 

In Case 2 where the guards are not properly balanced 
for either phase or magnitude it is evident that the 
absolute values of K1 and K2 are again unity and that 
ratio.errors are absent. 

It may be seen from Table II, Case 2, that the phase 
angle errors <PK 1 and <PK2 are linear functions of the 
magnitude unbalance factors 81 and Os. To verify these 
equations experimentally the following test was made: 

The bridge was balanced normally as in the numerical 
example given under Case 1, keeping the air capacitor 

\°' 
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side of the bridge properly balanced for magnitude, we 
determined the value of </JK1 corresponding to different 
values of the guard resistance, R1. The ratio, 81, of the 
actual value of the guard resistance to its true value 
was varied from zero to two. The results are given in 
Fig. 4 and it is evident that a linear relation exists be­
tween </JK1 and 81. 

As a further check a similar test was performed to 
determine the value of </JK2 when Os was varied, keeping 

+0.0010 
+0.0008 N �+0.0006 o � +0.0004 ..<. �+0.0002 <I) o: o: o 

� -C.0002 
º' z <( -0.0004 UJ <I) � -0.0606 a. -0.()008 

-0.0010 

", / 
" , ..

', 
' , .. 

1 '-10 � 1 ) � <pk2= + C2 95-1 

,, . ' 1/

1/ 

1/ 

V 

o 0:2 0.4 o'.6 º·t,/1·º'<2 1.4 1.6 1.8 
1/V-V V ·-

' ', '', Cg � ;!_1i�7-I � ¡>, "
MAGNITUDE UNBALANCE FACTORS 97 AND 95 

2. o 

', 
F10. 4-ExPERIME 'TAL VERIFICAT!ON OF CASE 2 

81 equal to unity. The results of this run are also 
plotted in F'ig. 4 and we again obtain linear relation 
between the two quantities. 

Obviously, from such experimentally determined 
curves it is possible to compute the values of the cross­
capacitances Co and C10· 

As a verification of these relations, the cross-capaci­
tances, Cg and C 10, were measured separately using a 
1,000-cycle capacitance bridge. The results given 
below in Table III show a good agreement and serve 
further to prove the correctness of the equations. 

TABLE 11!-COMPARISON OF CALCULATED A D MEASURED 
VALUES FOR THE CROSS-CAPACITA CES Co A D C10 

Capacitance computed Capacitance measured 
Capacitance from Fig. 4 at 1,000 cycles 

Cg ......••.....••....• 469 ..............•.... 478 
C1o .......•.•.......... 489 ......••........... 472 

It is clearly evident from the equations that the phase 
angles errors are reduced by keeping Cg and C 10 small. 
The experimental results of Case 2 verify the mathe­
matical relation and also show the importance of accur­
ately balancing the guard resistances for magnitude. 
Case3 

This case considers the phase angle errors caused by 
lack of phase angle balance in the guard circuits acting 
through the presence of leakage resistances Wg and W 10. 
As in the two preceding cases, the ratio balance still 
rernains unaff ected when the guards are properly bal-

anced for magnitude. The following test was performed 
to obtain experimental verification of the equations 
involved; Table II, Case 3: 

l. The bridge was balanced in the normal way, with
W9 and W10 equal to infinity, the air capacitor was 
adjusted to one to one ratio with the specimen to within 
five ohms in 5,000, and the guard capacitance C6 was 
varied to make the ratios m1 and m2 equal to each other 
to within 0.1 per cent. 

2. The specimen guard circuit was then balanced for
phase as well as magnitude using an additional variable 
capacitor in parallel with R1. 

3. An inductance Ls, of approximately 0.5 henry,
was introduced in series with the air capacitor guard 
resistance Rs, and this resistance was decreased by an 
amount equal to the resistance of the inductance coi], 
thus preserving the magnitude balance but greatly 
increasing the phase diff erence ( </J. - </)8). It must be 
noted here that the insertion of Ls giving the arm Rs a 
large inductive phase angle caused no measurable power 
factor error when the guard of the air capacitor was 
balanced for magnitude only and not for phase. 

4. The actual test was then performed, introducing
the resistances W9 and W 10 which were kept at all times 
equal to each other, and which were varied from 100,000 
ohms to zero, determining at each step the phase angle 
error caused by the phase angle difference ( </J. - </Js). 

In this test it was necessary to keep W9 equal to W10 
to preserve the one to one .ratio throughout, thereby 
eliminating errors due to residual angles in the resistance 

0.020 
0.010 N ..<. o.oos -s. o: � 0,006 ffÍ 0-005 w J 0.004 0 <( 0,003 UJ <I) a. 0.002 
0.001 

o YJ 1 1 1\hDlhs 
\ k2 W "' -f +O+m2l 

' 
'Q 

� - "
r-. o 

'\. 
i\i\ 

'°"' VALUES OF "\ [�+(J+m2� '1 1 1 1 2 3 4 5 6 O 10 15 20 30 
FIG. 5-EXPERIMENTAL Vi::RlF!CA1'l0 OF CASE 3 

boxes. I t was, therefore, necessary to balance the 
specimen guard circuit for phase as well as magnitude 
to confine the error studied to the phase diff erence 
(</J. - </)8) alone, and it was deemed advisable to intro­
duce an inductance in guard resistance R8 to accentuate 
the error and make its measurement more accurate. 

The phase angle error under consideration is 
<p, - </Js 

(19)
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which may be written in the form 

[ W10 • 
Jlog<f>K2 = log( cf>,-cf>s) - log -

8
- + (1 +m2) (20) 

It is readily seen from (20) that plotting in logarith-
mic coordinates the phase angle error c/>K2 against the 
variable 

gives a straight line of which the slope is unity for axes 
of equal moduli. The results of experiment are plotted 
in Fig. 5 which shows a remarkable agreement between 
the results of experiment and the above theoretical con­
siderations. It is interesting to note that 1>1 and </>a 
may be obtained by this test if desired. 
Case 4 

This case is of importan ce beca use i t represen ts the 
conditions pertaining to the balancing of the guard 
circuits as described under operation. It considers the 
ratio error introduced by a given un balance in the guard 
circuit acting through a short circuit between the mea­
suring circuit and its guard. 

As stated under the operation of the bridge, all four 
low-voltage arms R1, Q, S, and Ra are set at sorne tenta­
tive values, and the operator adjusts Q and S to obtain 
the preliminary ratio balance. We will confine our 
attention to the specimen side of the bridge and assume 
that the preliminary ratio balance is obtained with the 
tentative guard resistance R1 off from its correct value 
by a magnitude unbalance, factor 81. Under these con­
ditions the ratio error caused by short-circuiting B - B'
lS 

(21) 

This unbalance in ratio results in a deflection of the 
galvanometer. Obviously from equation (21), when 
81 is made equal to one, K 1 becomes unity and the ratio 
error disappears. In operating the bridge the guard 
resistance R1 is varied until the ratio unbalance dis­
appears as already explained. Under these conditions 

R1 
Q 

Similarly when the air capacitor side of the bridge is 
adjusted K2 equals 1 and 

From the analysis of this case it is evident that our 
method of adjusting the guard resistance without dis­
turbing in any way the main galvanometer connection is 
fully justified. 

CONCLUSIONS 

The conclusions may be summarized as follows: 
l. In a completely guarded and shielded bridge it is

advisable to keep the cross-capacitances existing be­
tween the measuring circuits and the guard circuits low. 

2. In such a bridge it is of prime importance that the
conductances of the cross-capac;tances be maintained 
at zero. 

3. We have developed a method employing a sepa­
rately excited moving coil a-c. galvanometer that makes 
it possible to balance the guard circuits using the main 
galvanometer as a detector, without disturbing the con­
nections of the main galvanometer in any way. 

4. The equations for the correction terms introduced
by the shielding and guarding system are developed and 
their values are determined for the constants of our 
bridge. 

5. We have shown by both mathematical and experi­
mental proofs that the error introduced in our bridge by 
failure to balance the guards for phase angle is 
negligible. 
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Í\, Sonor ,ernando Torreblnnca 
Consulado Genenü de Uexico 
Paris, Francia 

Luy querido tic: 

Baltimore, !.!aryland, U. S. A. 
Julio 5, 19 32 

Con mucho gusto reci bÍ tu carta donde me ctJ.ces q_ue tan pronto 
como regreses a uJxico tratar s d6 mi asunto y te esforzo.nfs en obsequiar 
mis deseos. .fo sabes cuanto te agradezco estas palabras c,ue presa0ian 
la reali7."l.ci6n de mis anhelos y esperanzas ele completar :.11is estudios para 
el doctorado y de regresar a IMxico para aprovechar en bien de mi patria 
los conocimientos adquiridos. 

Como sabes, el empleo que ten{a en la Uní versiüad de Hopkins con­
cluyJ el mes pasado. Con esto nuestra situaci6n es bien precaria pues 
no cuento en lo absolutb con otros medios de vida. Por esta raz6n mi 
esposa y yo nos vamos a vivir o. Washington con ni pap{ durante las se­
manas que falten para tu re¿,reso a 1:éxico. Esper2x1os de tu bondad que 
pare. entonces sea ;osible arre¡;;lar que mis servicios sean utilizados 
por nuestra embajada en Berlfn. 

Hazme favor de decirme si de regreso piensan pasar por hueva. York 
� "!ashington, pues de ser asf quiero aprovechar la ocasi6n para hablarte 
acerca de mis estudios en Berl.f.n y de los planes que tengo para el futuro. 
De esta manera podris aconsejarme acerca de estos planes, pues al soli­
citar tu ayuda para llevarlos a cabo quiero contar con to aprobación. 

Con cariñosos saludos de nuestra parte para ti y los tuyos se despide 
tu sobrino que te estima. 

P. S. - Puedes dirigir tu con te stacitn a cargo de mi papii. en la emba­
jada 6 a 3033 16th. St., J!.',í., :tashinton, D. c., U.S • .n. 
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Sr. ?ernando Tor eblanca, 
Clinique I.íon ,enos, 
,hont P¿lerin, Vevey, Suiza. 

r�uy ·;uerido tfo: 

El Paso, fexas, U.u.A• 
Octubre 3, 1932. 

;,.e .·efiero a tus cartas del 12 y 29 el mes de at,osto. Por 
t:x Última me enteré con pena que la mejoría de tu salud no ha siJo tan 
rápida como tu deseabas y que por esta raz n permanecerás en Europa 
más tiempo. Deseo sincera.riente ue al recibo de ésta te encuentres si 
es posible completamente resta lecido. 

Como sab;:.s, desde el Último de junio estoy sin empleo. Después 
de haber exhaustado todas las posibilidades de conse¡;uir trabajo en nu­
merosas universidades y planteles de investigaciones científicas, mi es­
posa y yo nos vimos obligados por lo precar:iO de nuestra situación a ir­
nos a casa de mi papá en Washington. Ahí esperábainos tu l ronto re.,reso 
con la esperanza de ver nuestros deseos favorecidos. 

No dr seando permanecer en c"sa tanto tiempo sin tener trabajo 
aprovecha.reos la oportunidad que se nos presentó rle hacer el viaje hasta 
El Paso en automóvil de un amigo; a,¡u{ piensa permanecer mi esposa en 
case, de su mamá mientras voy a 11. xico a buscar empleo. Con:o comprendes, 
es de todo punto necesario que consi&a cuanto antes ulgun trabajo, pues 
carezco en lo absol�to de medios de subsistencia. 

Así que llegue a f.1txico son r::is deseos exponerle al Lic. Primo 
Villa l.íichel, Secretario de In' .. ustria, el mismo .. royecto de trabajos en 
Geof{ sica Aplicada r¡ue propuse a la Fundaci6n Gugóenheim; ambiciono al 
puesto de ingeniero encargado de estudios 6eofÍsicos y exrloraciones es­
peciales. Cor1prendo, sin embargo, c.ue sin tu e.yudu no lle6aré muy lejos 
y 1or esto te ruego me escribas una carta le r-ecomendacio'n p:::.ra ol Lic. 
Villa; ichel. i'e suplico encarecidamente acced· s &. este L,eseo desde 
luego pues pienso salir para r.:e'xic el 5 u.e octu1)re. 1 • edirte este 
nuAvo favor invo�o las distinciones y honores que tu yu conoces he reci­
bido como estudiante y como profesional. 

Porzupuesto .. ue los estudios c-¿ue ambiciono hacer en Alemania. 
servirán pare. que ne c:erfeccione en estos trnbajos; de modo c.ue si es 
cor.:patible con el empleo que deseo obtener en tSéxico, conti:..ndo con tu 
Vftlios·1 ayuda en cu<1nto regreses, c,uiero solicitar que la Secretaría de 
Industria me comisione como at:,ret,ado en nuestra lec:,aci n en Berlín para. 
c mpletar dichos estudios. 

f.'i esposa y yo te enviamos cariñosos salu:los paro. tí y tu fa­
�ilia junto con nuestros mejores deseos ara tu pronto alivio. Tu so­
briro 1ue mucho te aprecia. 

P. s. - En I.�xico r:�e tendrás a tus Órdenes en casa de Uaria y Elviro.,
Ave. Providencia Kum. 303-F, Coloni del Valle.

i.b
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fWvW I 
�' 19 de Octubre de 1932 

Señor don 
Alf .cedo B3?íos, jr� 
a.ve. :i?rovidencin, 303 -i.' 
GoloniA. del Va.lle, 
Msxi o. .. D. . • 

a querido sobrino: 

Reaib! tu carta fechadE el 3 de 
los corrí ente y 0.ccedi •'!nJo a tus o. e )OG te en v ..i.o 
adjunta la ca.rta oue me )ides pa:r ::-.. 01 ;�,1r.or Lic • 
.Primo V' lla ?,ichal, ?-sperondo [JUeéia oervirt.e y b­
tenga.s elgtÍn re s.d t:.=:tdo .. 

Con recuerdos para todos en tu casa, 
como siempre uedo tu tío� f-c. ��

e,,u_ 

l Ane.:x:o 

FTios. 



Señor Lic. don 
Primo V'lla Michel, 

f�I 
�, 19 de Octubre de 1932 

Be ret...,.rio de Industria, 
Comercio y ·.rr�najo, 
u' · ·, í) V ,¡,.¡¡-9XlCO, - . " -- • ......... ·-"·"' . .. 
Muy estimado ar11igo: 

V,i sobrino el joven , lfredo Baños jr., 
me escribe pidiéndome un&. Có.l·ta de prese.ntaoión y reco • 
mendaai6n ante ustei, ln que no he �enido inoonven·ente 
en e'xtend er 1 e. 

l�i ai tadú o bri no tué pensionado por 
nuest .. ca. Secretaría de ü!ducaciÓn y en vi st :1. :-le sus ex·ce­
lentes estudios el -�sta<lo de Text IQ C?ontinuó ayudf{ndolo 
e9noed:i.éndole una beca ha.ata terminar su oa.rrera de In­
ge 1ier-o electricista, hubieudo obtenido su título en 
f,.,rmi.i. muy sa ti sfaotori n.. El e r3tá_ de seo so d.e q_ue aus 
servicios puedan ser gprovechad.oe por alguna de la.s 
dependencias de nuGstro Gobierno aunque ello sign'fique 
un ecrificío por eu parte, al desigmfrsele en cualquier 
empleo taod• .. sto, pues desea tacl'.úüén P< tentizal' el reco­
nocí miento que si ente hacia nuestro Gobierno por la ayuda 
que éste le impartió en el desarrollo de sus estudios, 

Si esto fuese posible para usted le 
ase�ro que por parte del joven Baños tendría esa Secre• 
tar1a un servidor muy efici nte. 

Lo na.lude. con el afecto de cie11,prc y 
me repito a sus Órdenes como su atento amigo y s.s. 

FT/ca. 



SECRETARIO DE INDUSTRIA COMERCIO Y TRABAJO 

MEXICO. 

Noviembre 16, 1932.

Sr. Fernando Torre blanca, · 
A/ e. de la Legación de 1, é::dco, 
PARIS, FRAlil'CIA. 

,fuy estimado amigo: 
Por conducto de su apreciable so"brino, el señor -

Ing. Alfredo EaSos Jr., recibí la atenta caxta de us -
ted de fecha 19 de oct .:bre próximo pasado, habiéndome­
impuesto de la valiosa recomendación que de él se sir­
ve usted hacerme, a propósito de sus deseos de tr·ba � 
jar en esta Secretaría. 

Con el fin de obsequiarlos tan pronto como se pr� 
sente una oportunidad, he tornado 'buena nota de los da­
tos que usted me proporciona. acerca del interes�do y, 
mientras tanto, me repito como siempre, s�o afect!si­
mo, atento ainigo y segnro servidor. 

Primo Villa 1 ichel. 

src.bra. 
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